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It has been observed that the plasma formed in a fast B, compression develops an instability after about 
a 4- to 5-ysec quiescent period. The consequence of the instability is that the plasma fissions into two well 
defined filaments that rotate with an angular velocity 2~10? sec~!. This configuration has been observed 
for many rotational periods. The plasma appears to remain confined although impurity radiation indicates 
that some plasma reaches the walls during the fission process. The fission process in a deuterium plasma is 
accompanied by a rapid decline in neutron production. The origin of the rotation and the development of 


the instability are discussed. 


I. INTRODUCTION 


HE fast B, compression has previously been 

discussed in detail.! In the quiescent state after 
collapse and after the shock bouncing subsides, the 
deuterium plasma has the following properties?: 


(streak camera 
photographs) 
(soft x-ray 
emission) 


Plasma radius ro—4 mm, 


Electron temperature 7.1 kev, 


Ty=1 kev, 
n=5 X10!* cm-, 


Ion temperature 
Electron density (optical 
continuum) 


* A preliminary account of this work was reported in Bull. Am. 
Phys. Soc. 6, 203 (1961). 

t The work of this author was carried out under a joint General 
Atomic-Texas Atomic Energy Research Foundation program on 
controlled thermonuclear reactions. 

t The experimental work reported here was carried out under 
the sponsorship of the U. S. Atomic Energy Commission and the 
Office of Naval Research. 

1A. C. Kolb, Proceedings of the Second United Nations Inter- 
national Conference on the Peaceful Uses of Atomic Energy, Geneva, 
1958 (United Nations, Geneva, 1958), Vol. 31, pp. 328-340; A. C. 
Kolb, H. R. Griem, and W. R. Faust, Fourth International Con 
ference on Ionization Phenomena in Gases, Uppsala, Sweden 
(North-Holland Publishing Company, Amsterdam, 1960), Vol. 
IT, pp. 1037-1041. 

* H. R. Griem, A. C. Kolb, W. H. Lupton, and D. T. Phillips, 
Bull. Am. Phys. Soc. 6, 205 (1961); Conference on Plasma Physics 
and Controlled Nuclear Fusion Research, Salsburg, Austria, Septem- 
ber, 1961, Nuclear Fusion J. (to be published). 


The external magnetic field reaches a maximum 
B,~80 kgauss at ~5 usec. The ion cyclotron frequency 
is estimated to be w;{2X10* sec! for ions immersed 
in the plasma at the onset time of the instability w;=10° 
sec-!, and the ion Larmor radius is ay1 min. Initially 
the plasma has a temperature of 1.2 ev with 50% 
ionization from a preheater discharge and contains a 
trapped B, field in the opposite direction, normally 
between 3 and 6 kgauss. During the early stages of the 
compression the internal reversed B, is observed with 
probes and is of the same order of magnitude as the 
external B, due to flux conservation. The consequences 
of the dissipation of this trapped field are discussed 
later. The ion temperature is presumed to be of the 
same order as the measured electron temperature in 
estimating ay. The observed neutron yield is also con- 
sistent with kilo-electron-volt ions (mean energy), 
although the ion temperature has not been measured 
directly. 

Streak camera photographs of the plasma were 
available in 1958.! Changes in the apparent radius of 
the plasma that developed from 2-5 usec (depending 
on the coil length) after the compression were thought 
to be radial oscillations of the plasma cylinder. The 
present paper is concerned with a new interpretation 
of these photographs as well as some more recent data. 
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Il. EXPERIMENTAL DATA 


Stereoscopic streak photographs of the plasma are 
shown in Fig. 1. The plasma luminosity is due to the 
visible bremsstrahlung continuum, so that it is a 
measure of electron density. Departures from electrical 
neutrality may obtain for distances of the order of the 
Debye length Lp~ (kT ./42ne)'~10— cm. Since Lp<ro 
it is reasonable to suppose that a knowledge of the 
electron density implies a knowledge of the ion density, 
i.e., that the streak photographs show where the plasma 
is. 

The photographs of Fig. 1 were obtained with two 
slits placed in the y-z and x-z planes at the same position 
z. Similar results were obtained at different positions z 
along the plasma. . 

It should be noted that the nodes in the side view of 
Fig. 1 always appear at the same time as the loops in 
the top view and vice versa. This indicates that the 
plasma cylinder first flattens and then separates into 
two well-defined pieces that rotate about the z axis. 
The probable appearance of the plasma to an observer 
in a frame of reference rotating with the plasma is 
illustrated in Fig. 2. 

The rate of rotation of the plasma can be obtained 
directly from the photograph in Fig. 1. The time 
between nodes is #/Q2 so that 2210’ sec~. It is not 
possible to obtain the wavelength A from the present 
photographs because they are taken at the same z. 
\ could be obtained by employing slits at different 
values of z, or with a single slit perpendicular to the 
x-y plane. 

In some of the photographs the two parts of the 
plasma are consistently distinguishable due, for ex- 
ample, to differences in minor diameter. It is then 
possible to determine the direction of rotation. The 
direction of rotation was determined for ten cases and 
always found to be in the sense that ions would rotate 
in the external B, field. 

An apparently similar phenomenon has previously 
been observed for rotating shaped charge jets. When the 


' u ! ! ' ! 
5 a ? a . 0 


TIME (pSEC) 


Fic. 1. Stereoscopic streak photographs of the plasma com- 
pression and m=2 instability mode with —3 kilogauss initial 
reverse field. (A) Start of discharge; (B) imploding shock reflects 
off axis; (C) onset of instability; (D) fission into two well-defined 
filaments; (£) imploding shock wave at beginning of the second 
half-cycle. The camera slit is imaged to the left of the photograph 
and defines the relative positions of the two filaments in the side 
and top views. 
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rotational frequency is large enough to produce fission, 
flash x-ray photographs® of the jet look very similar 
to Fig. 2. The stability of a rotating liquid mass with 
a gravitational field was considered by Darwin and 
Jeans.‘ The formation of binary stars was attributed to 
the fission of such bodies. Although neither of these 
cases relate directly to the plasma under consideration, 
the superficial similarity provided the motivation for 
further study of the “‘radial oscillations” and the present 
interpretation. 


III. INTERPRETATION OF THE INSTABILITY 


Consider the stability of an infinite cylinder of plasma 
with a magnetic field B,=a,By outside the plasma and 
B,=a,Bp inside the plasma. The usual procedure is to 
Fourier analyze the problem which is equivalent to 
considering radial displacements of the form 


t= fo exp[i(wt+ md+kz) |. 


In Fig. 3, radial displacements of this type are plotted 
for constant z and ¢. m=0 and m=1 are the usual 


y* 


‘1G. 2. Plasma configuration in a frame of reference rotating with 
the plasma after the m=2 fission is complete. 


“sausage” and kink instabilities. Modes for which 
m> 1 are usually called flute instabilities. If & is large 
as indicated in Fig. 3 it is apparent that the modes for 
which m>1 can be interpreted as fission modes. More- 
over there would be an apparent rotation of the plasma 
with angular velocity 6=—Rew/m. Therefore the 
present observations are consistent 
instability. 

The result of a stability analysis with the mag- 
netohydrodynamic approximation?® is 


with an m=2 


Gym (kro) A m(Rro) — Lm( kro) 


Sceaihore sais (1 
Hn (kro) 1—Gym(Rro) | 


w Bide ad ta 


where ¢4?= B,?/4mpo, po is the initial plasma density, 
Gym (x) = Kan! (ux) Im’ (%)/ Km’ (%) Im’ (ux), 


3R. Schall and G. Thomas, Actes de 2me Congres International 
de Photographie et Cinematographic Ulira Rapide (Dunod, Paris, 
1956), p. 261. 

‘J. Jeans, Phil. Trans. Roy. Soc. A67, (1902), Astronomy and 
Cosmogony (Cambridge University Press, New York, 1929). 

5M. N. Rosenbluth, Los Alamos Scientific Laboratory Report 
LA-2030, 1956 (unpublished). 
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Hy (x%) =I m(%)/ xT m' (x), Lmn(%) = Km (x)/4K (x); Im, Km 
are Bessel functions, /,,’=dI,/dx, and u=R/ro where 
R is the radius of the perfectly conducting boundary. 
w* is real and positive for all modes and all possible 
values of ap, a», wu, and Bo. In the limit p— ~, kry > 0 
Eq. (1) has the asymptotic form 


w= cr*k*La,?— fa? (kro)? Inkro—---] for 
=c*k*La,?+a,? | 


m=O 
for m>1. 


In particular when k — 0 the plasma has only marginal 
stability. 

The above result is obtained for an initial state in 
which there is no macroscopic motion. If we assume an 
initial rotation such that V,=rQ where Q is constant, 
the dispersion relation can be obtained as a special 
case of the result of Gerjuoy and Rosenbluth.® In the 


limit up — 2, kry > 0, 
w" a ,7C 7k? “s 30? (Rr)? for m=O 
w+m2=O01+ (1—m)*] for m>1. 


For kro1 the modes m=0 and m=1 are stable or 
their growth rates are proportional to kro. For m=2, 
w=—2+7i2 so that the m=2 mode grows with an 
e-folding time of 1/2 and an apparent rotation of 
6=2/2. Modes for which m>2 are also unstable and 
their growth rates increase with m. 

We would expect nonlinear effects to become im- 
portant when the amplitude of the perturbation 
approaches the wavelength. Nonlinear effects are then 
expected to inhibit further growth of the instability. 
Direct observations of the growth of instabilities usually 
show that the long-wavelength perturbations dominate.’ 
We therefore expect that perturbations with k — 0 and 
the smallest value of m for which the mode is unstable 
would be observed. , 

There is an additional reason to expect that modes 
for which m>2 would be suppressed. The radius of the 
plasma is only about four times an ion Larmor radius. 
It does not seem possible for fission modes to develop 
which result in fragments of the plasma that are smaller 
than an ion Larmor radius; i.e., finite Larmor radius 
effects should stabilize the modes for which m>>2. 

A quantitative discussion of the finite Larmor radius 
effects will be given in another paper.® For present 
purposes we shall summarize the results that are 
relevant to the fast B, compression. The magneto- 
hydrodynamic approximation is based on an expansion 
to lowest order in A\=4,/10, w/w;, w/w, where a; is the 
Larmor radius and w; the Larmor frequency for particles 
of species i, and w, is the plasma frequency. The result 


® E. Gerjuoy and M. N. Rosenbluth, Phys. Fluids, 4, 112 (1961) 
Che particular result is that of Eq. (38). 

7D. J. Albares, N. A. Krall, and C. L. Oxley, Phys. Fluids (to 
be published). 

*M.N. Rosenbluth, N. Rostoker, and N. A. Krall, Conference 
on Plasma Physics and Controlled Nuclear Fusion Research, 
Salzburg, Austria, September, 1961, Nuclear Fusion J. (to be 
published ) 
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Fic. 3. Radial displacements at a particular z and ¢ for the 
m=(, 1, 2, 3 instability modes. 


w~cak of Eq. (2) indicates that for sufficiently small 
k~a,/re, w/w;~(a;/ro)?=O(d2) instead of O(A) and 
we must keep terms like (a;/ro)* to be consistent. A 
consistent calculation has been carried out for a par- 
ticular case where there is initially a small radial 
electric field of order \ of the form E,=—(B,/c)Qx, 
E,=—(B,/c)Qy. A simple stability criterion obtains 
in the limit that R->0 and B=8rP)/B?2—>0 where 
Py is the equilibrium plasma pressure. The modes 
m=Q0 and m=1 are marginally stable and modes for 
which m>1 are stable if 


(1—+/m)/2 <2/Q9< (1+ m)/2, (4) 


where Qo=2(a;/ro)*wr, ar is the Larmor radius, and 
w, is the ion Larmor frequency. For example, if m=2 
the stability limits are —0.207 <Q/Q<1.207, and for 
m=3, —0.366<2/2)<1.366. The negative sign corre- 
sponds to rotation in the direction of ions in the external 
field. It is thus apparent that much less rotation can be 
tolerated in this direction and that the stability limits 
increase as m increases. The experimental values of Q 
and Q» are Q&+—107 sec and 3X10? sec, so that 
Q/Q—0.3 which is in satisfactory agreement with 
the fact that the m=2 instability is observed. 


IV. ORIGIN OF THE ROTATION 


The rotational frequency is of the order of 29 which 
represents an angular momentum of the order of Mre?Qo 
per unit length to be accounted for. M is the mass per 
unit length of the plasma. For a plasma that is infinite 
in the z direction, the angular momentum per unit 
length is 


L= Zz mM; ffi NU y— We) FA X,V \dvdxdy. 


After the plasma has become detached from the walls, 
L can only change as a result of leakage. If electrons 
and ions leak at equal rates the angular momentum 
carried off by the ions dominates. Each ion removes 
an angular momentum of about myaPwr= MrPQd/N, 
where N is the number of particles per unit length. It 
is thus clear that to account for the observed rotational 
frequency a substantial fraction of the plasma would 
have to leak out of the ends, and even then the predicted 


(35) 
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sign of rotation would be wrong. We therefore neglect 
leakage and assume that the value of LZ that obtains 
immediately after detachment from the walls remains 
constant. 

After the fast compression has taken place, the plasma 
contains a trapped B, field in a direction opposite to the 
external field. From the slow compression following the 
initial implosion one would not expect ion temperatures 
in excess of about 0.5 kev on the basis of numerical 
calculations®” (assuming adiabatic compression). The 
additional heating presumably results from a process 
such as that discussed by Rosenbluth" in which the 
initially crossed internal and external magnetic fields 
relax. Such a change in the internal magnetic field 
could also account for the rotation in the present 
experiment. 

Consider a stationary state of the plasma in which 
there is a radial electric field E,=O(A). f; satisfies the 
Vlasov equation 

} 1 Of; 
v-Vfi+—{[ E+ *xB)-—=0 (6) 
Ov 


C 


A power series expansion in A\=a,/ro can be obtained 


for 4™ 
Of; giE, Of; “na z 
or Mv, OY, r 


where v,?=0,°+1,7. For example, let 
fO=n,(r)(m;/2xO,)! exp(—mpa2/20,). (8) 
The density n;(r)=mn(r) is independent of species 
because 6n/n~(Lp/ro)*<A; where Lp is the Debye 
length. From the appropriate moments of Eq. (7), 


cE, ©; dn 


n(r)m;+— — 


, (9) 


(10) 


or 


cE, 
Mr-Q=->, [emer -n(r)m,, 
i B, 


substitute Eq. (10) into Eq. (9), and neglect the 
electron contribution in the second term. Then 


mr ©, 
L=Mr?Q+2x— ———— J serrar (11) 
e 0,+0, 


C. Kolb, W. R. Faust, and A. D. Anderson, Nuclear 
Fusion J. (to be published). 

‘0K. Hain and A. C. Kolb, Conference on Plasma Physics and 
Controlled Nuclear Fusion Research, Salzburg, Austria, September, 
1961, Nuclear Fusion J. (to be published). 

‘AM. N. Rosenbluth, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, Geneva, 1958), Vol. 31, pp. 85-89. 

2M. N. Rosenbluth and N. Rostoker, Phys. Fluids 2, 23 (1959). 
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Immediately after the compression we may assume that 
Q is within the stable bounds because the plasma is 
observed to be stable for about 4 to 5 usec. The current 
density J» generates the large difference between the 
external and reversed internal B, fields. As the internal 
B, field disappears, /J»(r)r°dr increases (algebraically). 
There must be a corresponding decrease in 2 to keep 
L constant. In this way a negative value of 2 can be 
obtained corresponding to rotation in the direction of 
ions in the externa! field. The essential point is that a 
substantial fraction of the diamagnetic current density 
is carried by ions. For the particular choice of f; 
given by Eq. (8) the fraction of current density carried 
by ions is 0;/(@,+0,). This is a reasonable assump- 
tion for f; since the density is high and the collision 
times are short during the early stages of the com- 
pression. It satisfies all of the relevant equations, but 
is not unique. The present discussion does not depend 
on this particular choice, but only on the feature that 
the ions carry a substantial fraction of the diamagnetic 
current. This represents a large angular momentum 
and when the current changes due to the relaxation of 
the internal field, the corresponding angular momentum 
appears as a guiding center drift so that the total 
angular momentum is conserved. 

Insufficient information is available on the field- 
mixing process'?* to make a prediction of more than 
the sign and the order of magnitude of 2. For example, 
assume that initially Q2=0 and dB,/dr~2Bé(r—n,), 
where B is the external field and r;<7o is the location 
of a sheet current that produces the internal reversed 
B,. In the final state we simply neglect J» because 
without the internal reversed B,, J¢ is relatively small. 
Then, taking L=constant and making use of Eq. (11), 
we have 
(12) 


Q= — (20o/B) (n1/11 


If we take 6=87n0;/B* to be a few tenths (from 
pressure balance considerations) and assume r;= fo this 
result has the correct sign, but it is about an order of 
magnitude too large. The order of magnitude would be 
consistent with the demands of the experimental data 
if we assume 7;/ro<1 or that the relaxation of the 
internal fields is incomplete after 5 usec. 

If one associates the time at which the reverse field 
begins to disappear rapidly with the observed rapid 
rise in the electron temperature at 2 
estimate of r;/rp can be obtained by assuming that the 
internal trapped field B.—50 kilogauss (estimated 
from flux conservation) is dissipated and the energy 
mr’B,?/8m per unit length is converted to thermal 
energy of mmr? particles per unit length. 

Calculations?” of the temperature expected from 
shock heating and adiabatic compression yield 7.0.5 
kev, while the observed electron temperatures are in 
the kilovolt range. Consequently, taking ~0.5 kev to 


to 3 psec, an 


3A. C. Kolb, C. B. 
Letters 3, 5 (1959). 


Dobbie, and H. R. Griem, Phys. Rev 
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be the particle energy due to field mixing 
(r:/ro)?(B2/8rn)=0.5 kev, 


one finds (r;/r9)? and Q22—5 XQ» which is of the right 
order of magnitude. 

The comparison between the experimental data on 
the fission instability and the above calculations support 
the hypothesis that the dissipation of the reversed 
trapped field is responsible for both the instability and 
the observed electron temperatures. Consideration of 
Eqs. (4) and (12) show that one can expect this in- 
stability to appear in situations where r:/ro~1 if there 
is some mechanism which causes the reverse field to 
transfer its energy to the plasma. The time scale for 
such dissipation will increase with increasing plasma 
radius if the resistivity is given by the conventional 
Spitzer formula. However, if the fields interdiffuse 
rapidly due to some other instability of the reverse 
current sheet, the fission mode may appear early in 
time even in experiments where the plasma radius is 
relatively large. 
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However, experimental observations! of the time at 
which the fission mode appears in coils of various lengths 
show that the stable time can be increased by increasing 
the coil length. With longer coils the confinement time 
is increased because end losses are decreased” and this 
results in a larger plasma radius at a given time. These 
observations suggest that the time over which the field 
mixing occurs increases with ro and that perhaps the 
onset time of the fission instability can be delayed by 
appropriate scaling." 
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14 Note added in proof. This instability has not yet been observed 
in PHAROS, a larger experiment (coil length 180 cm, diameter 
10.5 cm, Hmax=80 kgauss in 9 usec, plasma radius 1.7 cm at 
peak field) with an initial reverse field of —3.8 kgauss. [A. C. 
Kolb, H. R. Griem, W. H. Lupton, D. T. Phillips, S. A. Ramsden, 
E. A. McLean, W. R. Faust, and M. Swartz, Conference on Plasma 
Physics and Controlled Nuclear Fusion Research, Salzburg, Austria, 
September, 1961, Nuclear Fusion J. (to be published) ]. 
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High-Voltage Glow Discharges in D, Gas. I. Diagnostic Measurements* 


G. W. McCiure 
Sandia Corporation, Albuquerque, New Mexico 
(Received July 10, 1961) 


Pulsed glow discharges in Dz gas at currents of the order of 1 
amp and voltages in the range 40-80 kv are experimentally 
examined to determine the mass and energy distribution of ions 
incident on the cathode, the secondary electron emission due to 
various particles incident on the cathode, the energy spectrum of 
the electrons incident on the anode, the potential distribution 
along the glass walls, and the temperature and density of the 
electrons in the plasma which develops in the anode end of the 
discharge. The experimental results are discussed together with 
available cross-section data from the literature to establish the 
relative importance of the various collision processes which con- 


I. INTRODUCTION 


T has been shown by Pokrovskaia! that extremely 

intense glow discharges, conducting currents of 100 
amp at applied potentials of 15 kv, exist under quasi- 
steady (pulsed) conditions in hydrogen gas. These dis- 
charges were observed between plane parallel electrodes 
1.6 cm apart at a gas pressure of 0.21 mm Hg. Using 
five times larger electrode spacings and fivefold lower 
pressures, Pollock? found that 1- to 10-amp glow dis- 


* Work performed under the auspices of the Atomic Energy 
Commission. 

1A. S. Pokrovskaia and B. N. Kliarfel’d, Soviet Phys.—JETP 
5, 812 (1957). 

2H. C. Pollock, General Electric Research Laboratories, 
Schenectady, New York (private communication, April, 1957). 


tribute to the sustainment of the discharge. Several processes 
peculiar to the extremely high operating potential (not of partic- 
ular importance in ordinary glow discharges) are shown to assume 
dominant roles. These include electron backscattering from the 
anode, ionization of the gas by fast ions and fast neutral atoms, 
and ionization in the plasma region due to the secondary electrons 
released from the glass walls. The necessity of a complete revision 
of the usual theoretical point of view regarding electron ionization 
in the cathode region of the discharge and in the anode (plasma) 
region is indicated. 


charges could be sustained in deuterium for several usec 
at potentials of the order of 100 kv. This discovery led 
to the development of compact neutron source tubes, 
filled with deuterium (D) or tritium (T) gas and fitted 
with D- or T-loaded cathodes, which produce neutron 
yields of ~ 10° per usec for several tens of microseconds.’ 

The conditions of voltage, current, and pressure under 
which these discharges operate are apparently beyond 
the realm of applicability of existing glow discharge 
theories. Neu‘ has presented a theoretical discussion of 
high-current, high-voltage discharges which introduces 
many applicable concepts, but there is reason to believe 

3R. D. Kelley, J. C. Hamilton, and L. C. Beavis, Rev. Sci. 
Instr. 32, 178 (1961). 


4H. Neu, Z. Physik 155, 77 (1959). 
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that the theory requires modification for treating the 
Pollock discharge. 

In this theory Neu invokes the experimental fact that 
high-current discharges at potentials up to a few kilo- 
volts are separated into a plasma region adjacent to the 
anode and a “cathode-fall” or positive ion sheath 
between the plasma and the cathode. It is assumed that 
secondary electrons released from the cathode by posi- 
tive ion and fast neutral atom impact multiply expon- 
entially with distance as they cross the cathode fall, and 
that ionization in the cathode fall due to fast ions and 
fast neutral atoms is negligible compared with that due 
to electron impact. 

From the observed neutron yields of the Pollock 
tubes, it can be estimated that the mean energy of the 
ions and atoms incident on the cathode is of the order 
of 10-20 kev. Under such conditions ionization of the 
gas due to ions and fast neutrals is surely an important 
effect. The field strength to pressure ratio required to 
impact such high energies to the ions, considering the 
retarding effect of charge exchange, is ~ 10° v/cm-mm 
Hg. In such high fields, electrons from the cathode 
probably do not produce simple exponentially increasing 
avalanches since the electron velocity can become very 
large. 

It has been previously suggested that fast electrons 
backscattered from the anode appreciably augment the 
ionization in high-voltage discharges.'.* Such an effect 
has never been taken into account in a unified quantita- 
tive theory. The backscattering of electrons to the 
insulating walls in a Pollock-type discharge almost 
certainly has an important influence on the initial 
buildup of the discharge the steady-state potential 
distribution along the walls, and the configuration of 
the plasma if a plasma actually exists. 

To obtain more direct evidence of the pertinence of 
the above discussed processes to the Pollock-type dis- 
charge, a number of diagnostic experiments have been 
performed on pulsed glow discharges in Dz» gas at 
potentials of 40-80 kv and currents of 0.5 to 7.0 amp. 
It is the main purpose of this paper to describe the 
methods and results of these experiments. 

The study includes determinations of (1) the voltage- 
current characteristics of the discharges at various 
pressures, (2) the effect of anode material on the 
voltage-current characteristics, (3) the mass, energy, 
and angular distribution of the ions incident on the 
center of the cathode, (4) the secondary emission 
coefficient vs energy for the principal ions incident on 
the cathode, (5) the relative contribution of ions and 
neutrals to the total secondary electron production at 
the cathode, (6) the energy and angular distribution of 
the electrons incident on the anode, (7) the distribution 
of potential along the glass walls of the active discharge, 
(8) the temperature and density of slow electrons in the 

om Dikidzhi and B. N. Kliarfel’d, Zhur. Tekh. Fiz. 25, 1038 

3) 

*G. W. McClure, J. Electronics and Control 7, 439 (1959). 
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plasma which is found to develop near the anode, and 
(9) the physical length of the plasma. 

The experimental data, interpreted with the aid of 
cross-section data from the literature, provide consider- 
able insight regarding the modes of ion generation and 
electron and ion motion in various parts of the dis- 
charge. In a later paper (Part IT), use is made of the 
conclusions of the present investigation to construct a 
detailed one-dimensional theory of the cathode fall 
region of the discharge. 

Throughout the discussion, extensive use is made of 
cross-section data for hydrogen ions and fast neutrals. 
This has been forced by unavailability of deuterium 
data on many of the pertinent types of collision process. 
In all cases where substitutions are necessary it is 
assumed that a deuterium ion or neutral of a given 
energy behaves exactly as the corresponding hydrogen 
species of half this energy. The validity of this assump- 
tion has been proven in practically every instance where 
direct comparisons of the two isotopic species have been 
made.’ 

In calculations of the ionization of D» by electrons, 
we use the cross section vs energy relation for electrons 
on Hp». Although there is evidence that the cross sections 
for dissociative ionization of Hz and Dz by electron 
impact are unequal," this process appears to have a 
negligible probability as compared with simple electron 
removal to form the molecular ion. The dissociative 
ionization process is therefore ignored. 

It is tacitly assumed that the concentration of 
dissociated deuterium which develops during the dis- 
charge process is negligible compared to that of De gas 
molecules. The total number of ions arriving at the 
cathode during one pulsed operation—a number roughly 
equal to the number of ions produced per discharge—is 
generally less than 10". By comparison, the number of 
gas molecules present is of the order of 10'*. Assuming 
that ionizing and dissociative collisions occur at roughly 
the same rates, it follows that the buildup of atomic D 
is negligible. 


Il. DISCHARGE TUBE AND POWER SUPPLY 


The tube geometry used in all parts of the investiga- 
tion consisted of a pair of flat metal electrodes spaced 
7.6 cm apart within a 5.1 cm i.d. Pyrex tube. A 1.5-mm 
annular gap between the electrode edges and the glass 
walls allowed gas to flow freely from the inlet and outlet 
tubulations at the end of the Pyrex tube without per- 
mitting long-path breakdown into the space behind the 
electrodes. Minor design adaptations of the basic 
geometry for special diagnostic experiments are shown 

7F. P. Ziemba, G. J. Lockwood, G. H. 
Everhart, Phys. Rev. 118, 1552 (1960). 

8S. F. Philp, J. Appl. Phys. 31, 1592 (1960). 

* A. Schmid, Z. Physik 161, 550 (1961). 

1 W. L. Fite, R. T. Brackmann, and W. R. Snow, Phys. Rev 
112, 1161 (1958). 


QO, A. Schaeffer and J. M. Hastings, J. Chem. Phys. 18, 1048 
(1950). 
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in Figs. 4 and 12. In all of the experiments other than 
those of Sec. III, both electrodes were of polished 303 
stainless steel. 

The vacuum pumps permitted preliminary evacua- 
tion of the tubes to a pressure of 10-* mm Hg. Deute- 
rium gas supplied by the Stewart Oxygen Company, 
rated 99.5% pure, was used for backfilling. During tube 
operation, the gas was admitted continually through a 
slow leak and pumped out through a throttled opening 
to the vacuum pump. The resulting steady renewal of 
gas prevented an accumulation of the impurity gases 
released from the walls by ion and electron bombard- 
ment. The pressure was measured by means of a thermo- 
couple gauge calibrated for D2 gas against a precision 
McLeod gauge. 

High-voltage pulses were supplied from a bank of 
four 0.1-uf capacitors. These were charged in parallel to 
one-fourth the desired pulse potential and discharged 
through a set of spark gaps to provide a quadrupling of 
the voltage. An automatic control circuit alternately 
charged the capacitors and discharged the stored energy 
through the experimental tube at the rate of four times 
per minute. The voltage and current pulses were viewed, 
respectively, by means of a 1000:1 capacitive voltage 
divider connected to the high-voltage tube terminal and 
a 1-ohm resistor connected in series with the grounded 
terminal. For the positive ion mass-energy analysis the 
cathode was operated at ground potential; in all other 
cases the anode was grounded. Typical voltage and 
current oscillograms are shown in Fig. 1. 

The tubes were constructed with Teflon or rubber 
O-rings to facilitate replacement and adjustment of 
electrodes and to permit insertion of movable probes. 
As such construction would not permit bakeout at high 
temperature, the walls and electrodes were processed 
mainly by repeated discharging of the assembled tube. 
Initial outgassing was evidenced by abnormally high 
currents and occasional arc breakdown during the first 
few discharges; however, after several preliminary dis- 
charges, no further variations were observed in a se- 
quence of several hundred successive discharges. 

While failure to achieve complete outgassing gives 
rise to some residual gas contamination, the behavior 
of the discharge was not appreciably affected by the 
actual gaseous impurity levels encountered. A mass 
spectrometer analysis (obtained with the instrument 
described below) of ions emerging from a small cathode 
aperture showed the principal spurious ions at the start 
of a discharging sequence to be H+, H,O*, CO*, O*, and 
N*. When the total fraction of these ions relative to the 
principal ions D+ and D.* was reduced from 10% to 
below 1% by repeated discharging, no significant change 
occurred either in the total tube current or in the 
energy spectra of the principal ions. 

Residual surface contamination made it impossible 
to precisely reproduce behavior in two similarly con- 
structed tubes ; however, admission of air and reprocess- 
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Fic. 1. Oscillograms of the total tube current and applied voltage 
vs time under the operating conditions used for the ion spectrum 
determinations. Peak current 0.8 amp, voltage after decay of the 
initial oscillation 80 kv, pressure 0.059 mm Hg. The damped 
oscillation appearing at the start of the voltage pulse is caused by 
stray inductance in the capacitor bank. An R-C low-pass filter 
(R=1000 ohm, C=0.0025 uf) was inserted between the capacitor 
bank and the tube to attenuate this initial oscillation. The buildup 
time of the discharge (inherently <1 usec) is artifically increased 
by the shunt capacitance of the filter. All measurements reported 
in this paper are limited to the time interval during which the 
current is within 20% of peak value. The duration of this period 
varied from 200 usec to 20 usec depending on the magnitude of 
the peak current. 


ing of the same tube without touching the interior of the 
glass walls gave quite reproducible results. 4 

It is believed that the glass, rather than the elec- 
trodes, is responsible for variations in the tube behavior 
since in previous experiments where minimum glass 
area was exposed to ion bombardment® much better 
reproducibility was obtained. Unfortunately the more 
favorable geometry used in these earlier experiments 
could not be used at the present higher voltages because 
arc breakdown occurred very frequently when the 
minimum electrode spacing was reduced below ~5 cm. 


III. VOLTAGE-CURRENT CHARACTERISTICS 


A typical set of voltage-current characteristics for the 
discharge is shown in Fig. 2. The data were obtained for 
a tube having a titanium-coated stainless steel cathode 
loaded with deuterium gas. Relative neutron yields 
were measured by means of a liquid scintillation proton 
recoil detector which was lead shielded to eliminate 
response to x-rays. This detector gave a time-resolved 
reading of the instantaneous neutron production rate 
during the quasi-steady portion of each discharge. In 
the region investigated the curves of voltage (Vr) vs 
(Ir) are closely approximated by a simple “‘power-law” 
expression of the form 


Ir= af(p)Vr"*, (1) 
where a and & are constants and f(p) is a function of the 
pressure. From the cross plot, Fig. 3, of Jr vs p at con- 
stant voltage it is evident that /(p) may also be roughly 
approximated by a power law of the form 


I(p)=bp", (2) 


where 6 and m are constants. Over the range of 


these measurements k=2.9+0.1 and m=2.6+0.2. 
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Fic. 2. Voltage-current characteristics of the discharge tube with 
a cathode coating of titanium deuteride. The dashed curves are 
lines of constant neutron yield labeled with numerals proportional 
to yield. ‘ 


Pokrovskaia et al. have observed a Vr vs Ir dependence 
similar to Eq. (1) for Hz discharges at 1-15 kv and 
1-100 amp.’ According to our analysis of their published 
data, the & value for their discharge is also 2.9. 
Although a and b were observed to vary by as much 
as a factor of 2 for tubes of the same geometry and 
construction, k and m changed only slightly. The un- 
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Fic. 3. Tube current vs pressure at constant voltage showing the 
effect of anode material on the gross characteristics of the dis- 
charge. SS represents stainless steel. 
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controlled variations in a and 6 are believed to be due 
to changes in the secondary emission coefficient of the 
glass walls due to variations in occluded surface con- 
taminants. In comparing the curves of Fig. 2 with 
operating conditions observed in other parts of the 
paper, it should be noted that the coated cathode used 
here probably had a different secondary emission 
coefficient than the plain stainless steel used in the 
remaining experiments. 

Figure 3 shows the result of varying the anode 
material. A very pronounced and reproducible effect is 
observed which is believed to be due to the variation of 
the electron backscattering coefficient of high-energy 
electrons as a function of the anode atomic number. 
This effect has been observed previously in measure- 
ments of the starting potential of discharges below the 
Paschen minimum.*®:* The backscattering of electrons 
from the anode to the walls will be discussed at greater 
length in connection with the mechanism of ion genera- 
tion in the plasma region of the discharge. 


IV. ION ANALYSIS 


The energy and mass distributions of ions incident on 
the cathode during the steady-state portion of the high 
voltage pulse were studied by means of the mass 
spectrometer shown in Fig. 4. 

The data required for mass and energy spectrum 
determinations were obtained by varying the magnetic 
field in small steps from one discharge to the next. The 
electrostatic deflection voltage was varied linearly from 
zero to 3 kv so as to scan the entire ion energy spectrum 
during a 50-usec steady portion of each discharge. The 
current signal received by the collector behind $4 was 
amplified by a wide-band amplifier (0.1-usec rise time) 
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Fic. 4. Schematic diagram of mass spectrometer with discharge 
tube attached. The instrument consists of an electrostatic analyzer 
for selecting ions in a narrow energy band and a magnetic analyzer 
for splitting the resultant monoenergetic beam into separate mass 
components. Ions from the discharge enter the spectrometer 
through a 0.020-in. hole S1 in the center of the cathode. A gimbal 
and metal bellows connecting the tube base with the body of the 
spectrometer permit the tube to be tilted in two degrees of freedom 
so that any portion of the ion beam within +3.5 degrees of the 
tube axis can be directed through the 0.010-in. slit S2 into the 
electrostatic analyzer. The gimbal is arranged with its center of 
rotation located at the center of aperture S1 so that variations of 
the tilt angle do not change the calibration of the energy analyzer. 
Energy selection occurs at a 0.040-in. wide rectangular slit S3 
which receives ions electrostatically deflected through an angle of 
4.7 degrees. Ions transmitted through S3 are momentum-resolved 
by a 0.25-in. wide rectangular slit S4 located to receive ions 
magnetically deflected through an angle of 18.4 degrees. The slit 
widths were chosen so that the resolution of the instrument was 
sufficient to separate adjacent atomic masses up to mass 10 amu. 
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and applied to the vertical plates of an oscilloscope while 
a voltage proportional to the spectrometer electrostatic 
deflection voltage was applied to the horizontal plates. 
This type of data display is especially convenient since 
a nearly linear relation exists between the horizontal 
deflection and the energy of the ions producing the 
vertical deflection.” Since the magnetic analyzer acts as 
a momentum selector, ions of unlike mass appear at 
different positions on the display trace. Several typical] 
oscillograms are shown in Fig. 5. 

The differential energy spectra were determined from 
the envelopes traced out by the tops of the individual 
mass peaks as the magnetic field was varied from one 
discharge to the next. The only corrections applied 
were (1) a correction for energy scale nonlinearity,” 
(2) multiplication of the spectra by a factor propor- 
tional to ion energy to compensate for the linear varia- 
tion of the energy bandwidth with ion energy, and (3) 
a small correction for dependence of amplifier gain on 
pulse width. No correction for collector secondary elec- 
tron emission was required as a positive bias sufficient 
to suppress all secondaries was applied to the collector.” 
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Fic. 5. Mass spectrum oscillograms recorded at several values of 
the magnetic analyzer field. Each of these records was obtained 
under the same tube operating conditions as Fig. 1. The horizontal 
position of the peaks is (except for a smal] deviation noted in the 
text) directly proportional to the ion energy. Knowledge of the 
energy of the ions in each peak together with the particle momen 
tum, determined from the magnetic field setting, suffices to estab 
lish the mass species responsible for each peak. Small traces of H* 
impurity ions are seen in the top two traces. 

2 A slight nonlinearity is introduced by the mass- and energy- 
dependent transit time of ions from the electrostatic deflection 
plates to the collector. Corrections for this effect are simple and 
straightforward. 

'8 Attraction of secondary electrons from the front surface of 
slit S4 to the collector was eliminated by placing a negatively 
biased grid between the collector and slit S4. 
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Fic. 6. Angular distributions of D2* ions (a) and D* ions (b) 
emergent from 0.020-in. cathode aperture. Curve parameter refers 
to kinetic energy of ions in kev units. All curves apply to the same 
operating conditions as Fig. 1. 


A 500-liter/sec oil diffusion pump provided a vacuum 
of 1.5X10-* mm Hg in the spectrometer when the dis- 
charge tube was operated at 0.060 mm Hg. Subsidiary 
tests showed that the ion beam was not significantly 
attenuated or scattered within the spectrometer. 

With the tube operating at a potential of 80 kv and a 
current of 0.8 amp (gas pressure 0.059 mm Hg), the 
results shown in Figs. 6 and 7 were obtained. Figure 6 
gives the angular distributions of the D* and D,* ions 
as a function of energy and Fig. 7 gives the differential 
energy spectra of the D+ and D,* ions integrated with 
respect to solid angle of emergence from S1. Below the 
lower energy limits of 5 kev for D.* and 10 kev for Dt, 
the spectra could not be determined because the angular 
spread of the ions exceeded the available range of the 
tilt angle adjustment. Significant points regarding the 
results are as follows: (1) All spectra have a sharp 
intensity cutoff at the energy corresponding to free fall 
from anode to cathode (80 kev in this case). (2) Both 
the D* and D2* ions have a mean energy of the order 
of 25°% of this maximum energy. (3) The D* spectrum 
has a relative maximum at 15 kev while the D,+ 
spectrum decreases monotonically over the whole 
measured range. (4) Above 20 kev the shapes of the Dt 
and D,* spectra are quite similar. (5) The ratio of the 
total output of D* to that of D2* is 0.54 in the spectral 
energy range 10 to 80 kev. 

A small but definite trace (~ 1%) of the ions is of the 
D;* species. These ions, unlike the D*+ and D.* species, 
have a discrete energy spectrum consisting of a sharp 
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Fic. 7. Differential energy distributions of D.* and D* ions 
emergent from 0.020-in. cathode aperture. Operating conditions 
same as in Fig. 1 


peak at 80 kev indicating that D;* is formed only in 
portions of the tube where the space potential is near 
anode potential. The plasma region (Sec. IX) is the 
most likely source of D;*. 

The angular divergence of the ion beam emergent 
from the cathode aperture (Fig. 6) is believed to arise 
primarily from the following three effects: (1) space 
charge mutual repulsion, (2) radial electric field com- 
ponents in the neighborhood of the ion exit aperture, 
and (3) repulsive molecular forces active during the 
dissociation of molecular ions within the discharge. In 
order to estimate the contribution of space charge, the 
total ion current incident on the front surface of S2 was 
measured (with secondary electron emission suppressed 
by a biased grid). This current was 1.67X10~* amp 
under the 0.8-amp, 80-kv operating condition. Using 
ion velocity spectra deduced from the D* and D,* 
energy spectra, it is found that, for the observed total 
current, the charge density in the ion beam is sufficient 
to give rise to about half the observed D,* angular 
divergence. The aperture defocusing effect (2) is esti- 
mated to add an additional divergence of about the 
same magnitude as the space charge effect. Thus, (1) 
and (2) account for the major part of the D,* ion 
divergence. 

Both (1) and (2) should theoretically give rise to an 
angular divergence inversely proportional to ion energy 
and independent of mass. While this effect is observed 
in the case of the D2* ions, the D* ions not only have, 
at each energy, a much broader divergence than D,* 
ions of the same energy but the Dt ions do not follow the 
inverse energy relationship. This effect can be accounted 
for by the fact that some if not all of the D* ions arise 
from excitation of D.* ions to 1 *2, states. When so 
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excited, the D,* ion dissociates and the D and Dt 
components are driven apart by a repulsive force which 
imparts ~5 ev to each particle in the center-of-mass 
coordinate system. This results in an additional angular 
spread for D* ions over and above (1) and (2), which 
accounts quantitatively for the differences between the 
D+ and D,*+ maximum angles of divergence. 

The total ion current through the aperture $1, 
mentioned above, corresponds to an ion current density 
of 0.083 amp/cm? at the center of the cathode. Assuming 
an average secondary electron emission per ion of 14.1 
(see Sec. VI), the total current density, including 
secondary electrons, is 1.25 amp/cm?. Since the total 
tube current was 0.8 amp, it may be concluded that the 
current density at the center of the cathode is 31 times 
the average current density over the cathode surface. 
If the total current were concentrated in a core of 
uniform current density, the diameter of this core would 
be 0.90 cm. This corresponds very closely to the diam- 
eter of a visible core of reddish color which is quite 
intense close to the cathode and fades off gradually into 
a general bluish background at a distance of ~2 cm 
from the cathode. Examination of this core via time- 
resolved spectroscopy indicated the presence of the 
spectral lines of atomic deuterium (4861 and 6563 A) 
superimposed on a continuous spectrum. The atomic 
lines were detectable above background only in this 
core and only out to ~2 cm from the cathode. The 
concentration of atomic deuterium in this region is 
believed to be due to the dissociation in flight of fast D.* 
ions and fast D2 neutrals. From the plasma and wall 
potential measurements it will be seen that the length of 
the reddish core corresponds approximately with the 
extent of the high-field or cathode-fall region wherein 
the ions gain sufficient energy to give rise to the above 
processes. 


V. SECONDARY EMISSION COEFFICIENTS 
OF D* AND'D,* 

The secondary emission coefficients of D* and D,* 
ions in the energy range 10-80 kev were determined in 
the course of the mass spectrum measurements by 
observing the heights of the mass peaks as a function of 
the collector bias. The peaks saturated in height at 
biases less than —30 v and greater than +90 v. The 
ratio of the maximum height at —30 v bias to the 
minimum height at +90 v bias was assumed to equal 
y+1, where y is the mean secondary electron yield per 
ion. In order that the results might be used to estimate 
the secondary yields of the ions impinging on the dis- 
charge tube cathode, the collector was made of the same 
material as the cathode (303 stainless steel). Results are 
shown in Fig. 8. 

With some uncertainty as to the correspondence be- 
tween the surface conditions of the collector and the 
discharge tube cathode, we have estimated the average 
cathode secondary yield per ion by averaging the y 
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Fic. 8. Secondary emission coefficients, y, of D:* and Dt ions 
incident on stainless steel as a function of ion kinetic energy 


values of Fig. 8 over the energy spectra of Fig. 7. In- 
cluding both D,* and Dt ions of energy >10 kev, the 
average is 7=6.2. The separate averages for the D.* 
and D+ species alone are 6.8 and 4.7, respectively. If 
one were to include the lower energy ions (<10 kev) 
these averages would be somewhat lower, since all 
available secondary emission data for light positive ions 
show a monotonically increasing dependence of y on ion 
energy below 10 kev.'*—8 


VI. SECONDARY EMISSION DUE TO 
NEUTRAL PARTICLES 
In collisions with gas molecules, the fast D* and D,* 
ions may undergo the following transformations®'*.*: 


Dt+e—D, 
Dot+e— Dz, 
2D, 
D+Dt, 
2Dt+e. 


The first three reactions involve the capture of an elec- 
tron from a gas molecule and the last two involve simple 
dissociation. In all of these reactions the majority of the 
product particles proceed with essentially the same 
velocity and direction as the primary. The cross sections 
are of the order of 10~'* to 10~'* cm? in the energy range 
of interest in the present discharges and the correspond- 
ing mean free paths, for a pressure of 0.60 mm Hg, are 
roughly 0.6 cm to 6 cm. Hence, a large fraction of the 
D+ and D,* ions generated in the gas are converted 
to atomic or molecular neutrals before reaching the 
cathode. According to Schwirtzke,” atomic ions and 
the corresponding neutrals have comparable secondary 
emission coefficients ; thus, a considerable fraction of the 


D.t+e— 
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Fic. 9, Angular distribution of currents 7,°+J,++J/*, J,°, and 
1,*+-Jo*, indicating the relative contribution of positive ions and 
neutral] particles to the release of secondary electrons at a collector 
(S5) direc:ly aligned with collimating slits S1 and S2 of the mass 
spectrometer. Operating conditions same as in Fig. 1. 


total secondary current in the present discharges must 
be due to neutrals. 

The mass spectrometer (Fig. 4) was used to determine 
indirectly the relative contribution of ions and neutrals 
to the total secondary electron current at the cathode. 
A slit S5 was placed in the plane of S3 and arranged to 
cover the solid angle subtended by the entrance slits $1 
and S2. A stainless steel collector similar in construction 
to that located at $4 was placed immediately behind S5. 
With no deflection potential applied to the electrostatic 
analyzer plates, both the ions and neutrals emerging 
from $2 were received at the collector, but with a 1-kv 
deflection voltage only the neutrals were received. With 
the collector biased at a negative potential to eject 
secondary electrons, the following currents were meas- 
ured: (1) J,.°, the secondary electron current due to 
neutrals striking the collector, and (2) the composite 
current J,.+/,+*+J]*, where J,*+ is the secondary elec- 
tron current due to positive ions and J* is the positive- 
ion current. The results of the measurements, as a func- 
tion of tube tilt angle, are shown in Fig. 9. 

Integration of the angular distributions with respect 
to the emission solid angle shows that the total current 
of secondary electrons due to neutrals is 1.1 times the 
combined currents of positive ions and positive ion 
secondaries. Using the value 7=6.2 for positive-ion 
secondary emission (Sec. V), it may be deduced that the 
effective secondary emission per positive ion, including 
emission due to neutrals, is 14.1. For future reference 
we designate this quantity as 7’. 

The extremely narrow angular distribution of the 
neutrals, indicated by the curve J,’ in Fig. 9, shows that 
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these particles move essentially in the direction of the 
electric field. This is consistent with the production 
mechanisms discussed. 


VII. ELECTRON SPECTRUM AT THE ANODE 


The energy distribution of the electrons incident on 
the anode of the discharge tube was measured using an 
electrostatic analyzer of the same dimensions as the 
left-hand section of the instrument shown in Fig. 4. 
Magnetic perturbations of the electron trajectories in 
the analyzer due to stray magnetic fields were elimi- 
nated by aligning the long axis of the analyzer parallel 
to the earth’s magnetic field. 

Using the same sweep deflection and oscillographic 
plotting technique as in the ion energy analysis, spectra 
of electrons emerging from a 0.020-in. central anode 
aperture were obtained over a range of tilt angles and 
integrated with respect to solid angle to give a complete 
energy spectrum. The final results are shown in Fig. 10 
for a tube operating at 77 kv, 1.4 amp, 0.055 mm Hg. 
The sharp spike at the high-energy end of the spectrum 
represents the electrons which pass all the way from 
cathode to anode without suffering appreciable energy 
losses due to collision, and the low-energy continuum 
represents the electrons which are produced by ionizing 
collisions of electrons and fast ions along the length of 
the discharge. The small peak at 28 kev is a “ghost” of 
the monoenergetic 77-kev peak caused by diffraction 
at the edges of the electron collimating slit immediately 
in front of the deflection plates. Discounting the area of 
this spurious peak, the total number of electrons in the 
discrete peak at 77 kev is 6.6 times the number in the 
continuum below 70 kev. 

This ratio is a rough indication of the number of 
secondary electrons released at the cathode per positive 
ion produced in the gas. There is a discrepancy, how- 
ever, between this ratio so interpreted and the value 
of 7’ from Sec. VI. Possible sources of the discrepancy 
are a focusing effect within the discharge which tends to 
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Fic. 10. Differential energy spectrum of electrons emergent from 
a 0.020-in. anode aperture. Tube voltage 77 kv, total tube current 
1.4 amp, pressure 0.055 mm Hg. 
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Fic. 11. Angular distributions of electrons emergent from 
0.020-in. anode aperture. Curve parameter refers to electron 
energy in kev units. Operation conditions same as Fig. 10 


overemphasize the low-energy end of the measured 
electron spectrum, an overestimate of 7 as calculated 
from the indirect secondary emission and the ion 
spectrum measurements, and/or an overestimate of the 
contribution of neutrals to the cathode secondary 
electron yield. No detailed analysis of these effects has 
been carried out ; however, in the remaining part of the 
paper, it will be arbitrarily assumed that 7’=14.1 as 
calculated in Sec. VI. 

The angular distributions of the electrons emergent 
from the anode aperture are shown in Fig. 11. These 


distributions indicate that the electrons produced along 
the axial region, at points more than 10 kv negative 
relative to the anode, move nearly parallel to the tube 
axis suffering very little gas scattering. 


VIII. WALL POTENTIAL DISTRIBUTION 


The distribution of potential along the glass walls of 
the discharge tube was determined by means of the 
arrangement shown in Fig. 12. The potential sensing 
element was a ring-shaped stainless steel probe inserted 
so as to form a short (1.5 mm wide) section of the wall. 
The anode and cathode were mounted on rods which 
slid axially in O-ring seals so that both electrodes could 
be moved in relation to the ring probe. Using a fixed 
spacing of 7.6 cm between the anode and cathode, the 
floating potential of the probe during the steady-state 
portion of the discharge was determined as a function 
of distance from the anode. The potential measurements 
were made by means of a capacitive voltage divider 
consisting of a 15-yuf voltage dropping capacitor and 
a 0.015-yf voltage viewer capacitor. 

Wali potential distributions for several pressures and 
voltages are shown in Fig. 13. Measurements could not 
be carried out on portions of the wall where the floating 
potential exceeded —20 kv relative to the anode, 
because in such locations the probe caused instabilities 
and frequent arc breakdown. At all other locations the 
wall potential was found to be negative with respect to 
the anode and the probe caused no disturbance. In 
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general a certain length of the wall in the anode end of 
the tube attains a potential within 1 kv of anode 
potential; however, at some point the potential begins 
to rise very rapidly with increasing distance from the 
anode. The effective location of this point for various 
operating conditions was determined by extrapolating 
the rising portions of the curves in Fig. 13 to the hori- 
zontal axis. By analogy with ordinary glow discharge 
terminology, we label the portion of the discharge 
between the starting point of the rise in wall potential 
and the cathode as the “cathode fall” region.” It is 
found that the length of the cathode fall d, and the 
pressure p are related according to the following 
empirical expression : 


pd.-=0.216+0.010 mm Hg-cm. (3) 


This relation is found to hold independently of tube 
voltage for potentials from 40 to 80 kv. 

In “normal” and “abnormal” glow discharges a rela- 
tion similar to Eq. (3) describes the extent of the 
cathode fall; however, the constant on the right is 
replaced by a voltage-dependent term. Presumably the 
voltage independence observed here is related to the 
extreme steepness of the starting potential vs pressure 


Fic. 12. Tube arrange- 
ment used for deter 
mination of wall poten- 
tial distributions. Parts: 
1—Pyrex wall, 2—stain- 
less steel cathode, 3— 
stainless steel anode 
4—electrode centering 
rings, 5—stainless steel 
ring probe, 6 sliding 
seals, 7—gas inlet tubu- 
lation, 8—vacuum 
pump tubulation. A 
thermocouple vacuum 
gauge connection was 
made through a third 
tubulation in the tube 
base (not shown). 
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*1 The term “cathode dark space,” sometimes used to describe 
the high-field region of ordinary glow discharges, is inappropriate 
here because no clearly defined discontinuity in light intensity 
occurs at the cathode fall boundary in the present discharges. 
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Fic. 13. Wall potential distributions measured under various 
operating conditions. Potential values are negative and measured 
relative to anode. Portions of the curves to the left of the dashed 
lines refer to left-hand ordinate scale and portions of the curves to 
the right of the dashed lines refer to right hand ordinate scale. 


curve (Paschen curve) for very high voltages and low 
pressures.!:® The similarity between the conditions in the 
cathode fall region in a normal or abnormal glow dis- 
charge and the conditions at the onset of a self-sustained 
discharge, at operating conditions near the Paschen 
minimum, has been cited in nearly all gas discharge 
treatises. This similarity results from a positive space 
charge buildup terminating in the formation of a plasma 
or “positive column” in the anode end of the tube 
whenever the applied voltage exceeds the minimum 
value required for breakdown. In the steady state, the 
plasma of the low-voltage glow discharge is an inert 
buffer zone; all of the processes essential to the sustain- 
ment of the discharge occur in the cathode fall region or 
very close to the plasma-cathode fall boundary. 

In the present discharges the potential of the walls 
between the anode and the start of the cathode fall is 
from 10 to 100 times higher than that of the walls 
surrounding the positive column of the normal glow 
discharge. Furthermore, the observed energy distribu- 
tion of electrons incident on the anode shows that elec- 
trons from the cathode fall region do not achieve a low 
drift velocity during their passage through the low-field 
region near the anode as in ordinary glow discharges. 
These facts lead to some question as to whether a plasma 
existed at all in the present discharges. 

In an attempt to direct a plasma, a 3-mm hole was 





978 G. W. 


drilled in the center of the anode and an extraction 
electrode of the same diameter as the anode was placed 
5 cm behind this hole outside the main discharge 
volume. When the extractor electrode was biased 
negatively or slightly positively (<40 v) with respect 
to the anode, a very low current independent of bias 
voltage was received by the extractor electrode; how- 
ever, when the bias was increased above 50 v, the total 
tube current increased from 1 amp to 1.4 amp and over 
half of the total tube current flowed through the small 
hole to the extractor. This behavior was interpreted as 
conclusive evidence of the presence of a dense plasma 
near the anode since the extraction field at the current 
transition, ~8 v/cm, could only have penetrated a 
small distance through the anode aperture and could 
only have diverted very low-energy electrons from their 
normal course toward the main anode. The fact that a 
positive extraction voltage was required to cause the 
current transition suggests that a negative drop in 
potential exists between the plasma and the anode in the 
undisturbed discharge. More convincing evidence of this 
is presented in the following section. 


IX. PROBE INVESTIGATION OF PLASMA 


The spatial extent of the plasma and the temperature 
and density of plasma electrons were determined by 
means of the Langmuir probe technique. In preliminary 
experiments the ring electrode used in the wall potential 
measurements was employed as a probe. An electronic 
sweep circuit varied the potential of the probe at the 
rate of 1 v/usec from any desired base potential in the 
range —3 to +0.1 kv relative to the anode. Probe 
potential minus this base potential was displayed as the 
X deflection and the probe current as the Y deflection 
on an oscillograph screen. A 50-v-wide section of the 
probe voltage-current characteristic curve could be 
observed during the steady-state portion of each dis- 
charge. Characteristics extending over a wide voltage 
range could be constructed from separate oscillograph 
records taken on successive discharges at various base 
potentials. 

The characteristic curves shown in Figs. 14(a) and 
14(b) are typical of the data obtained with the ring 
probe located along the low-potential portion of the 
glass wall. The potential at which the net probe current 
is zero is the “floating potential’ which the probe would 
attain if unattached to an external circuit. When the 
probe potential is negative with respect to floating 
potential, a net positive current flows to the probe and 
when the probe potential is positive relative to floating 
potential, the net current is negative. When the probe 
approaches within a few volts of anode potential, there 
occurs an abrupt increase in negative current. This 
rapid transition is shown in greater detail in the oscillo- 
gram of Fig. 14(b). The increase in current between the 
extreme left end of the figure and the inflection point P 
is interpreted as due the collection of low-energy elec- 
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Fic. 14. Probe voltage-current characteristics obtained with the 
ring probe located 4-in. above the anode. Operating conditions 
tube voltage 76 kev, tube current 0.6 amp, pressure 0.037 mm Hg 
(a) Probe characteristic at large negative potentials, (b) Ex 
panded plot of probe characteristic near zero potential. Probe 
potentials are measured relative to the anode 


trons from the plasma. A plot of log(J/—J») vs V, where 
I is the net probe current, /» is the saturation current, 
and V is the probe potential, produced a nearly straight 
line indicating an approximately exponential (Max- 
wellian) electron energy distribution. The electron 
temperature determined from the slope is 2.8 ev. 

The total random electron current Jp due to the low- 
energy plasma electrons is approximately given by the 
difference between the current at the inflection point ? 
and the saturation current /». According to the theory 
of the plane probe,” the electron density in the plasma 
is given by 

n= (Ip/A)(2xm/kT)}', (4) 


where A is the probe area, m is the electron mass, and 
kT is the mean energy of the plasma electrons. For the 
operating conditions corresponding to Fig. 14, the elec- 
tron density calculated from Eq. (1) is 2.4 10° cm™. 
This value of » must be regarded as a rather crude 


2D. Bohm, E. H. S. Burhop, and H. S. W. 
Characteristics of Electrical Discharges in Magnetic Fields, edited 
by A. Guthrie and R. Wakerling (McGraw-Hill Book Company 
Inc., New York, 1949), pp. 14 and 82. 


Massey, T he 
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estimate since the negative potential of the glass walls 
directly adjacent to the probe inhibits the collection of 
plasma electrons from directions other than close to 
the normal. 

To obtain more precise measurements of plasma 
density, a small plane probe of 0.277 cm? area was 
mounted on the end of a movable metal tube which 
protruded into the discharge from a hole in the center 
of the anode. The support tube was connected to the 
anode and the probe was connected via a coaxial lead 
to the voltage and current display circuit used for the 
wall probe measurements. With this probe, measure- 
ments could be made at all points along the central axis 
of the discharge without disturbance from the nega- 
tively charged glass walls. The voltage-current curves 
were very similar to those taken with the wall probe 
except for a ten-fold increase in the value of the random 
electron current density Jp-=ZJp/A. Estimates of the 
plasma temperature and electron density were made as 
described above and the following results were obtained 
over a range of operating pressures from 0.039-0.10 mm 
Hg, applied potentials of 60-80 kv, and tube currents 
from 0.5 to 7.2 amp: 


1. The temperature of the plasma electrons is 2.8+0.6 
ev over the entire range of operating conditions 
surveyed. 

2. The random current density Jp~ of plasma elec- 
trons is a slowly varying function of position from the 
anode out to the point where the cathode fall of wall 
potential begins. Here an abrupt 90% drop in Jp 
occurs in a distance of 5 mm, indicating the end of the 
plasma and the start of a positive sheath. 

3. The mean electron density along the length of the 
plasma, as obtained from Eq. (4), is directly propor- 
tional to the total tube current and follows the empirical] 
relation 

n=2.73X10" 7, (5) 


where is in units of cm™ and /7 is the total tube 
current in amperes. 

4. The plasma potential, assumed to be equivalent to 
the potential at which inflection point occurs in the 
V-I characteristic, was determined to an accuracy of 
+10 v. Within this range of uncertainty the potential 
throughout the length of the plasma was equal to the 
potential of the anode. 

5. The random electron current density J p~, averaged 
over the length of the plasma, is proportional to the 
total tube current and follows the empirical relation 


J p~=0.123/ 7, (6) 
where J p~ is in units of amp/cm? and /7 is in amperes. 


In view of the constancy of the electron density along 
the length of the plasma, it seems reasonable to assume 
that the density is also constant from side to side. On 
the basis of this assumption the plasma would emit an 
approximately uniform current density of ions to the 
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walls and to the cathode fall region. As both the cathode 
and the walls are at negative potentials relative to the 
inside of the plasma, a positive sheath must form be- 
tween the plasma surface and these boundaries. It has 
been shown” that the positive-ion current density J pt 
flowing from a plasma into such a boundary sheath is 
given by 

J p+=0.40n(2kT/M)}, (7) 
where is the plasma electron density, kT the mean 
energy of the plasma electrons, and M the mass of the 
positive ions. Assuming the pertinent ions to be D+ and 
substituting the measured values for m and kT, one finds 


J pt =1.02X10-J y, (8) 


where Jpt is in units of amp/cm*. The wall sheath 


thickness d is given by the Child-Langmuir equation, 


1 s2e\! Viz 
EZ 
On\ MS J pt 
where e is the electron charge, and V is the potential 


drop across the sheath. Substituting Eq. (8) and 
evaluating the constants gives 


d=5.2X10°V¥/I7!, (10) 


where V is in volts, J7 is in amp, and d is in cm. Fora 
tube current of 1 amp and a wall potential of 200 v, 
d=0.28 cm. The wall sheath may be considered to be 
thin compared to the tube diameter for most of the 
operating conditions encountered in these experiments. 

A very important parameter of the discharge is the 
ion current from the plasma into the cathode fall. If one 
considers the cathode end of the plasma as occupying 
the full diameter of the tube, this current is given 
approximately by the product of Jpt by the cross- 
sectional area of the tube. Using Eq. (8) one then 
obtains for the current into the cathode fall 


I p+=0.0204I 7. (11) 


Denoting the secondary electron current from the 
cathode as 7x~ and the mean secondary emission per 
ion as 7’, we have 


Ip= (141/97) x (12) 


Setting #’= 14.1 (see Sec. VI) and combining Eqs. (11) 
and (12) gives 


I pt=0.022] x-. (13) 


The importance to the cathode fall mechanism of an 
ion supply from the plasma of this magnitude may be 
seen by comparing /p* with the rate of ion generation 
in the cathode fall due to secondary electrons from the 
cathode. In Fig. 15 is plotted the electron ionization 
cross section vs electron energy based on the low-energy 
data of Tate and Smith* (energy <750 ev) and the 


% J.T. Tate and P. T. Smith, Phys. Rev. 39, 270 (1932). 
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Fic. 15. Cross section for electron ionization 
of hydrogen gas vs electron energy. 


high-energy data of Williams and Terroux™ (energy 
>60 kev). The author’s interpolation between these 
two sets of data lies somewhat above the experimental 
curve of Sommermeyer and Dresel.”® If one assumes a 
linear variation of the space potential between the 
cathode and the start of the cathode fall, a total 
potential drop of 80 kv, and negligible energy loss of 
electrons in the cathode fall region due to inelastic 
collisions, the rate 74+ of ion production in the cathode 
fall due to cathode secondaries is found to be 

I,4*+=0.024/ x-. (14) 
It is therefore apparent that the ion current Jp* from 
the plasma into the cathode fall is of the same order of 
magnitude as the direct production /,4* by electrons in 
the cathode fall. Although the assumption of a linear 
spatial variation of potential in the cathode fall gives 
rise to some error in the calculated value of J4*, any 
deviation from linearity is probably in such a direction 
as to make the actual value of 74+ lower than the 
estimated value. 

The floating potential of the glass walls surrounding 
the plasma is extraordinarily high in these discharges. 
This is believed to be due to the entrance into the 
plasma region of high-energy electrons from the 
cathode fall. As indicated by the results of Sec. VII, a 
stream of electrons, consisting mainly of a mono- 
energetic group which originates at the cathode, pass 
through both the cathode fall and the plasma virtually 
without energy loss due to collision and also without 
appreciable gas scattering. The major part of the tube 
current is carried by these fast electrons (~ 93%). Some 
of this energetic stream may strike the walls directly, 
but a large fraction is backscattered from the anode at 
large angles so as to strike the walls in the plasma region. 
From the available experimental data on electron back- 
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6, 289 (1929). 
K. Sommermeyer and H. Dresel, Z. Physik 141, 307 (1955). 
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scattering”® it has been estimated that the current den- 
sity of backscattered electrons to the walls surrounding 
the plasma in the present discharges is of the order of 


(15) 


J 3; = 2.8X 10 3T 7, 


where J,~ is in amp/cm? and /7 is in amperes. This 
current density is ~ 2.8 times larger than the estimated 
positive ion current density to the walls given by Eq. 
(8). Hence it is clear that the backscattered electrons 
have a controlling influence on the steady-state poten- 
tial of the walls around the plasma. 

In order for wall potential equilibrium to occur, as 
in the quasi-steady portion of the discharge, it is 
necessary that a negative current density of magnitude 
(Jg~—Jp*) flow away from the walls. [If the charge 
from the current (Jzg~-—Jp*) were permitted to accu- 
mulate without compensation, the potential of the walls 
would change at the rate of ~2X 10° v/yusec contrary to 
observation. ] The most likely source of the required 
balancing current is secondary emission from the walls 
due to the impact of the fast electrons and ions com- 
prising the currents J,~ and Jp*. If one assumes that 
the secondary emission coefficients for glass are of the 
same order of magnitude as those for metals, it can be 
shown that the secondary electron current is of the 
proper order of magnitude to give charge balance. 
However, additional data on secondary emission from 
glass must be obtained before this point can be settled. 

One of the more important questions concerning 
mechanism of the discharge is that of the mode of ion 
production in the plasma region. In order to examine 
this point in detail it is useful to consider a particular 
operating condition. Consider, for example, the opera- 
ting condition V;=80 kv and p=0.060 mm Hg. Here 
the cathode fall length is 3.6 cm [Eq. (3)] and the 
plasma, which fills the remainder of the tube, is 4.0 cm 
long. The net positive ion flow out of the plasma, to the 
walls, to the cathode fall, and to the anode,”’ is equal 
to the net surface area concerned times the ion current 
density J p+. This current, 


Iwt=0.102/ 7, (16) 


is the ion production rate within the plasma neglecting 
losses due to recombination. 

The ion production within the plasma due to electrons 
from the cathode fall region has been calculated by 
averaging the electron ionization probability (calcu- 
lated from Fig. 15) with respect to the electron spec- 
trum shown in Fig. 10. For the assumed operating 
conditions this production rate is 


Ic¢+=0.0078I r. (17) 

26 The gross backscattering coefficient and energy distribution 
of backscattered electrons (from Fe) were taken from E. J. 
Sternglass, Phys. Rev. 94, 345 (1954). The angular distribution 
of backscattered electrons was assumed to follow the cosine law; 
see H. Kulenkampf and K. Ruttiger, Z. Physik 137, 426 (1954) 

27 We include here the positive ion flow to the anode which 
would be present in case of a negative anode fall. The “sign” of 
the anode fall is discussed at the ends of Secs. VIII and IX 
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A comparison of Eqs. (16) and (17) shows that Jw* is 
more than an order of magnitude greater than J¢*. 
Hence, an additional ionizing mechanism is apparently 
required to explain the plasma ion production. It is very 
likely that most of the required additional production 
comes from secondary electrons emitted from the glass 
walls. Although these electrons are ejected with very 
low initial energies, they are accelerated in the positive 
ion sheath at the walls so as to enter the plasma with 
energies of the order of 0.1 to 1.0 kev, depending on the 
local wall potential. If one assumes that the secondary 
electron current density emitted at the walls is given 
by Jp~—Jp*, the net current of secondaries from the 
wall is found to be 


Ts~=0.113/ 7. (18) 

The ion production rate remaining to be accounted 
for is 

Iwt—Ict=0.094T r. (19) 
To account for the remaining ions in terms of ionization 
due to wall secondaries it is necessary that the wall 
secondaries produce, on the average, 0.094/0.113=0.83 
ion pairs within the plasma. For a mean electron energy 
of 0.5 kev (corresponding to the mean wall potential for 
the assumed operating conditions) the electrons are 
required to traverse a path length of about twice the 
tube diameter to produce the required number of ions. 
Considering the possibility of reflections of the wall sec- 
ondaries from the retarding potential barrier surround- 
ing the plasma, such a path length seems entirely within 
reason. Very tedious calculations taking into account 
the scattering of the wall secondaries in the gas and 
the relative probabilities of collection and reflection 
at the glass walls would be required to give exact 
quantitative proof of sufficiency of the proposed ioniza- 
tion mechanism. Such calculations have not thus far 
been attempted; however, the above arguments show 
that wall secondaries are definitely a first-order source 
of plasma ionization. 

A steady-state charge balance in the plasma can only 
occur if the loss of positive ions, given by Jw* [Eq. 
(15) ], is balanced by the random electron current to the 
anode. If Jp~, the measured random current density of 
plasma electrons, were permitted unrestricted flow to 
the anode, the loss of electrons from the plasma would 
be 24 times the loss of ions. It is concluded that the 
anode must be sufficiently negative with respect to the 
plasma to restrict the electron flow to 1/24 the random 
current density. This implies (for an electron tempera- 
ture of 2.8 ev) a negative anode fall of the order of 9 v. 
In an ordinary glow discharge at higher pressure, a 
positive anode fall suffices to provide charge balance 
because the influx of low-energy electrons from the 
cathode fall region balances the loss to the anode. In 
this instance the positive ion loss from the plasma to the 
walls and to the cathode fall is supplied by ionization 
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produced by electrons during their passage across the 
positive anode fall zone. 


X. COLLISION PROCESSES IN THE 
CATHODE FALL REGION 


On the basis of the foregoing discussion it is clear that 
ion production occurs throughout the length of the 
cathode fall due to ionizing collisions of cathode sec- 
ondary electrons. The net ionization probability per 
electron is so small (~0.02) that the cathode electrons 
move through the cathode fall region virtually as in 
free fall through a vacuum. Most of the electron ioniza- 
tion occurs very close to the cathode surface where the 
electron energy is low and the ionization cross section is 
high. Owing to the continual acceleration of the cathode 
electrons, the assumption of a constant electron ioniza- 
tion cross section throughout the cathode fall region 
(Neu‘) is completely inapplicable here. 

It has been shown (Sec. [X) that the ion influx to the 
cathode fall region from the plasma boundary is com- 
parable to the electronic ion production in the cathode 
fall. The ions from the plasma travel, on the average, a 
much greater distance in the high-field region than the 
ions produced directly by electrons from the cathode. 
Consequently, the plasma ions, together with the 
secondaries they produce while en route to the cathode, 
produce the majority of the cathode secondaries. 

The secondary effects produced by ions during their 
traversal of the cathode fall region include charge ex- 
change, ionization, and dissociation. Of the three 
processes, charge exchange is the most probable. The 
cross section for charge exchange®’ is approximately 
constant for D,* ions in the energy range 1-50 kv, and 
the mean free path is approximately one-fifth the length 
of the cathode fall. If one assumes a uniform field 
throughout the cathode fall, a De* ion will attain a 
mean energy of $ the cathode-fall potential drop before 
undergoing a charge exchange collision. When such a 
collision occurs the primary ion is converted to a fast D2 
neutral (or two fast D atoms) and a new Ds" ion starts 
from rest, repeating the same process. Thus a D,* ion 
from the plasma gives rise to a “charge-exchange 
cascade” which contains upon arrival at the cathode a 
single D.* ion and five to ten neutrals. The D+ ions 
and D» neutrals will have a mean energy of 3 the 
cathode fall potential drop and the D neutrals will have 
an energy of about } this great. This argument provides 
a crude explanation of the observed mean ehergy of the 
D.* ions incident on the cathode (Sec. IV). 

The development of the charge-exchange cascade is 
complicated by ionizing collisions of the constituent 
particles with gas molecules. According to the available 
data on ionization due to neutrals and ions of 10-20 kev 
kinetic energy,”’?5.* the ionization mean free path is of 


8 J. P. Keene, Phil. Mag. 40, 369 (1949). 


2” V. V. Afrosimov, R. N. Ilin, and N. V. Fedorenko, Soviet 
Phys. —JETP 34, 968 (1958 
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the order of the cathode fall length, thus the size of the 
cascade is substantially augmented by the production 
of additional ions along its path. Some modification of 
the cascade is also introduced by dissociation in flight 
of D,* ions to form D* ions,® and electron loss from 
fast D neutrals.”°*' Both of these processes have mean 
free paths of the order of the cathode fall length. 
Detailed consideration of the net effect of all of these 
processes on the energy distribution of the particles 
incident on the cathode, together with a self-consistent 
treatment of space charge, will be presented in Part IT. 


XI. CONCLUSIONS 


The high-voltage glow discharge has been experi- 
mentally examined and is found to be partitioned, along 
the direction of the electric field, into an anode fall 
region, a plasma region, and a cathode fall region. All 
but about 10 v of the applied potential appears across 
the cathode fall zone. The potential drop across the 
anode fall region is approximately 9 v (negative relative 
to the plasma) and the plasma potential varies not more 
than 10 v from end to end. The glass walls surrounding 
the lateral boundaries of the plasma attain a potential 
of the order of 0.1 to 1.0 kv relative to the interior of the 
plasma due to bombardment by fast electrons back- 
scattered from the anode. Ion production in the plasma 
is caused, in large part, by secondary electrons released 
from the glass walls due to fast electron and positive ion 


\frosimov, R. N. Ilin, and D. M. 
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bombardment. Electrons are emitted from the cathode 
by both positive ion and neutral atom bombardment. 
These electrons pass through the entire length of the 
discharge with very little energy loss or scattering due 
to collisions. The ion production in the cathode fall 
region by cathode electrons is comparable to the ion 
flow from the plasma into the cathode fall. Ions moving 
from the plasma into the cathode fall give rise to com- 
plex ‘‘charge-exchange cascades’ involving the produc- 
tion of 5 to 10 secondary neutral atoms and molecules 
having mean energies corresponding to about 4 the 
cathode fall potential drop. The fast heavy particles 
within these cascades initiate secondary cascades by 
ionizing gas molecules. 

Both the plasma and the cathode fall regions of the 
present discharges require vastly more complex methods 
for their complete mathematical description than the 
methods heretofore used in the case of lower-voltage 
“normal” and “abnormal” glow discharges. The present 
results provide a fairly detailed conceptual framework 
for the construction of the required, more advanced 
theory. 
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A new generalization of Onsager’s theory of irreversible processes is presented. The main purpose is to 
allow for memory effects or causal time behavior, so that the response to a thermodynamic force comes 
later than the application of the force. This is accomplished by a statistical mechanical derivation of an 
exact non-Markoffian kinetic equation for the probability distribution in the space of macroscopic state 
variables. The memory effect in the resulting transport equations is represented by a time convolution of 
the thermodynamic forces with memory functions. The latter are time-correlation functions in the rates of 
change of the phase functions corresponding to macroscopic quantities. The resulting transport equations 
are not restricted to small deviations from thermal equilibrium. Onsager’s theory is shown to be the low 


frequency limit of our causal theory. 


PROSPECTUS 

HE subject of this article is a new generalization 

of Onsager’s thermodynamic theory of irre- 
versible processes.' The article has two purposes. One 
is to provide a theory that is applicable to situations 
where memory effects are important. The other is to 
establish criteria for the validity of Onsager’s theory as 
a limiting case of a more general theory. 


SIMULTANEITY AND CAUSALITY IN 
IRREVERSIBLE THERMODYNAMICS 
The familiar laws of irreversible thermodynamics 
have the characteristic form 


da ;/dt= pm LiF (a1,Q@12,°* *Gn), (1) 


where a; (j=1,2,---,m) is the deviation of the jth 
state variable from its value at thermal equilibrium, 
F,, is a thermodynamic force (defined as derivative of 
entropy with respect to a,), and the Lj, are transport 
coefficients, satisfying the reciprocal relations L j,= L;;.° 
The forces are customarily assumed to be linear in the 
deviations. 

We are concerned here with the following property 
of Onsager’s theory: According to Eq. (1), the response 
of a system to an applied force is simultaneous with 
the application of the force. 

As a general rule, such simultaneity in a macroscopic 
theory turns out to be an approximation to a causal 
behavior, where the response to a force comes after 
the application of the force. 

In many familiar cases the approximation of simul- 
taneity is as good as one needs to describe experimental 
observation. Under this category we mention the 
Navier-Stokes equation for fluid flow, Fick’s law of 
diffusion, and Fourier’s law of heat conduction. All of 
these are known to cover a wide range of experience. 
But there are occasions when a causal description is 
needed. Some examples are the decay of dielectric 

* This work was supported in part by the Office of Scientific 
Research of the U. S. Air Force. 

1L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 
See also S. R. deGroot, Thermodynamics of Irreversible Processes 


North-Holland Publishing Company, Amsterdam, 1951). 
2 In the absence of magnetic fields. 


polarization, the relaxation of stretched polymers, and 
ultrasonic absorption in molecular fluids. 

Causal behavior is always associated with ignoring 
certain molecular variables. The time dependence of a 
completely specified state of a macroscopic system is 
governed by equations (Hamilton’s, Schrédinger’s, etc.) 
that show an instantaneous response.* A complete 
specification of the state of a macroscopic system 
requires knowledge of a very large number of molecular 
variables. In a macroscopic experiment one measures 
only a few of these, and one proceeds to deduce trans- 
port equations just as if the others did not exist. This 
is where causal behavior appears. 


ON THE VALIDITY OF ONSAGER’S THEORY 


There is another reason, more methodological than 
physical, for seeking a causal generalization of Onsager’s 
theory. In his derivation of Eq. (1), Onsager introduced 
certain hypotheses leading directly to an instantaneous 
response. Many subsequent rederivations (too many to 
cite individually) have been concerned mainly with 
justifying this simultaneity, by giving further support 
to Onsager’s hypotheses, or by putting forth new and 
equivalent hypotheses. 

Such attempts are of doubtful value. Our principal 
objection is that they do not show how it happens that 
certain substances, in certain experiments, behave 
causally instead of showing an instantaneous response. 

A more satisfactory procedure is to derive a causal 
theory in the first place, without relying on unverified 
hypotheses, and then to investigate the validity of 
Onsager’s theory as a limiting case. This is what we 
do here. 


SUMMARY OF RESULTS 


Our results have the general structure of Eq. (2): 


t 
da;(t)/dt=>> [ ds K j.(s)F (ay(t—s), ++ +,a,(t—s)). (2) 


Some complicating features have been omitted in order 


3 We shall not be concerned with the extra complications of 
retarded interactions via transverse electromagnetic fields. 
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to display the essential features of the time dependence 
in close analogy with Eq. (1). In the body of the 
article we give the complete and correct equations.‘ 

Equation (2) was derived specifically to describe the 
free relaxation of a system that is initially (¢=0) in 
thermal equilibrium, subject to constraints fixing the 
numerical values a;(0), ae(0), -, an(O) of the n 
specified state variables. 

The memory functions K,,(s) are time-correlation 
functions of the kind that have appeared already in 
Onsager’s work. We shall give explicit formulas for 
them later.‘ For the moment, we only observe that 
Onsager’s transport coefficients Lj, are related to the 
memory functions in a simple way, 


Lie= i) ds K;x(s). 


The upper limit 7 is a time of macroscopic size, but not 
so large as the Poincaré recurrence time. 

It is easy to see that qualitative conditions for the 
validity of Eq. (1) are as follows: (i) The thermody- 
namic forces should vary slowly enough that it is safe 
to replace a(t—s) by a(t) in the time integration. (ii) 
The memory functions should have a short enough 
relaxation time that the integrals from 0 to ¢ can safely 
be replaced by integrals from 0 to some fixed macro- 
scopic time 7. More precise conditions can be obtained 
only by solving both Eq. (1) and Eq. (2), and by 
deciding when the two solutions do not differ appreci- 
ably. 

The preceding qualitative requirements involve the 
structure of the thermodynamic forces and the time 
dependence of the memory functions. They thus involve 
specific properties of matter, rather than general 
statistical assumptions. 


CONDITIONS AND ASSUMPTIONS 
USED IN THIS ARTICLE 


We shall work entirely within the framework of 
classical statistical mechanics. Thus we shall not be 
able to say anything about the phenomena of super- 
fluidity. Other than this, there seems to be no reason 
to expect anything strikingly different from a quantum 
mechanical treatment. 

The derivation is based on several assumptions, 
listed in this paragraph. (i) A system known to be in 
thermal equilibrium subject to specified constraints 
can be described correctly by a phase space ensemble 
density that is microcanonical in the constraints. (ii) 
The molecular analogs of macroscopic state variables 
are phase functions depending on large numbers of 
molecules. (iii) These phase functions vary slowly in 
time, relative to the rates of individual molecular 
processes. 


‘See Eqs. (40), (39), (30), (31), and 
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Some of the more formal parts of our results are 
independent of the second and third assumptions. The 
first is essential to our method. 

The results of the derivation are limited to the 
following circumstances. (i) We consider only systems 
that are known to be initially in thermal equilibrium, 
subject to specified constraints. (ii) The system is not 
influenced by time-dependent external forces or 
boundary conditions. 

This section ends with a few negative remarks. We 
shall not rely on assumptions about coarse graining, 
time smoothing, repeated phase randomization, or 
Markoffian behavior. Also, we shall not use diagram- 
matic techniques. 


OUTLINE OF THE METHOD 


The method followed here is a quasi-experimental one. 
We go through a sequence of steps, each of which has 
its counterpart in experimental activity. 

The first step is to select a set of variables to describe 
the macroscopic state of the system. These variables 
are phase functions, A1(x), Ao(x), «++, An(x), where x 
denotes the position of the system in phase space, i.e., 
the set of all coordinates and momenta. We shall often 
abbreviate the notation to just A (x). 

The experimenter bases his choice of variables on 
past experience and physical intuition. We can hardly 
do otherwise here: No a priori choice is specifically 
indicated by theory. We shall require, however, that 
our phase functions have certain characteristic macro- 
scopic properties. In particular, they should depend on 
the positions and velocities of very many molecules, 
and their time derivatives should be small, relative to 
the time derivatives of individual molecular quantities. 
We shall require also that the known integrals of motion 
(that is, total energy, linear and angular momentum, 
and number of molecules) be included among the A (x). 
A useful choice of phase functions is discussed by 
Green.° 

The next step is to prepare a system initially (¢=0 
having specified numerical values of the phase functions 
A(x). We shall always require that the system be in 
thermal equilibrium, subject to whatever constraints 
are needed to maintain the specified values of A(x 
This has the effect of pinning down, implicitly, a 
properties of the system not included explicitly in A (x). 
We know from experience that the future behavior of 
such initial states is experimentally reproducible. 

Next we remove the and allow the 
system to relax freely. We do not impose time-depend- 
ent external forces or boundary conditions. 


, 
lI 


constraints, 


5 The role of “intrinsic’’ angular momentum, i.e., the angular 


momentum of rotations of molecules about their centers, is 
expected to be negligible except in problems of orientational 
relaxation, for example in polar dielectrics. The angular momen 
tum associated with translational molecular motions is taken into 
account by including hydrodynamic velocity fields among the 
A (x). 

5M. S. Green, J. Chem. Phys. 20, 1281 


1952); 22, 398 (1954). 
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Then we calculate the probability distribution of the 
A(x) as a function of time. This is accomplished by a 
formal solution of the molecular equations of motion. 
The theoretical distribution of the A(x) corresponds to 
the statistical distribution of observations on an 
experiment repeated very many times under macro- 
scopically identical conditions. 

Finally, we observe that the ensemble averages of 
the A(x) satisfy transport equations of the form of 
Eq. (2). We find that the ensemble averages correspond 
closely to experimental quantities, in that fluctuations 
from the ensemble average are macroscopically negli- 
gible. This corresponds to the observed reproducibility, 
on repetition, of actual experiments. 


MOLECULAR PICTURE OF THE EXPERIMENTS 
TREATED HERE 


Before embarking on a detailed mathematical theory, 
it will be useful to have in mind a picture of what 
happens in phase space during an experiment, and 
what corresponds in phase space to the repetition of 
an experiment. 

The state of a system is specified in molecularly 
complete detail by the position x of the system point 
in phase space. In particular, « determines the numerical 
values aj=A;(x) (j=1,2, ---,) of the chosen phase 
functions. We shall frequently denote the set a, do, 

--a, by just a. 


The system point moves from its initial position xo 
to the position x; at time ¢, determined by the molecular 
equations of motion. The phase functions change from 
A(x 9) to A(x). In the laboratory one measures only 
the numerical values A (x,) as functions of time. One 
does not know the initial phase-space position Xo. 


What corresponds to repeating an experiment? We 
note first that the equations A (x)=a define a surface 
in phase space; we call it S(a). Any point x on the 
surface S(a) gives rise to the same set of numbers a. 
If we know only the initial values ao= A (x9), but not 
the exact position x9, each repetition of the experiment 
consists in starting at a different point « on the same 
surface S(do). 

In this article we consider only experiments where 
the system is initially in thermal equilibrium, subject 
to constraints giving rise to specified values of the 
variables a. It is well known that the properties of 
such a system are correctly described by an ensemble 
of phase points uniformly (i.e., microcanonically) 
distributed on the surface S(a).7 The assumption of 
constrained thermal equilibrium in the initial state 


7 At this point our language should be more precise. Although 
we refer to the surface S(a), we should really speak of a thin 
shel] contained between the surfaces S(a) and S(a+da), where 
da is very small. The microcanonical distribution is uniform 
within this shell. Since we shall use a delta function formula for 
the microcanonical distribution, we do not have to refer to the 
shell explicitly. Nevertheless, in order to avoid possible confusion, 
the shell should be kept in mind. 
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thus means that each repetition of an experiment 
consists in starting at a different point, chosen at random, 
on the same surface S(a). 

Each different initial point xo gives rise to a different 
A(x,). That is, each repetition of an experiment, under 
identical macroscopic conditions, gives rise to a different 
outcome. A complete statistical description of the 
outcomes of repeated experiments is contained in the 
probability distribution g(a; 7?) in a space (the space 
of n dimensions, the points of which are labeled by 
-++@,). Specifically, the probability at time ¢ of 
the event 


a, dae, 


a;<A;(x%)<aj;+da;, (j=1,2,---,n), (4) 


g(a; t)da= g(a, dz, «++, Gn; t)daydaz---dan. (5) 


Owing to our assumption of initial constrained 
thermal equilibrium, the initial value of the a-space 
distribution is 


g(a; 0)=6(a— ay) =] 6(a;—ajo), (6) 


| 


where dy denotes the set of assigned initial values. 

It is evident that g(a; ¢) represents the probability of 
transition from the initial surface S(ao) to some arbi- 
trary surface S(a) in the time ¢. (One should remember 
that “surface” means ‘‘thin shell.’’) 

For a better picture of g(a; ¢), some later results will 
be anticipated here. As time passes, the initial delta 
function will spread out in a space. The first moment of 
the distribution, 


a;(t)= fates t)da, 


satisfies transport equations like Eq. (2); it corresponds 
to the statistical mean of observations on repeated 
experiments. The width of the distribution, specified 
for example by the second moments, remains of the 
order of magnitude of fluctuations from thermal 
equilibrium. As is well known, such fluctuations are 
macroscopically negligible when the A(x) are many- 
particle functions. Thus the distribution g(a; ¢) stays 
macroscopically sharp. This corresponds to the repro- 
ducibility of experiments. 

This molecular picture of an experiment can be used 
also to elucidate the role of memory. Let us look at the 
surface S(a(t)) defined by the mean position of the 
distribution g(a; ¢). If the phase-space distribution were 
approximately microcanonical on this surface, then we 
would be able to predict the future behavior, for ?/’ 
later than ¢, with no more information than the values 
of a(t). We would not need to know the history of the 
distribution, and there would be no memory effect. 

But there is no reason, in general, to expect the 
phase-space distribution to remain approximately 
microcanonical. Indeed, it may tend to concentrate on 


(j=1, 2, ---, m), (7) 
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some regions of the surface S(a(t)) and avoid other 
regions. In order to reproduce the experiment, starting 
at 4, we have to take account of the possibility that the 
distribution is not microcanonical. To do this we must 
know how the distribution arose, or what its history is. 

This explains why, in many instances, it is possible 
to eliminate long-time memory effects by expanding 
the set of phase functions A(x) to include more func- 
tions. By doing so, we have a subsurface S(a’(#)). With 
a good choice of new phase functions, the phase space 
distribution on the new surface S(e’(#)) may be more 
nearly microcanonical. That is, the new S(@’(i)) may 
include only the region of the old S(a@(¢)) where phase 
points tended to concentrate. 


DERIVATION OF A KINETIC EQUATION 
IN a SPACE 


As we have already observed, a complete statistical 
description of the outcomes of repeated experiments is 
contained in the time dependence of the probability 
distribution g(a; ¢) in a space. We shall derive a kinetic 
equation for g(a; ?/) in the next few sections. 

The basic difficulty in finding the time dependence 
of g(a;?/) is that there does not exist a one-to-one 
correspondence between motions in @ space and in 
phase space. But the molecular equations of motion, 
which must form the starting point of our derivation, 
are given only in phase space. 

The molecular equations of motion are frequently 
written in the form of Liouville’s equation. As is 
universally known, the probability distribution in 
phase space, f(x; ¢), satisfies the equation 


dt= Lf (x; t), (8) 


10 f(x; t) 


where L is the Liouville operator,’ defined in terms of 
the Hamiltonian function H(x) and the Poisson 
bracket {—,—}p.s., 


Lf=i{H,f)}p.s.. (9) 


The relation of the probability distribution in a 
space to that in phase space is 


g(a;t)= f ax 6(A (x) —a) f(x 778). (10) 
~ 


[The reader should recall our conventions about the 
abbreviated notations A(x), 6(A(x)—a), and a.] The 
probability distribution in @ space is clearly the total 
amount of the phase-space distribution contained on 
the surface S(a) specified by A (x)=a. 

We shall also have use for the structure function 
W (a) of the surface S(a), 


W(a)= f ds lA(2)~o, (11) 


* The i is customarily introduced so that L is Hermitian in 
the Hilbert space of phase functions 
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which is the total volume of S(a). The structure 
function provides a complete thermodynamic descrip- 
tion of a system in thermal equilibrium subject to 
constraints giving rise to the specified values A (x)=<a.® 
The microcanonical distribution corresponding to our 
assumed initial state, g(a; 0)=46(a—ap), is 
f(x; 0)=8(A (x) —ay)/W (ao). (12) 


As time passes, f(x;0) will change to f(x;@). We 
denote this symbolically by means of the Liouville 
time displacement operator exp(— itl), 


f(x; t)=exp(—iL) f(x; 0). (13) 


The a-space distribution function at time ¢ is therefore 


g(a;)= f dx iA (x)—ade “L§(A (x)—ao)/W(ao). (14) 


THE DERIVATION CONTINUED: PROJECTION 
OPERATORS IN HILBERT SPACE 


It is evident, from the preceding expression for g(a; 2), 
that we do not have to have full knowledge of the 
operator exp(—i/L). All we really need is the matrix 
element of the operator between two microcanonical 
distributions. It is just this limitation that makes the 
rest of the derivation possible. 

Let us consider the Hilbert space of phase-space 
distribution functions f(x; ¢). This entire Hilbert space 
contains a smaller subspace, consisting of functions 
that depend on x only in the special way f= f(A (x)); 
that is, they are functions of the specified phase 
functions A(x). We observe that the microcanonical 
distribution belongs to this subspace, because of Eq. 
(12). In calculating g(a; ¢), we are concerned only with 
matrix elements of exp(—i/L) taken between functions 
lying in this subspace. 

The subspace of functions of A (x) 
conveniently by means of a projection operator P, 
which selects from an arbitrary function G(x) that 
part, G,(x)= PG(x), which depends on x only through 
A(x). The projection operator is given explicitly by 


fee 5(A (x’ \— A (x ))G( x’ 


G,(x)= PG(x)=- 


can be desc ribed 


— (15) 
W(A(x)) 


The effect of P can be explained verbally as follows. 
For a given x, we determine the numerical values 
a=A(x). We calculate the amount of G(x) contained 
on the corresponding surface S(a); this is the integral 
in the numerator. Then we spread this amount over 
the surface S(a); this is accomplished by the structure 
function W({A(x))=W(a) in the denominator. In 


*See, for example, A. I. Khinchin, Mathematical Foundations 
of Statistical Mechanics (Dover Publications, Inc., New York, 
1949), particularly Chap. VIT 
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effect, P “‘averages” the function G(x) over the surface 
S(A (x)). 

That P is in fact a projection operator can be seen 
easily by verifying that it satisfies the necessary and 
sufficient condition for a projection operator, P?= P. 

Equation (10), expressing g(a;¢) as an integral of 
f(x; t), can be written 


g(a; t)=W(a)L fila; B) Jaane. 


To find g(a; t), we need the projection fi(«; ¢) of f(x; 2) 
onto the P subspace. The remaining part of f(x; 2), 
denoted by 


(16) 


fo(u; = f(x; O0—file; 0, (17) 


is irrelevant to the problem under discussion. 


THE DERIVATION CONTINUED: A KINETIC 
EQUATION FOR f, 


In a previous article” we derived an equation for the 
time dependence of the projected part of a phase space 
distribution function. That discussion is immediately 
applicable here. 

The method of derivation followed in reference 10 
was to separate the distribution function into a “rele- 
vant” and an “irrelevant” part by means of a projection 
operator; to solve the equation for the irrelevant part, 
formally, in terms of the relevant part ; and to substitute 
the solution back into the equation for the relevant part. 

The resulting equation for f:(x;¢#) [Eq. (11) of 
reference 10] is 


dfi(d) ‘ 
i——= PL{o~i f ds PLe~*°-PL(1— P)Lfi(t—s) 


ot 
P Pig 00-2 f(G). (18) 
We have suppressed the x dependence for simplicity 
of notation. 
The operator expl|—it(1—P)L] is defined either by 
its series expansion or by its use in solving the equation 


10G(t)/dt= (1— P) LG (2) (19) 


for the initial condition G(0). The solution is written 


G(t)=e—*0-PLG (0). (20) 


(We must be careful to note that the 1—P in the 
exponent operates not only on the L immediately to 
its right, but on everything to its right in any expression 
where it occurs. This is more easily seen when one 
expands the exponential.) 

The f; equation contains a contribution from the 
initial value f,(0). This term vanishes in the present 
application, because our initial phase space distribution, 
being microcanonical, falls in the P subspace. Thus we 
have a closed kinetic equation for f,. 


RR, Zwanzig, J. Chem. Phys. 33, 1338 (1960). See also, R 
Zwanzig, in Lectures in Theoretical Physics, edited by W. E. 
Brittin, B. W. Downs, and J. Downs (Interscience Publishers, 
Inc., New York, 1961), Vol. TIT, pp. 106-141. 
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Equation (18) shows a memory effect, or causal time 
behavior, which is described by the time convolution. 
This is a result of the conversion of the original Liouville 
equation for f(x; ¢) into an equation for the “relevant’’ 
part f(x; 2). 


THE DERIVATION CONTINUED: AN EXACT 
KINETIC EQUATION FOR g(a; ?) 


We now transform the /; equation into the corre- 
sponding equation for g(a;i). The procedure is to 
evaluate f; on a surface S(a), using 


Chi(x; t) |scay= g(a; t)/W(a), (21) 


which is another way of writing Eq. (16). 

We shall want the value, on S(a), of the projected 
part of an arbitrary function G. This is just the micro- 
canonical average of G on the surface S(a), 


1 ~ 
PC ine —— | dx! (A(x')—a)G(x’) (22) 
W (a) 


because of the definition of P. The microcanonical 
average of G on S(a) will be denoted by (G; a). 
The f; equation, evaluated on S(a), becomes 


1 dg(a;t) 


? ie — = ( L fi(t) ; a 
W(a) at 


t 
if ds{ Le~*#0-P)L(1— P)Lf,(t—s);@). (23) 
iu 


We still have to express fi (appearing inside the 
averages) in terms of g(a; ¢). This is accomplished by 


filx3; t= f aa’ (4 (x)-a')g(a' 1) Wa’). 


Now Eq. (23) is 


1 dg(a;t) 


g(a’; t) 
—-- - = =i f aaa (x)—a’); a)— 
W(a) at 


Wa’) 


t 
— [ ds faa’ “ial P)L (1 — P) L6(A (x)—a’); a 
g(a’;t—s) 
W(a’) 
Further simplifications are possible because of the 


Poisson bracket structure of L. The time rate of 
change of a phase function A (x) is 
dA (x)/di={A;H}p,.=iLlA (25) 


Thus, when L operates on the delta function, for 
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example, it gives 


dA 
Li(A (x) —a)=— Pee (x)—a) 
at 
n dA; 0 
= i , a ee 
i=! dl 0a; 


5(A(x)—a). (26) 


(In the second line we have returned to the full subscript 
notation for the sake of clarity.) 

Consequently, the equation for g(a;?) can be re- 
written in an equivalent form which will prove to be 
more useful for approximations. The details of the 
transformation are given in an Appendix. The result 
of the transformation is 


g(a; t) n @ 
——+), —{v;(a)g(a; t)} 


ol =| Od; 


. n n QO 
= f as faa > W (a)K j.(a,a’; s) 
j=l k=1 Oa; 


d g(a’;t—s) 


(27) 


x 


da,’ W(a’) 


In this equation several new symbols appear. These are 


vj\a)= dA ;/dt; a), (28) 


and 


K ;.(a,a’; s) 


dA dA, 
=< e~istl—P)L(] — P) i(A(2)—a'); a). (29) 
dt dt 


The term containing v;(a@) comes from the first term 
on the right of Eq. (24), by applying Eq. (26) once. 
The memory term, containing K ;,(a,a’; s), comes from 
the second term on the right of Eq. (24), by applying 
Eq. (26) twice. 

The quantity v,(a@) is the average rate of change of 
A; on the surface S(a). The calculation of 2;(a) is a 
problem in statistical thermodynamics; no dynamical 
questions are involved. The memory function 
K ;,(a,a’;s) is a kind of correlation function in time 
and in a space. Its calculation involves the solution of 
a dynamical problem with the modified time displace- 
ment operator exp[ —is(1—P)L]. 


THE DERIVATION CONCLUDED: AN APPROXIMATE 
KINETIC EQUATION IN a SPACE 


The preceding exact equation for g(a;?) is too 
complicated to be useful for any but the most formal 
applications. From it we may obtain, however, a useful 
approximate equation. The approximation is based on 
a characteristic property of macroscopic phase func- 
tions, namely, that they are varying only slowly in time. 

The decisive role of this property has already been 
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noted by Green® and by Van Kampen." We shall not 
repeat their arguments. It should be noted, however, 
that the rates of change of the phase functions con- 
sidered by Green are controlled by a small parameter, 
the reciprocal of a wavelength characterizing the scale 
of spatial inhomogeneity in the system. By restricting 
the theory to a description of experiments involving 
only long-wavelength phenomena, the time derivatives 
of Green’s phase functions can be made as small as 
desired. 

The decision as to whether one can treat some 
specific time derivative as small must be based at 
present partly on intuitive grounds and partly on the 
a posteriori success of the resulting theory. We shall 
see later that there is in principle a direct theoretical 
check on this, but so far it is computationally im- 
practical. 

Regarding dA/dt as small, we shall keep only those 
terms in Eq. (27) that contain dA/dt to the first and 
second powers. Since the term containing 2;(a) is 
evidently of the first order in dA/dt, and gives no 
implicit higher order contributions, it will be kept 
intact. The term containing Kj,(a,a’;s) is already 
explicitly of second order in dA/dt, and gives higher 
order contributions implicitly because of the operator 
exp[—is(1— P)L]. We want to dispose of these higher 
order contributions. 

The method by which this is done is systematic but 
tedious. Details are given in an Appendix. The result 
is that to terms of the second order (but not to higher 
orders), K ;,(a,a’; s) is diagonal in a space, 


K jx (a,a’ ; s)=8(a—a’)K j.(a;s)+0(A8). (30) 


The coefficient K ;,(a;s) is a time-correlation function 
in the deviations of the time derivatives from equi- 
librium, 


K x(a; s)=((Aj(s)—2;(a) [Ax (0)—r (a) J; a), 


where 
A ;(s)=e*"A ;(0) 


is the value of dA/dt at time s, calculated with the 

ordinary time displacement operator. To this order, 

the modified operator exp —is(1— P)L] is not required. 
The resulting approximate kinetic equation for g(a; ¢) 

is 

Og(a;t) » O 


+h 


al i=1 Oa; 


t nn QO 
= f &7. > 


j=l k=l 0a; 


{v;(a)g(a;t)} 


0 &(a;l—Ss) | 


{x(a s)W (a) 


Od, W (a) 
+0(A%p). (33) 


The only approximation made in arriving at the 
preceding equation was the neglect of terms of the 


1 N. G, Van Kampen, Physica 20, 603 (1954) 
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third order in dA/dt. Since we started with an exact 
equation for g(a; ¢), and followed a systematic procedure 
for removing third and higher order terms, we could 
just as well keep the third order terms, and remove 
those of fourth and higher order. Thus it is possible, 
in principle, to see if third order terms have an appreci- 
able effect. We have not done this for two reasons. 
First, the numerical investigation of the second order 
terms is so difficult, in any realistic case, that there is 
not much point in going further. Also, the second order 
theory leads to results, as far as is known, in good 
agreement with observation. 

Equation (33) has very nearly the structure of a 
Fokker-Planck equation in a space. The only difference, 
though an essential one, is the presence of the time 
convolution. If we were to replace g(a; /—s) by g(a; ?), 
and to extend the time integration to infinity instead 
of stopping at ¢, we would arrive at the Fokker-Planck 
equation first derived by Green by means of .a Mark- 
offian assumption.® 


DERIVATION OF TRANSPORT EQUATIONS 
FROM THE APPROXIMATE KINETIC 
EQUATION IN a SPACE 


So far we have obtained a statistical description of 
the outcomes of repeated experiments in the form of a 
kinetic equation for g(a; ¢). In most situations such a 
complete statistical description is unnecessarily de- 
tailed. We know, for example, that many experiments 
can be repeated reproducibly, in the sense that the 
results are identical to within experimental error. 

This is reflected in the customary use of transport 
equations having a precise, i.e., nonstatistical, meaning. 
Transport equations are descriptions of the average 
behavior observed in repeated experiments. Reproduci- 
bility on a macroscopic level means that fluctuations 
from average behavior are macroscopically unobserved. 
Our theoretical derivation of transport equations thus 
falls into two parts, a calculation of the average rates 
of change of the phase functions A (x), and a discussion 
of fluctuations from the average. 

The ensemble averages of the phase functions at 
time ¢ are denoted by 


a;(t)= ( da aig(a; 0). (34) 
J 


The time derivative of a; can be found from Eq. (33), 
da;(t) 


0 
- faaa,s {vx (a)g(a; t)} 


k Oday 


‘ 0 
+f as f da a;>,>.- 
0 kot Od, 


0 g(a;t—s) 


dt 


| Kula; (a) ‘ 
da, W(a) 
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Integrations by parts lead us to 


da;(t) ‘ 
— = fda v;(a)g(a; t) +f is f da 
dt 0 


1 0 
xr/ K j,(a; s)W(a) bec t—s). (36) 
l | W (a) da, 

Now we shall assume that the a-space distribution 
remains ‘macroscopically sharp. This will be discussed 
further in a later paragraph. The assumption allows us 
to replace ensemble averages of functions by functions 
of ensemble averages, with an error that is macro- 
scopically negligible, being of the order of thermal 
fluctuations. For example, we see that 


feas,(a \e(a; 1)=v,(a(t)). 


As a result of this assumption, the transport equation is 


da ;(t) ' . 1 0 
=% (aoy+ f ds >° 
dl 0 tI Walt—s)) day 


(37) 


s)W(a(t—s)) ; 


KK (ali—s); (38) 


The thermodynamic force is defined, in a conventional 
way, as 
0 
log (a). (39) 
Oa, 


With this notation, the transport equation becomes 


da ;(t) 
K j(a(i—s); s)Fa(t—s)) 


at 
7 (a(o)+ | ds>- 


t 


dt 


0 
K ;x(a(ti—s); 5) . (40) 


Oa) 


At this point, the only assumptions made are (i) that 
contributions of order (dA/dt)* may be neglected, and 
(ii) that the distribution in @ space remains macro- 
scopically sharp. We have already discussed the first 
of these; let us now turn to the second. 

This question has been discussed, though in a more 
limited context, by Van Kampen.” We shall do no 
more here than refer to the essential points of his 
treatment. 

Van Kampen considered only the conventional 
(Markoffian) Fokker-Planck equation in the linear 
approximation. (By this is meant that the forces are 
assumed to be linear in deviations from equilibrium, 


2N. G. Van Kampen, Physica 23, 707 (1957); 25, 1294 (1959). 
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and the transport coefficients are assumed to be inde- 
pendent of the deviations.) 

In the linear case, the solution of the Fokker-Planck 
equation is Gaussian in the quantities a—a(#). The 
width of g(a;¢) is thus determined by the second 
moments. Van Kampen was able to solve for the time 
dependence of the second moments exactly. He found 
that the width of the Gaussian, initially equal to zero, 
grows until it reaches the width given by the size of 
spontaneous fluctuations from thermal equilibrium. 
Such fluctuations are known to be macroscopically 
negligible when the A(x) are sums, over all molecules 
in the system, of functions of one or two molecules. 

We have not investigated what modifications have 
to be made in Van Kampen’s argument in order to 
apply it to our more general kinetic equation. The 
calculation would be necessarily more complicated, 
both because of the memory and because one would 
like to account for nonlinear effects as well. Neverthe- 
less, we regard Van Kampen’s results as sufficiently 
conclusive; there is no apparent reason why the 
memory, or nonlinearities, should cause the width of 
the a-space distribution to be significantly larger. 

In order to recover equations as simple as Onsager’s, 
further assumptions are required. These are (i) the 
phase functions A (x) are chosen so that 1;(a@) vanishes, 
and (ii) the memory functions K;.(a;s) depend on 
only those a; that are constants of the motion. Then 
we obtain 


da;\t) 


= fdsE Kyls)Filalt—9), 


dt 


where we have suppressed the dependence of Aj, on 
the constants of motion. If these requirements are not 
met, one must keep all of Eq. (40). 


MEMORY EFFECTS AND FREQUENCY-DEPENDENT 
TRANSPORT COEFFICIENTS 


There are two mathematically equivalent ways of 
looking at the effects of memory in irreversible thermo- 
dynamics. One is to work entirely with functions of 
time; the other is to work with functions of frequency, 
by means of Fourier transforms. In this section we 
shall illustrate the relation between the two approaches, 
and show that memory effects can be accounted for by 
introducing frequency-dependent transport coefficients. 

We shall restrict our discussion, for the sake of 
simplicity, to the approximate Eq. (41). This equation 
will be compared with its Markoffian approximation, 


da 


(42) 


i(t) oa : 
-xf ds Kx(s)F (a(t). 
at k 


Let us take one-sided Fourier transforms of both 
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equations. We introduce the notations 


ai(a)= f dt e*'a;(t), 


x 


Kx(w)= f dt e'*'K ;,(t), 


0 


x“ 


Pr(w)= f dt e**'F (a(t). 


It should be noted that 


f ds K ;x(s) = K 


The transform of Eq. (41) is 


—iw&;(w)—a;(0)=¥ Kj(w) Pi (w), (47) 


and the transform of its Markoffian approximation is 


—iw&;(w)—a;(0)=T Kx. (0)F,(w). (48) 


Evidently the entire effect of memory is contained in 
the frequency dependence of the transport coefficients 

je(w). Onsager’s theory, based on the Markoffian 
approximation, can be regarded as the low-frequency 
limit of our more general results. 

It seems more natural, however, to work with 
functions of time, because the time dependence and not 
the frequency dependence is what one studies in an 
experiment of the sort we are considering. 

The memory functions K;,.(a;s) obey reciprocal 
relations, 

K j.(a; s)= K,,;(a; s) (49) 
for fixed a, at each instant of time s. (We omit the 
extra discussion that must be made when magneti 
fields are present.) Consequently, the Fourier trans- 
forms K j,(w) also obey reciprocal relations 


SOME NOTEWORTHY PROPERTIES OF THE 
TRANSPORT EQUATIONS DERIVED HERE 


Equation (40) has several significant and potentially 
useful features, aside from its causal structure. These 
are as follows. 

The thermodynamic forces are defined in terms of 
the structure function W(a), by Eq. (39). They are 
not necessarily linear in the state variables a. Further- 
more, there is nothing in the present derivation that 
requires us to linearize them. 

The memory functions K (a; 5), filling the role of 
transport coefficients, are functions of the state variables 
a. In principle one can calculate, for example, the 
dependence of a viscosity coefficient on density and 
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velocity gradients. This goes beyond previous theories 
of transport coefficients. 

The preceding nonlinearities, together with the causal 
behavior, ought to be enough to describe a remarkably 
diverse range of macroscopic phenomena. The author 
is not aware of any situations in rheology, for example, 
that evidently cannot be treated in this way. However, 
considerable further study of the properties of Eq. 
(40), and comparisons with experiment, are required 
before any quantitative claims should be made. 


SURVEY OF THE VARIOUS EQUATIONS 
DERIVED HERE 


In this article we have derived several equations 
having different ranges of applicability and validity. 
Here we shall survey these equations, and list, for the 
last time, the various conditions and assumptions that 
are involved. 

The first condition concerned the kind of experiment 
to be discussed, namely, free relaxation of a system 
initially at thermal equilibrium subject to constraints. 
We did not include time-dependent external forces or 
boundary conditions. Along with this condition went 
the assumption that such an initial state can be 
described by a microcanonical ensemble. 

At this point we derived a general kinetic equation 
for the probability distribution in a space, Eq. (27). 
This equation is exact. 

Then we expanded the general kinetic equation in 
powers of the time derivatives dA/dt, and dropped 
terms of the third and higher orders, leading to Eqs. 
(33), (30), and (31). We assumed that dA/dt was 
sufficiently ‘“‘small” to justify this. We observed that 
this “smallness” is a characteristic property of macro- 
scopic variables. 

Following this, we used the kinetic equation in a 
space to derive transport equations. First we obtained 
Eq. (36), which remains valid even when the a-space 
distribution is not sharp. [We could have found corre- 
sponding transport equations from the exact Eq. (27), 
but there seemed no reason to do so. |] We assumed 
that the a-space distribution is sharp, so that we could 
replace averages of functions by functions of averages. 
This led directly to our principal results, Eqs. (40) 
and (39). (Again, we could have done this with the 
exact kinetic equation.) 

This was followed by a discussion of the sharpness 
of g(a; ¢). Here, an argument due to Van Kampen was 
used to justify (though not to prove) our assumption 
about the sharpness of g(a;¢). The argument was 
based on the many-body structure of macroscopic 
phase functions. 

We displayed transport equations, Eq. (41), differing 
from Onsager’s only in the presence of memory effects. 
In doing this we assumed that the average velocities 
v;(a) vanished, and that the memory functions K ;,(s) 
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did not depend on the variables a, except for those 
that are constants of motion. 

Finally, we showed how Onsager’s theory could be 
regarded as the low-frequency limit of our Eq. (41). 


APPENDIX I 


The transformation from Eq. (24) to Eq. (27) is 
described here. First we consider the term leading to 
v;(a). 

By the definition of the ensemble average, we see that 


6(A (x) —a) 
(Li(A (x) —a’); a= fax —_————]§(A(x)—a’). (A1) 
W (a) 
Because L is Hermitian, we may move L in front of the 
first delta function, 


: 1 
= faster (x) — a) }———6(A (x)—a’), (A2) 
W (a) 


and by Eq. (26), we obtain 
i n 0 
:— -> fala j(x)—8(A (x) —a) 
W (a) j=). f Oa; 
X6(A (x)—a’). (A3) 


On bringing the derivatives outside the integral sign, 
the preceding expression becomes 


1 n @O 


=— —— } — fee Ascoa =a) 
W (a) i=! 0a; 


X6(A(x)—a’), (A4) 


and the delta functions can be rearranged to yield 


1 n @ 
=——- } — fa A ;(x)6(A (x) —a)6(a—a’). (A5) 
W (a) i=! 0a; 


According to our definition of v;(a), Eq. (28), this is 


ij -« @ 
= — —— > —[W(a)v;(a)d(a—a’)]. (A6) 
W (a) i=1 0a; 
The final step is to put this into the integral over a’ 
in Eq. (24), and to evaluate the integral, 


g(a’; 2) 

= fa’ Loca Ba Oe atte 

W (a’) 

1 n @ 
— > —{[»;(a)g(a; /) ]. 
W (a) i= 0a; 


(A7) 


Now we treat the memory term in exactly the same 
way. The first ZL is brought around, by its Hermitian 
property, to operate on 6(A (x)—a). This leads to one 
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dA /dt, 
(Le~ is PL (1 — P) L§(A (x) —a’); a) 


i 2 @ 
> —W (aA jeni0- PL 


W (a) i= 0a; 


X (1— P) L(A (x)—a’); a). (AB) 
The second L gives 

0 

—6(A (x)—a’). 
a,’ 


Li(A (x)—a’)=i > Ar- (A9) 
k=l 


When this is put into the average, we get 
1 0 0a 
3 Zz z. - W (a) 

Wa) i & 0a; 0a,’ 


«(A je7#80-PL(1— P)A,6(A(x)—a’); a). (A10) 


In performing the integral over a’, we make use of 


a 
foo 6(A—a’)g(a’)/W(a’) 
0a 


re] 
=~ f da’ s(4-0" [g(a’)/W(a’)}. (A11) 
0a 


This leads directly to Eq. (27), with Kj as defined in 
Eq. (29). 


APPENDIX II 
The mathematical basis for identifying and elimi- 
nating higher order terms in the derivation of Eq. (30) 
is as follows. 
We expand the exponential, 
expL—is(i1— P)L]J(1—P 1— P)—is(i— P)L(1— P) 


+3(is?(1—P)LAI—P)L(i— P)—---. (A112) 


Every time a factor LP appears, we get a term of order 

dA/dt, because the projection of a function depends on 

position « only through A (x), and because iLA =d A /dl. 

Consequently, the expansion reduces to 

exp[ —is(1— P)L ](1— P)= (1—P)—is(i— P)L 
+3(is)?(1—P)L2+---+0(A) 


=(1—P) exp(—isL)+0(A). (A13) 
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This leads to 
K jx(a,a’ ; s) =(A ;(1— P)e~*“A,6(A —a’); a) 
+0(A*). (A14) 
We note further, for example by expansion, that 
exp(—isL)A,6(A —a’) 
=8(A—a’) exp(—isL)A,+0(A?). (A15) 


Thus the memory function is 


1 
K xx.(a,a’; s)= faroa—aytoca—e 
W (a) 


x A ;(1— P)e~*¥A,} +0(A?) 


=$(a—a’)(A;(1—Pe *L4,:a)+0(A*). (A16) 


To this order (but only to this order), Kj,(a,a’;s) has 


a diagonal singularity in a@ space. 
As a further simplification, we observe that 


(A ;(1—P)e~*“A,; a)=(Aje 


The second term on the right is 


6(A—a) 
fe ——-ish 4 
W (a) 
1 
fo [ei*46(A—a) JA. 
Wa) 


Again we use the expansion of the exponential to show 
that this becomes 


(A18) 


or 
But 


so that 


(A ;(1—P)e—*“A,; a= Kj (a; 8 
=([ A ;—1;(a) Je sll Ay—v,(a) |; 4 +O A?) 


which is the result we have been striving for. 





PHYSICAL REVIEW VOLUME 


124, 


NUMBER 4 NOVEMBER 15, 1961 


Transient Breakdown Studies in Hydrogen at Low Values of E/p* 
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Formative time lag measurements of uniform field breakdown have been carried out in hydrogen for 
products of pressure p and electrode separation d ranging from 100 to 1300 cmXmm Hg. This pd range 
corresponds to a region of electric field strength E divided by / at the breakdown threshold of between 21 
and 32 v (cm mm Hg)~. The formative time lags decrease from about 50 usec at several hundredths of a 


percent overvoltage to fractions of a microsecond for overvoltages greater than 5 


<i 


©. The results indicate 


that the secondary mechanism active is photoelectric emission from the cathode. 


INTRODUCTION 


ORMATIVE time lags of uniform field breakdown 
at voltages close to the breakdown threshold have 
been measured previously for pressures p between about 
100 and 700 mm Hg and for electrode separations d up 
to a few centimeters! for air,’ nitrogen,’ and argon.‘ 
Furthermore, the current during the formative time lag 
has been measured for p~ 667 and d=1 in air® and for 
50<p<600 and for 0.5<d<1.5 in argon.* The above 
work indicates the existence of photoelectric emission 
from the cathode as the secondary process active during 
the current buildup preceding breakdown. In the case 
of air and nitrogen, the radiation incident on the cathode 
is transported through the gas with the velocity of 
light’; in argon the radiation is delayed, probably 
because of the imprisonment of resonance radiation.*:*§ 
In any attempt to analyze formative time lag data, 
it is necessary to have values available of a/p, y, wv, 
and 2, (the first Townsend coefficient divided by p, the 
second Townsend coefficient, the electron drift velocity, 
and the positive-ion drift velocity, respectively) as 
functions of £/p, the ratio of electric field strength to p. 
The quantity a/p is the most critical parameter in the 
analysis because of its rapid variation with E/p. At the 
present time, hydrogen is the only gas for which there is 
good agreement about the values of a/p over a consider- 
able range of E/p. Thus a more precise analysis of any 
experimentally obtained time lag data would be possible 
for hydrogen than for any other gas. Since there were 
* Supported by the Office of Naval Research and the Army 
Research Office (Durham, North Carolina). 

t Now at Air Force Cambridge Research Laboratories, Bedford, 
Massachusetts. 

‘Unless otherwise mentioned, all statements refer to these 
ranges of p and d. Units of p and d are omitted throughout but are 
to be understood as being mm of Hg at 0°C and cm, respectively. 

2 L. H. Fisher and B. Bederson, Phys. Rev. 81, 109 (1951). 

G. A. Kachickas and L. H. Fisher, Phys. Rev. 88, 878 (1952). 
4G. A. Kachickas and L. H. Fisher, Phys. Rev. 91, 775 (1953). 
5H. Bandel, Phys. Rev. 95, 1117 (1954). 
®°M. Menes, Phys. Rev. 116, 481 (1959). 

7 A subsequent analysis of the formative time lag data in air of 
reference 2 at one particular set of values of p and d (p~730, d=1) 
has been carried out by J. Dutton, S. C. Haydon, F. Llewellyn 
Jones, and P. M. Davidson, Brit. J. Appl. Phys. 4, 170 (1953). 
These authors agree that the secondary emission for the above case 
is primarily due to photoelectric action at the cathode, but believe 
that a small fraction of the secondary emission of electrons is also 


due to positive-ion bombardment of the cathode. 
’ PD. E. Golden and L. H. Fisher, Phys. Rev. 123, 1079 (1961). 


no available formative time lag measurements in 
hydrogen for the same pd region for which formative 
time lags were studied in the gases mentioned above, 
the present work was undertaken. Actually, extensive 
formative time lag measurements were carried out in 
hydrogen for 100 <pd<1200 (with a brass cathode) in 
this laboratory some time ago.’ This pd range!” 
corresponds to a range of £/p at the breakdown thresh- 
old of about 21 to 32 v (cm mm Hg)". The results, 
however, were not published in full owing to uncertainty 
then existing in the values of a/p. The present paper 
reports time lag measurements recently carried out in 
hydrogen with a nickel cathode for values of E/p at the 
breakdown threshold between 21 and 32. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The apparatus has been described previously.’ It 
was possible to stabilize the cathode by running a glow 
discharge in hydrogen in a manner also described 
previously.’ Values of Jo, the externally produced 
current at the cathode, were calculated from prebreak- 
down current measurements using the values of a/p 
given by Rose. Such currents were measured at 
voltages sufficiently low such that the condition 
yLexp(ad)—1]«1 obtained. The value of Jo was 
generally about 10-" amp. Linde tank hydrogen which 
had been passed over liquid air was used. The values 
of a/p for hydrogen obtained for 15<£/p<24 in the 
present chamber" with gas purity comparable to that 
of the present experiment agree with those of Rose’:!® 


*T. Lessin and L. H. Fisher, Phys. Rev. 93, 649 (1954). 

10T. Lessin, Ph.D. thesis, New York University, 1953 (un- 
published). 

1! Units of E are given in v/cm throughout. 

2 Formative time lags in hydrogen for pd <50 have been meas- 
ured by C. G. Morgan, Phys. Rev. 104, 566 (1956) for 50<E/p 
<400 and by F. Llewellyn Jones and E. Jones, Proc. Phys. Soc 
(London) 75, 762 (1960) for 50<E/p<250. The formative time 
lags in hydrogen in this low-pd region were explained by assuming 
that secondary emission at the cathode is partly due to positive-ion 
bombardment and partly due to photoemission (see reference 7). 
Although these authors agree in assigning a role to both photo- 
electric and positive-ion action as secondary mechanisms in 
hydrogen for the ranges of E/p which they studied, they differ 
radically in their estimate of the relative importance of the two 
mechanisms 

3D), J. DeBitetto and L. H. 
(1956). ” 

4D). J. Rose, Phys. Rev. 104, 273 (1956). 

16D. J. Rose, D. J. DeBitetto, and L. H. Fisher, Nature 177, 
945 (1956). 


Fisher, Phys. Rev. 104, 1213 
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for this same range of £/p obtained with very pure 
hydrogen. Thus it may be assumed that impurities play 
little or no role in the present study. 

A pulsed sparking petential V, (measured with 
Ty>~ 10 amp), was used to define the threshold voltage 
for breakdown. The value of V, at a given set of values 
of p and d was found to be constant with repeated trials 
(carried out within about an hour) to within several 
volts. A 2000-v pulse was used both to determine V, and 
to determine the formative time lags. 

For every overvoltage studied at each set of values 
of p and d, ten measurements of the formative time lag 
were made. Each set of ten measurements usually 
showed a maximum deviation of about 30% from the 
average, and the average value of a set of ten such 
measurements was taken to be the time lag r. Values of 
r were obtained at four values of d (0.5, 1.0, 1.5, and 
2.0) and at four values of p (190, 282, 463, and 654). 
Overvoltages were varied from several hundredths of a 
percent to about 10%. 








Fic. 1. Pulsed breakdown potential V, vs pd 
obtained at the values of d indicated. 


EXPERIMENTAL RESULTS 


Figure 1 represents the observed pulsed breakdown 
potential V, vs pd in hydrogen for a nickel cathode with 
Iy~10-" amp. These measurements are in good agree- 
ment (to within about 5%) with the breakdown 
measurements in hydrogen of Schéfer'® (carried out for 
pd <200), of Ehrenkranz”’ (carried out for pd<300), 
of Fucks and Kettel!® (carried out for pd <400), and of 
Lessin” (carried out for 100<pd<1200). The cathodes 
used in the above work were as follows: Ehrenkranz and 
Fucks and Kettel, platinum; Schdéfer, nickel; and 
Lessin, brass. 

Measured values of r vs percent overvoltage are given 
in Figs. 2-5 for d=0.5, 1.0, 1.5, and 2.0, respectively, at 
the four pressures studied. (These results are very close 

6 R. Schéfer, Z. Physik 110, 21 (1938). 


‘7 F. Ehrenkranz, Phys. Rev. 55, 219 (1939 
*W. Fucks and F. Kettel, Z. Physik 116, 667 (1940 
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Fic. 2. Measured values of 
formative time lag 7 vs percent 
overvoltage at d=0.5 at values 
of p indicated 





to those obtained previously in this laboratory with a 
brass cathode.®”) It should be noted that the time lags 
in hydrogen when plotted against percent overvoltage 
are independent of pressure as previously observed in 
air and nitrogen** (except for p= 190, d=0.5 as seen in 
Fig. 2). Observed values of + are plotted vs percent 
overvoltage for p= 654 in Fig. 6 at the four values of d 
studied. At a given percent overvoltage, 7 increases with 
increasing d ; this is typical of the results obtained at the 
three other values of p studied. The observed variation 
of r with d in hydrogen is also similar to that previously 
observed in air and nitrogen.’ 


DISCUSSION 


The nature of the secondary processes active during 
the formative time lag may be determined using a very 
simple approximate calculation previously given.* The 
results for the case where all secondary action is photo- 
electric in nature will be discussed first. Suppose a 
voltage V is applied to an irradiated gap at time zero, 
and let the values of the first Townsend coefficient and 
of the electron velocity at the voltage applied be a and 
v_, respectively. All photons are assumed to be created 
very near the anode; it is further assumed that the time 


Fic. 3. Measured values 
of formative time lag r vs 
percent overvoltage at 
d=1.0 at values of p 
indicated 





__  , 
PERCENT OVERVOLTACE 





TRANSIENT BREAKDOWN STUDIES 





Fic. 4. Measured values 
of.formative time lag 7 vs 
percent overvoltage at 
d=1.5 at values of p 
indicated. 


for a photon to cross the gap is negligible. It is assumed 
that breakdown occurs (if V>V,) when the number of 
electrons liberated from the cathode as the result of a 
single electron being emitted at an earlier time reaches 
a value NV.!° Then breakdown will occur after n_ elec- 
tron transits if the following condition is satisfied : 
[y exp(ad) ]"-=N, (1) 
where exp(ad) has been assumed to be much greater 
than unity. The breakdown threshold is determined by 
y exp(a,d)=1, (2) 
where a, is the value of the first Townsend coefficient 
at threshold, where y is assumed to be independent of 
overvoltage, and where exp(a,d) has also been assumed 
to be much greater than unity. Under these assump- 
tions, it is possible to eliminate y from Eqs. (1) and (2), 
and one obtains the relation 


exp[n_d(a—a,) |= N. (3) 


Since n_d=v_r, where r is the formative time lag, Eq. 


Fic. 5. Measured 
values of formative 
time lag r vs percent 
overvoltage at d=2.0 
at values of # indi- 
cated. 
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’ This formulation assumes that the number of electrons 
emitted from the cathode is uninfluenced by space charge and that 
when a critical number of electrons is released from the cathode 
breakdown occurs in a negligible time. Although it is believed that 
this gives a fairly accurate value for the breakdown time, space 
charge effects do become appreciable when the current exceeds 
some tens of microamperes as shown by Menes (See reference 6). 


IN H: AT LOW VALUES OF 


(3) may be written 
r= (InNV)/[2_(a—a,) }. 


If, however, secondary emission occurs only by positive 
ion bombardment of the cathode rather than only by 
photoemission, Eq. (4) will give a corresponding 
expression for 7 providing v_ is replaced by 2, the 
positive-ion velocity. Thus for a chosen value of InV 
(a reasonable value would seem to be about 15 or 20) 
one may predict 7 as a function of percent overvoltage 
on the basis of either one of the above mechanisms if 
a/p, v_, and 2, are known functions of E/p. Values of 
InN were calculated with Eq. (4) for hydrogen from the 
observed values of 7 using measured values" of a/p and 
values of v_ extrapolated from measurements made at 
values of E/p lower than those studied in the present 
experiment.” The average value found for InN for all 
values of p, d, and percent overvoltage studied is 17.8 
with an average deviation of 8.0. If the measurements 


Fic. 6. Measured 
values of formative 
time lag r vs percent 
overvoltage at p 
=654 at values of d 
indicated. 


for E/p=32 at breakdown are excluded (these are the 
measurements for d=0.5, p= 190 shown in Fig. 2), one 
obtains an average value of InN of 14.0 with an average 
deviation of 5.0. The agreement is even much better 
than that obtained with air and nitrogen, where the fit 
was considered excellent.’ If one excludes the data at the 
lowest overvoltage studied at each value of p and d 
[where the percentage error in (a—a,) is very large ] one 
obtains an average value of InN of 15.3 with an average 
deviation of only 3.4. Furthermore, the magnitude of 
InN obtained indicates photoelectric emission as the 
secondary process liberating electrons from the cathode. 
Th. assumption of only a positive ion secondary 
mechanism would give an unsatisfactorily small value 
for InN, and hence this secondary mechanism may be 
assumed to play only a very small role during the 
buildup in comparison to that played by photoelectric 
action at the cathode. 


20'N. E. Bradbury and R. A. Nielsen, Phys. Rev. 49, 388 (1936). 
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Generalization of Singer’s Formula for the General Relativistic Red 
Shift to Elliptic Satellite Orbits 


SyuR REFSDAL 
Institute for Theoretical Physics, University of Oslo, Blindern, Norway 
(Received March 28, 1961) 


The average rate difference between a clock on the earth and a clock in an “elliptic satellite’’ is found to 
be dependent only on the average specific kinetic energy T of the satellite and the average gravitational 
potential of the satellite, X,. By means of the virial theorem, T and xX, are shown to be dependent only on 
the major axis, 2a, of the satellite orbit, giving the result: 


A= (r,—Te)/tTg=6.96X 10-"(1—3rg/2a), 


where 7, and rg are the periodic times read on the satellite clock and the earth clock, respectively, and rz 


is the radius of the earth. 


INTERBERG! and Singer? have shown that, 

according to the general theory of relativity, 
the rate of a clock on the earth should be different from 
the rate of a similar clock on an artificial satellite. 
Assuming a circular orbit for the satellite, Singer® 
obtains 


A= (dt,—dtg)/dtg= 6.96 X10-"(1—3rz/2r), (1) 
t, and /g being the times read on the satellite clock and 
the earth clock, respectively, r being the orbit radius. 
For elliptic orbits A is not constant. Nararai and Ueno’ 
have found the dependence of A on the eccentricity 
and the eccentric anomaly of the ellipse. Because of 
errors in the position determination (about 30 m), it 
should, however, be necessary to measure over such a 
long time that A cannot be considered as constant 
during this time. The only measurable quantity should 
therefore be the time average of A over a certain time. 
Measuring over one period for a near satellite (r~5000 
sec), the uncertainty in A should be about 2X30/3 X10 
X5000=4X10-". The atomic clocks available 
today are said to be accurate to better than 1 part in 
10". This should indicate a measuring time of about 
40 periods. It may therefore be of some interest to 
calculate 4.° 

In the following we assume the earth to be spherically 
symmetric, and we neglect the diurnal rotation of the 
earth, the friction in the atmosphere, the influence of 
the sun, moon, and planets, and the relativistic cor- 


best 


rections to the satellite motion. The satellite orbit is 
then the classical Kepler ellipse, and the motion is 
periodic . The Schwarzschild line element for the 
gravitational field of the earth is then 
ds?= edt — a 1- 2GM ; Cr) dr + rd 
+r sinddg’+(2GM g£/cr)df\. (2) 

' F. Winterberg, Astronautica Acta 2, 25 (1956). 

2S. F. Singer, Phys. Rev. 104, 11 (1956 

‘Singer has opposite sign, but the reason for this seems to be 
that he defines his ¢, and ¢g in another way. 

*H. Nararai and Y. Ueno, Progr. Theoret 
703, (1958 

° Note added in proof. After this article was submitted for publi- 
cation, Professor C. Mdller informed me that he has calculated A 
for an elliptic orbit. [Nuovo cimento Suppl. 6, 393 (1957)]. It 
seems to me however that the present method is the simplest one. 


Phys. (Kyoto) 20, 


We have gis=0 (i=1, 2, 3). The system of coordinates 
is then time-orthogonal and we have® 


dt,= (1+2x, c—u?/c?) dt, 
dtg=(1+2X¢z c*)\dt, 


X, and Xg are the gravitational potentials on the 
satellite and on the earth, respectively, « is the velocity 
of the satellite relative to the earth, and r, is the 
distance of the satellite from the center of the earth. 
X,=—GMz/r,; Xz=—GMe/re. Neglecting terms of 
order (X/c*)? and (u/c)*, we obtain from Eqs. (3) and 
(4) 

dt,=[1+ (X,—Xz) Cu 2c? |dtr. 
Then 


A= (dt,—dig)/ditg=c?(—T+X,—Xz), (60) 


Zz being the specific kinetic energy of the satellite. 
Integration of Eq. (5) over one period leads to 


tTe—TE=C*(—T+X,—Xz)rz, 
T and xX, being the time averages of T and X,, respec- 
tively, over one period: 


Then 2 


A=c?(—T+X,—Xz). (7) 


As the satellite motion is periodic, we have from the 
virial theorem 


T =3((0x, 


Or,)r 


Introducing X,=—GM z/r,, we obtain T 5X,. Due 
to the conservation of energy, we have T+X,=E 
—GMz/2a. We then obtain T=—E=GMz/2a, 
=> 2E= —GM ¢ a, and Eq. 7) becomes 


= (GM g/Cre)(1—3re/2a) 
= 6.96 X10-"(1—3re 


X, 
A 


2a). (8) 


It is to be noticed that A is independent of the 
eccentricity of the ellipse. 

6 C. Miller, The Theory of Relativity (Oxfor 
New York, 1952), p. 247 


University Press, 


996 





PHYSICAL REVIEW VOLUME 


124, 


NUMBER 4 NOVEMBER 15, 1961 


Some Considerations of Analyticity in the Many-Fermion Problem 


J. S. LANcER* 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received June 2, 1961) 


The analytic properties of Feynman amplitudes in the many-fermion problem are investigated by means 
of techniques recently developed for use in field theory. A prescription is given for calculation of discontinui- 


ties across branch cuts. This prescription leads to a reformulation of the theory in terms of quasi-particles; 


but considerations of unitarity are no longer so simple as they are in field theories dealing with stable par- 
ticles. These analytic methods turn out to be very useful in electron transport problems. 


I. INTRODUCTION 


NUMBER of elegant techniques have been de- 

vised recently by Landau! and others? for the 
purpose of analyzing the singularities which occur in 
Feynman diagrams in field theory. In this paper we 
shall explore the possibility of applying some of these 
methods to the diagrams which arise in the many- 
fermion problem. In fact, the main purpose of this 
paper is to derive some mathematical results which will 
be used in a theory of residual resistivity in metals. 
Inasmuch as these mathematical techniques may be of 
interest outside the field of electrical transport theory, 
it seems worthwhile to present this material as a sepa- 
rate paper. 

The system to be considered here is an interacting 
Fermi fluid at zero temperature, possibly in the presence 
of some static external field due to a lattice, impurities, 
or the like. The particle-particle interactions are in- 
stantaneous, describable by two-body potentials which 
are functions of the initial and final momenta only. We 
shall assume that the system is ‘“‘normal,” a term which 
these days is taken to mean that the analytic properties 
of various propagation functions are the same as those 
of each term in a perturbation expansion in powers of 
the particle-particle interaction strength. 

Two important differences between ordinary field 
theories and the many-fermion problem severely re- 
strict our application of arguments based on analyticity. 
The first is the absence in our problem of any symmetry 
principle which might play the roleof Lorentz invariance. 
Even Galilean invariance must be ruled out if we are to 
consider an electron fluid bound within a fixed solid. 
The resulting separation between momentum and 
energy variables already is apparent in our description 
of the two-body forces. Because we do not want to 
assume special analytic properties for the two-body 
potentials, we shall have to content ourselves with 
analytic continuations only in the energy variables. 

The second major difficulty is that there exists no 
true particle description of the elementary excitations 
of a Fermi fluid. The best we can do is to talk about 
quasi-particles, i.e., “clothed” electrons.* But a quasi- 

* Address during 1961-62: University of California, San Diego, 
La Jolla, California. 

'L. D. Landau, Nuclear Phys. 13, 181 (1959). 

2 R. E. Cutkosky, J. Math. Phys. 1, 429 (1960). 

*L. D. Landau, Soviet Phys.-JETP, 3, 920 (1957). 


particle, even when very far away from any other 
quasi-particles, decays spontaneously, creating new 
quasi-particle-hole pairs. As a result, the exact eigen- 
states of the Fermi fluid are quite complicated, and 
cannot be labeled, even in an asymptotic sense, accord- 
ing to the number of elementary excitations which they 
contain. This situation will not seriously hinder our 
application of analytic techniques, but will reduce their 
utility for us. In field theory, discontinuities across 
branch cuts usually turn out to be reaction rates for 
physically observable processes. The analogous terms 
which arise in the many-body problem will not be inter- 
preted quite so easily. 

The saving feature of the normal Fermi fluid is the 
fact that quasi-particles are very nearly stable when 
they lie close to the Fermi surface. In particular, the 
decay rate vanishes as the square of the difference 
between the energy of the quasi-particle and the chemi- 
cal potential.‘ It follows that the quasi-particle picture 
will be quite accurate in situations where the excitation 
energies are small, that is, when the perturbing fields 
are nearly static. We shall see that this particle picture 
plays an important role in this paper and in the work 
on de conductivity which follows. 


II. LOCATION OF SINGULARITIES 


We consider many-body diagrams containing at 
least two external lines, and we inquire about the ana- 
lytic properties of the corresponding Feynman ampli- 
tudes as functions of the energy variables associated 
with these lines. Rules for the evaluation of such 
diagrams have been given by many authors. We shall 
find it most economical to adopt Hugenholtz’s graphical 
notation in which no internal interaction lines are 
drawn, each two-body interaction being indicated by a 
four-line vertex. Energy must be conserved at these 
vertices; but we shall make no special assumptions 
about momentum conservation. 

One question which must be dispensed with im- 
mediately has to do with the presence of self-energy 
parts of the internal electron lines. As has been dis- 
cussed elsewhere,® these self-energy parts are related to 

4J. M. Luttinger, Phys. Rev. 121, 942 (1961). 

5]. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); 
J. Hubbard, ibid. A240, 539 (1957); N. M. Hugenholtz, Physica 
23, 481 (1957). 

Pg Langer, Phys. Rev. 120, 714 (1960). In particular, see 
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the shift of the chemical potential due to the electron- 
electron interactions. To any finite order in perturba- 
tion theory, this shift must be treated by a procedure 
similar to mass renormalization in field theory. This 
procedure can best be included in our formalism by the 
device of calculating with skeleton diagrams. That is, we 
eliminate all internal self-energy parts from each graph 
and substitute for each remaining line the complete 
single-particle propagator S. The function S may be 
said to describe the propagation of a quasi-particle; thus 
it seems that we are forced to talk about quasi-particles 
at the very beginning of our analysis. 

Of course we do not have an exact expression for the 
function S, but most of its essential features are well 
known. In particular, we know that it has the spectral 
representation’ 


, 1 7 Axx (x) 
S* x’ (w) = lim — ’ nme 
70 2x1 X—w— in 


ob 
- By »’(x) 
+f ~ —dx}, (2.1) 
_« tw Tig 
where A and B are Hermitian matrices in the momen- 
tum indices k and k’, and yu is the chemical potential. 
For simplicity of notation, we shift » to the origin and 
write 


¢ ’ 
—~2 g wW 


; 1 " @: + (&) 
Sex'(e)=— f “at, (2.2) 


2ri 


with the understanding that the physical values of S 
are to be found along a contour in the w plane which 
starts at — © in the third quadrant, passes through the 
origin, and goes to += in the first quadrant. The 
function @(£) is peaked near some value of £ depending 
on the momentum subscripts. The width of this peak 
is a measure of the decay rate of the quasi-particle. 

To start our analysis of any Feynman graph G, let 
us choose pure imaginary values of all the external 
energy variables. Then we can write 


Zz 4 
Fo= f de f dé f(é,-°° 
Zz Zz 
z 
6 fa 
—Iiz 


dw 
Vaio (&—&))---(2 
where the function f contains all the factors @, the 
interactions, and the momentum sums. L is the number 
of internal lines in G. The Q; are linear combinations of 
the external energies v; and the / different w’s associated 
with independent closed loops. The coefficients of the 
v’s and w’s occurring in the 2’s are all +1 or 0. Thus, 
for pure imaginary v’s, we may distort the contours for 
the w integrations to run along the imaginary axis as 
indicated in Eq. (2.3). 
If we hold the é’s fixed and perform the w integrations 
7V. M. Galitskii and A. B. Migdal, Zhur. Eksptl’ i Teoret. Fiz. 
34, 189 (1958) [translation : Soviet Phys.-JETP 44(7), 96 (1958) ]. 
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Fic. 1. A vacuum- 
polarization graph which 
gives rise to overlapping 
branch cuts. 


in (2.3), we find the usual product of energy denomina- 
tors which occurs in time-independent perturbation 
theory. The é’s play the role of the single-particle 
energies, positive values corresponding to particles and 
negative values to holes. In some region in the space of 
imaginary v’s, these denominators all will be non- 
vanishing; but they will give rise to poles when the »’s 
are continued away from the imaginary axis. These 
poles then turn into branch cuts after integration over 
the é’s. 

It is well known that not all the energy denominators 
associated with a particular time-ordered graph will be 
retained as poles in Fg. For example, the graph drawn 
in Fig. 1 would contain a denominator (f2—£&,+é4—é; 
+s—és—v) arising from the intermediate state indi- 
cated by the dashed line. But if we sum over all time 
orders that can be achieved without changing the par- 
ticle or hole character of any line, i.e., retain the signs 
of all the é’s, then we find only the denominators 
(f—&,—yv), (4—Es ty), and (fe—Es—v). In (2.3), if 
we choose the signs of all the é’s and then perform the 
w integrations, we automatically perform this limited 
sum over time orders. In general, it is not difficult to 
pick out those energy denominators in a graph which 
will remain as singularities in F. Such an energy de- 
nominator must be associated with an intermediate 
state which has the property that, if all the lines occur- 
ring in the state were broken, then the entire graph 
would separate into just two pieces. Each of these pieces 
must be connected and must contain at least one of the 
external vertices. Although this prescription may seem 
obvious, it may be well to outline a proof of it via 
Landau’s “reduced graphs.’’! In any case, we shall want 
to use the reduced graph notation in later applications. 

We consider now only the w integration in (2.3) for 
some fixed set of é’s. If we multiply and divide the inte- 
grand by the product of factors (£;+{;), we find in the 
denominator a product of positive-definite quantities. 
Remember that we have chosen pure imaginary v’s; 
and we can, for the moment, say that none of the é’s 
are zero. We next use Feynman’s trick for combining 
these denominators, arriving at an expression of the 
form 


12 iw l l 
if dy: f dios { day: *: da; 


L I 
II (€:+2,)5(>- a;—1) 
i=l i=] 


xXx— 
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The denominator in (2.4) is a quadratic form in the w’s 
and can be diagonalized by a suitable translation and 
rotation in w space. That is, w; > @; so that 


I l 
D=> ai(§?-27)9-D AG? 
jam] 


i=] 


+ o(aj,:°: 
where 
g= mina) D. 


The integrations over the @; can be performed without 
difficulty, leaving some power of ¢ (at most L—}/) in 
the denominator. The integral can have no singularity 
unless ¢ vanishes for some values of the a’s. It follows 
that, when we allow the v’s to move away from the 
imaginary axis, the first singularity will develop when 


mina) ¢=0. (2.9) 


Equation (2.7) is satisfied! when either 


(—-2;=0 = 2.8) 


for each 71, where the Q; are to be evaluated for that 
choice of the w; which minimizes D. This last condition 
leads to Landau’s second set of equations: 

yy Malt) Q=> 


ane * 


Da (+ ),€;=0 (2.9) 
for each closed loop in the diagram. The signs (+); are 
determined by whether the sense of the loop is the same 
as or is opposed to the direction of the ith line. 
Cutkosky* has pointed out that Eqs. (2.8) and (2.9) 
are both necessary and sufficient for singularities in F. 
His argument is applicable here, but only before inte- 
gration over the &’s. 

By definition, the reduced diagram is obtained by 
deleting from the original graph all those lines for which 
a;=0 and fusing the vertices connected by these lines. 
In this process we also may delete all lines which close 
upon themselves, and we need not consider reduced 
diagrams in which all the external vertices coalesce at 
the same point. The simplest reduced diagram asso- 
ciated with any graph consists of only two external 
vertices simply connected by a number of electron 
lines. All more complicated reduced graphs may be 
further reduced to a number of the simple graphs. The 
Landau equations (2.8) in such cases may be inter- 
preted as telling us that several simple singularities may 
occur simultaneously. The electron lines remaining in 
a simple reduced graph comprise an intermediate state 
whose energy denominator gives rise to a singularity in 
F. This completes the proof of the rule for selection of 
such intermediate states. 

To illustrate these techniques, let us consider the 
vertex diagram drawn in Fig. 2 and the associated re- 
duced graphs shown in Fig. 3. On applying Eq. (2.8), 


MANY 
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Fic. 2. A typical vertex 
diagram. 


we find 
[ Fig. 3(a) ], 
[ Fig. 3(b) ], 
LFig. 3(c)], 


v=3— £15 
wotv= Est+E4— £0; 


w= fit ba— be. 


(2.10) 


For Fig. 3(b), for example, Eqs. (2.9) are 


[Fig. 3(b)], 


a3k3—a £ =Q; 
alia (2.11) 
asks tarke=0. 


Since the a’s are positive, these equations imply that 
£; and &, must be of the same sign and that £ must have 
the opposite sign. 


III. DISCONTINUITIES ACROSS BRANCH CUTS 


The singularities discussed above are simple poles 
which generate branch cuts when the integrations over 
the £’s are carried out. We turn now to the problem of 
calculating the discontinuity across any one of these 
branch cuts. 

The first step is to isolate each pole and to compute 
its residue. Let us confine our attention to a single 
simple reduced graph and look for the associated singu- 
larity in the complex plane of one of the external ener- 
gies, say v, all other v’s being fixed. The reduced graph 
consists solely of a certain number, say m, of independ- 
ent two-line loops. We may choose the m w’s associated 
with these loops in such a way that 2Q)=, Q» is a linear 
combination of only w; and we, 2; a combination of we 
and w3, etc. That is, each w occurs in only two lines of 
the reduced graph. Finally, we may arrange that » 
occurs only in 2,,. Thus we consider a multiple integral 
of the form 


0 ix 


= f diy f 


1x —i1x 


Fic. 3. The simple reduced graphs associated with the vertex 
diagram shown in Fig. 2, 
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(b) 


Fic. 4. Illustration of the pinch singularity 
occurring in Eq. (3.2). 


where /,, contains the remaining w integrations. For the 
moment, we choose all the é’s so that no two simple 
singularities of the complete graph coincide in the »; 
plane. 

Now suppose that all the w integrations have been 
performed except that over a, i.e., 


. 1 
I f dw - 
Aa- 


ra 


Ty (a, Vier 


Ww] 


The relevant singularity arises when the w; contour is 
pinched between the pole at w:= &, and that pole P, in 
I, associated with the singularity at Q2(w:)=é. This 
situation is illustrated in Fig. 4. P; moves toward &, as 
we continue »v; away from the imaginary axis. The 
singular part of J is obtained by distorting the contour 
C as shown in Fig. 4(b) and retaining only the small 
circle about &). In a similar fashion, the pole P; is asso- 
ciated with a pinch in the w2 plane, and we need retain 
only that part of the we contour which consists of a 
small circle about the pole at 2.= £. After this process 
has been repeated m times, we find for the singular part 
of J 


T,=(+)(2mi)™ 


(3.3) 


- _¢ f , F 
Sm Qin (Wn » Fa," * 


Here the w,’ are those values of the w’s which satisfy 
the Landau equations (2.8). The sign (+) is deter- 
mined by the sense in which we have integrated around 
each of the poles in carrying out the above procedure. 
Equations (2.9) must be satisfied in order that all these 
pinches may occur, i.e., that each pair of poles straddles 
the imaginary axis before analytic continuations in the 
v’s are performed. Because y; occurs linearly in 2,, with 
coefficient +1, Eq. (3.3) implies that J contains a 
simple pole at the location determined by Eq. (2.8) and 
with a residue + (277)"J,. 

We now must consider the possibility that one or 
more of the singularities of /,, (associated with other 
reduced graphs) coincides with the pole found in 
Eq. (3.). In general we may avoid this possibility 
entirely by assigning to each £; a small imaginary part 
n; which will be allowed to vanish at the very end of the 
calculation. There is usually no difficulty in choosing 
the 4; in such a way that the poles associated with dif- 
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ferent reduced graphs are displaced away from each 
other in the complex plane. We shall see in an example 
to follow how this displacement may be performed in a 
particularly convenient manner. 

Once the above displacement has been performed, 
we may be assured that the explicit pole in (3.3) gen- 
erates a well defined branch cut when we integrate over 
the ¢’s. According to the above derivation, the discon- 
tinuity across this cut may be computed by substituting 
for each of the lines in the reduced graph a factor of 
either 


=a 


| dé; Q(E;)6(E;—19:—-Q,) 


0 
E; @(E;)5(E:—19;—-Q,), 


depending upon whether Eqs. (2.9) require that &; be 
positive or negative, i.e., particle-like or hole-like. The 
rest of the diagram then is computed in the usual way, 
any singularities which arise being defined by the 
displacements 7;. 

The technique of separating overlapping branch cuts 
by means of the displacements n; deserves examination 
in greater detail. Let us consider as an example the set 
of vacuum-polarization graphs of the form drawn in 
Fig. 1. The only simple reduced graph consists of just 
a single loop, and all more complicated reduced graphs 
merely indicate that the poles associated with various 
simple graphs may occur at the same place in the v 
plane. Any one of these loops contributes a factor 


. 1 1 
Fa o)= f p(w) + dx, 
0 eel x + v 


+ 


where x has the form &—£, in our previous notation, 
and a single w integration has been performed. We omit 
momentum sums and potentials, and write, for a ladder 
diagram containing L of these loops, 


(3.5) 


F L 


lim 


@1,°*° eL~—0 
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IT F; l (py), 


where 


x | 1 
F.0()= f p(x) a 
0 lz—te —y x—te;4+ of 
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Fig. 5. The contour I used in Eq. (3.10). 





ANALYTICITY 


Here each e is the difference between two n’s. The signs 
of the n’s have been chosen according to the conven- 
tion [see Eq. (2.1) ] 

§;— &:—im; ni>O if &;>0; 


ni<O if &;<0. 


(3.8) 


Let the subscript 7 label the loops in the order in which 
they occur in the diagram; and choose 

€)< €g< +++ Sez. (3.9) 
Now F™) contains 2L separate branch cuts as shown 
in Fig. 5. If we apply Cauchy’s integral formula using 
the contour I’, we find 


1 F‘) (y’) 
FL) (y)= $ ——dy’ 
Qmidr yp’—yp 
L 0 1 L 
=>. f p(v)as| — - JT Fi (x—-ig) 
j=l 9 X—1€;—v i=l xj 


1 L 
p——— |] AO~metag Gm 


x—ie; ty in ix) 


The discontinuity across the jth branch cut (for 
y=Rev>0, say) is 
L 
[F® (v=y—ie) a= 2mip(y) TL Fi (vic) 
i=l ixj 


— mwip(y){F (ytie)}O{LF (y—ie)} 4. (3.11) 


In order to calculate the complete discontinuity across 
the cut in F“ when all the e’s go to zero, we may sum 
Eq. (3.11) over 7. Finally, we should note that, if we 
sum all ladder diagrams, the discontinuity may be 
written in the form 


LF(y) a= (2 FF‘) (y) Ja 


= 2ri lim F(y+ie)p(y)F (y—ie) 


0 


= 2mip(y)|F(y+ie)|?, (3.12) 


which is the usual form of a unitarity sum. 
The generalization of this technique to arbitrary 
diagrams is not difficult, the only tricky point being the 
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polarization graph. The 
intermediate states as- 
sociated with singulari- 
ties are indicated by 
dashed lines. 
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Fic. 7. Simple reduced graphs associated with the 
proper self-energy function. 


choice of a convenient order for the n;. On inspecting 
any diagram, we always can pick out the sets of singu- 
larities which might occur simultaneously. For example, 
in Fig. 6, we have marked the four possible singularities 
by dotted lines which indicate the associated inter- 
mediate states. We may consider the sequences (1, 2, 4) 
and (1, 3, 4) separately. Singularities 2 and 3 never can 
occur together because they correspond to different 
solutions of Eq. (2.9), i.e., different choices of particles 
and holes. The important point is that, once we have 
chosen a sequence of compatible singularities, there is 
no ambiguity in ordering the displacements of these 
singularities into the complex plane. Each sequence 
may be ordered separately. Because all simple reduced 
graphs contain only two external vertices, it is apparent 
that these remarks apply to graphs with an arbitrary 
number of external lines. 


IV. SOME SIMPLE APPLICATIONS 


As a conclusion to this paper we discuss two instances 
where the techniques discussed here provide some useful 
information. 

First we consider the electron self-energy graph. As 
mentioned in the Introduction, it has been shown by 
Luttinger’ that the imaginary part of the self energy 
goes to zero as w near the Fermi surface. We may ob- 
tain this result via our techniques by noting that the 
self energy has much the same analytic properties as 
the propagator itself; i.e., it has a cut along the real 
axis and its imaginary part is just the discontinuity 
across this cut. All of the simple reduced graphs are of 
the form shown in Fig. 7. The contribution to the dis- 
continuity from reduced graphs like Fig. 7(a) is 
(omitting momentum sums) 


0 


ImG(e)~ f aif asf dé; M,Q@(&1) @(2) @(Es) 
0 0 


X M2*5(€,+£2.—£;—w) 


~w* for small w. (4.1) 
In (4.1), !@, and M,.* are the vertex functions indicated 
by the small shaded circles in the figure. According to 
the discussion at the end of the last section, M, and M_* 
are to be evaluated for w just above and just below the 
real axis, respectively. These vertex functions may be 
complex but must be finite. Actually one must be rather 
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Fic. 8. Simple reduced graphs associated with the 
vacuum-polarization function. 


careful before taking it for granted that all the vertex 
functions appearing in Fig. 7 are well behaved. In some 
cases there occur spurious divergences which resemble 
the infrared catastrophe in electrodynamics; but these 
divergences disappear after a suitable amount of 
diagram summation. 

The final expression in Eq. (4.1) obviously is in 
accord with Luttinger’s conclusion. All higher order 
reduced graphs contribute only higher powers of w to 
ImG. To see this, note that the contribution of a re- 
duced graph containing m holes and n+1 particles 
may be written in the form 


ImG'* ~ f der . fd 


K A(Eni1)6 (Engi — Wn) My aed 


x 


C £ 
es dy f dans} WiW2*** 
“oO ) 


( 


Kblwit::- 


Wns 1—w) 


w°" for small w. (4.2) 


This is in exact agreement with Luttinger’s result. 

As a second example we consider vacuum-polarization 
graphs. The analysis is exactly the same as for the self- 
energy function, and we repeat it only because the 
result is useful in transport theory. All simple reduced 
graphs are of the form of Fig. 8. The polarization 
function has a cut along the real axis in the v plane; and 
we are interested in the discontinuity across this cut. 
For a reduced graph with » intermediate particle-hole 
pairs, this discontinuity has the form 
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[F (]a~ fdr fae, (yi +--+ -+r,—v) 
xf aesf a 
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XK @(En) @(En’)b(En— En’ — vn) 
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If v is small, we have 


x © 


Cro)l~ f Pome 


f dn Vit Vn 


Xb(mit+---+y,—-v)~vr, (4.4) 

It must be emphasized that, in applying the methods 
outlined in this paper, we first must choose a particular 
skeleton diagram and then may evaluate the discon- 
tinuity across a branch cut by summing the contribu- 
tions from the associated simple reduced graphs. To a 
certain extent this procedure may be reversed to yield 
expressions similar to unitarity relations. For example, 
the sum of all possible reduced graphs of the form of 
Fig. 8(a) may be obtained by inserting for each of the 
small shaded circles the sum of all proper vertex func- 
tions. This contribution to the discontinuity in F 
be expressed as 


CFe(o~E f af dé,'|Ap.q(v) |? 
Pp 0 —2 


K @ peg ($1) @p( Er’) 


=> f dé,’ 
p —» 


>> 


P 


can 


= - 7 
6(f:— &: —v) 
q| Q peg (E1’ +v) QA» &,’ } 


Ap.q|? @pig(0)@,(0), (4.5) 


where A is the sum of vertex functions just mentioned. 
Equation (4.5) has the form of a unitarity sum over all 
intermediate states containing a single pair, except that 
the delta functions expressing energy conservation have 
been replaced by the spectral densities @. If the quasi- 
particles were stable, then the @’s would in fact be 
delta functions, and strict energy conservation would be 
retained. 

On the other hand, we cannot sum all reduced graphs 
of the form Fig. 8(b) by inserting for the shaded circles 
the sum of all amplitudes for double-pair production. 
Such a procedure would lead to diagrams with internal 
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self-energy parts; i.e., diagrams which are not skeleton- 
like. This difficulty might be eliminated by reformulat- 
ing the theory in terms of free-particle propagators and 
introducing some graph-by-graph renormalization 
scheme. However, the present formulation in terms of 
true propagators and skeleton graphs turns out to be 
particularly convenient for use in situations where 
there is present a static crystal or impurity field. In any 
case, the fact that quasi-particles are not stable implies 
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IN MANY-FERMION 


PROBLEM 1003 
that we cannot hope to find such simple relationships 
here as those which occur in true particle-field theories. 
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The many-body theory of impurity resistance which was developed in a previous paper is extended to in 
clude all corrections resulting from electron-electron interactions. The model used is a normal Fermi fluid 
in the presence of a small but finite concentration of randomly scattered, fixed impurities. The resulting ex 
pression for the conductivity may be interpreted in terms of independent single-electron-like excitations, or 
“quasi-particles.” The combined effect of the impurities and the many-body interactions causes these 
quasi-particles to carry current at their group velocity; but there is no effective charge correction 


I. INTRODUCTION 


N a recent paper’ the author presented a theory of 

impurity-resistance in normal metals using as a 
model an interacting Fermi fluid and randomly placed 
scattering centers. The physical picture which emerged 
was that of single-electron-like excitations at the Fermi 
surface scattering from screened impurities. Inter- 
actions among these excitations, or ‘“quasi-particles,”? 
were assumed to be negligible. It is the purpose of the 
present paper to complete the work of I by taking into 
account all of the many-body effects. The resulting 
expression for the resistivity will be exact to first order 
in the density of impurities and to all orders in the 
electron-electron interactions. 

Although electron-electron collisions cannot con- 
tribute directly to the resistivity, there are several 
places where they play an important role in the theory. 
Perhaps the most important many-body effect is the 
screening of the impurities. In principle, however, this 
effect is included exactly when one calculates the ampli- 
tude for scattering of a single quasi-particle at an im- 
purity according to the rules prescribed in I. This 
amplitude, which includes even the exchange inter- 
actions between the incident electron and the screening 
cloud, is merely a basic ingredient of the independent 


* Address during 1961-1962: University of California, San 
Diego, La Jolla, California. 

1 J. S. Langer, Phys. Rev. 120, 714 (1960), hereafter referred 
to as I. 

2L. D. Landau, Soviet Physics—JETP 3, 920 (1957). 


quasi-particle model. In this paper we shall be in search 
of more subtle effects. 

One possible many-body effect has been emphasized 
recently in an article by Heine and Falicov.* These 
authors point out that it may be incorrect to neglect the 
interactions among the quasi-particles when calculating 
their acceleration in an external electric field. For ex- 
ample, the acceleration of a perfectly free electron gas 
in an external field is independent of the strength of the 
interactions between the electrons. If one uses an inde- 
pendent quasi-particle model to describe this gas, one 
destroys the Galilean invariance in a way which is quite 
inappropriate to this particular situation and arrives at 
an incorrect value for the acceleration. The introduction 
of fixed impurities or a lattice removes the Galilean 
invariance; but it is apparent that a purely kinetic 
formulation of transport theory in terms of quasi- 
particles requires careful examination from a funda- 
mental point of view. 

An even more subtle many-body effect, which ap- 
parently has not been pointed out before now, involves 
the current carried by a quasi-particle. In the usual 
Landau picture, a quasi-particle of wave vector k 
carries a current ek/m simply because momentum and 
charge are conserved in electron-electron collisions. 
When we make a dc measurement on an impure metal, 
however, we measure the current over a time much 
longer than any other time which appears in the prob- 
lem. In particular, the period of the applied field must 


M. Falicov and V. Heine, Phil. Mag. 10, 57S (1961). 
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be very much longer than the collision time of the 
quasi-particles. As a result, the argument based on 
momentum conservation no longer is valid, and we 
must be quite careful in calculating the quasi-particle 
current. 

A close analog of this situation occurs in the theory 
of electron transport based on an independent Bloch- 
wave model. In this model it is obvious that the elec- 
trons are tied down to the lattice and that the correct 
current is given by the group velocity of the Bloch 
wave. In the present problem, although any particular 
electron will bump into an impurity only very infre- 
quently, the Fermi fluid as a whole is “tied” to the 
fixed impurities via the electron-electron interactions. 
We shall see that this “tying down” of the Fermi fluid 
makes a qualitative difference in the nature of the 
single-particle-like excitations. 

In order to solve this problem, we shall continue the 
frontal attack which was begun in I. That is, we first 
write down an exact expression for the conductivity ¢ 
in the form of an autocorrelation coefficient. This co- 
efficient may be expanded, according to well-known 
procedures, as a sum of many-body Feynman diagrams. 
The idea is to rearrange and resum these diagrams in 
such a way that @ is expressed finally as a simple func- 
tion of more or less physical quantities, in particular, 
the group velocity and decay rate for an individual 
quasi-particle. It is assumed throughout that the con- 
ditions for a “normal” metal‘ are satisfied; i.e., that 
apart from certain renormalization terms, the analytic 
properties of the exact propagators and vertex functions 
which appear are the same as those of each term in the 
relevant perturbation expansions. The mathematical 
techniques developed in the preceding paper will play 
an important role in this work. 


II. FORMAL EXPRESSION FOR THE 
CONDUCTIVITY 


The starting point for our theory will be Eq. (12.5) 
in which® the conductivity ¢ is expressed in terms of the 
autocorrelation coefficient for the total current. 


Ole 
Wo) +— iin 


ma 


2 0 
ee ill Im f e4dt(Wo| J(0)- I(t) +. (2.8) 


| 3a o 


This expression was derived in I by considering the 
system of electrons and impurities in its ground state 
YW, and slowly turning on a uniform electric field. In 
(2.1), J is the current operator: 


J=(e/m) >. kax'ax, 


a,' and a, being the usual creation and annihilation 
operators for Fermions of momentum k; 
J(t)=e'#*Je—i4*, (2.3) 
‘J. M. Luttinger, Phys. Rev. 121, 942 (1961). See also Sec. V 
in I. 
5 J. S. Langer, preceding paper [Phys. Rev. 124, 997 (1961)], 
hereafter referred to as II. 


(2.2) 
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where H is the complete Hamiltonian for the electrons 
interacting among themselves and with the impurities. 
Finally, 2 is the volume of the system, and »,= N/Q is 
the number density of electrons. In principle, Eq. (2.1) 
is to be averaged over random configurations of im- 
purities as the last step in the calculation. 
Let us define the function 
F(t) =(Wo| T{J(0)- J(d)} | Wo), (2.4) 
where TJ means we are to write the operators J in order 
of increasing time from right to left. Since only negative 
values of ¢ occur in (2.1), there is no difference between 
§ and the autocorrelation coefficient which appears in 
o. As defined by (2.4), however, ¥ has a simple inter- 
pretation in terms of many-body diagrams. In par- 
ticular, ¥ has the form of a vacuum-polarization graph 
in which the external photon lines are replaced by the 
operators J an the scalar product is to be taken. Due 
to the presence of the impurities, we may expect F(¢) 
to diminish as |¢| becomes large. The dominant be- 
havior of & will be that of a decaying exponential; but 
we cannot rule out oscillating terms which may persist 
to longer times. In any case, ¥ must be integrable in 
some generalized sense, and we shall assume that its 
moments exist also. 
In order for Eq. (2.1) to yield a finite value for a, 
the terms proportional to a~' must cancel out. That is, 


2 a en, 
= Im f F¥(t)di= — C200) 
32 -_ m 


This is a rather remarkable equation which, in fact, 
gives us our first clue concerning the last of the many- 
body effects mentioned in the Introduction. If there 
were no impurities at all in the system, ¥ would vanish 
because VW would be an eigenstate of J with eigenvalue 
zero. o then would be given correctly by e’n,/ma, which 
simply expresses the acceleration of a perfectly free 
electron gas in an exponentially increasing external 
field. Thus Eq. (2.5) is correct only when there is a 
finite concentration of impurities in the sample. On the 
other hand, the right-hand side of Eq. (2.5) is inde- 
pendent of the concentration of impurities. In the work 
which follows we shall find a mathematical explanation 
for this qualitative change in the nature of &. A direct 
proof of Eq. (2.5), using some of the analytical tech- 
niques developed in the body of the paper, will be 
found in Appendix A. It should be mentioned here, 
however, that Eq. (2.5) turns out to be the f-sum rule 
for a metal with a finite de conductivity. 

If we assume that Eq. (2.5) is correct, we may return 
to Eq. (2.1) and write o in the form 


i) 
st 


0 


) 
c= im f tdt F(t). 
32 


-—D 


(2.6) 


This expression may profitably be rewritten in terms 
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of the Fourier transform of §(t): 


1 wa 
F(vy)=— im f (tet "dt, 


25 Td _. 


F(v) has the familiar spectral representation : 


1 » 1 1 
Fo)=—f p(ohd'| — an 
2rid o v’+v—in f—y~te) 


where 


(2.8) 


p(v)=>2! (Wo! I V,)6(E,— Fo—v), (2.9) 
V, being an eigenstate of H with energy £,. Inversion 
of the Fourier transform for negative times yields 


5()= f alvjervar, (t<0), (2.10) 
0 


where the convergence factor has been retained for use 
in the next step. On inserting Eq. (2.10) into Eq. (2.6), 
exchanging the order of integration, and integrating 
once by parts, we find 


? Dn 


o=—f 
32S 


p(v)dp Im f te”tt dt 


—@ 


dr ” d 7 dp 
= J o)—10)»== 


32 dp 32 dv sai 
as long as p(0)=0. 

Now p is just the discontinuity across the branch cut 
of F(v), and may be evaluated immediately by means 
of the analytic techniques developed in II. We see from 
Eqs. (II 4-3) and (II 44) that only the simplest kind 
of reduced graph (Fig. 8(a), paper II) contributes to 
dp/dv as v—> 0. Essentially what has happened here is 
that we have expressed p in a form which, if the quasi- 
particles were stable, would be a unitarity sum over 
intermediate states containing well-defined numbers of 
quasi-particle-hole pairs. Because a quasi-particle is 
very nearly stable when its excitation energy is small, 
the above verbal description becomes more and more 
accurate as v goes to zero. In particular, the factor 
vy"! which occurs in Eq. (II 4.4) is the same phase- 
space factor which would appear in a true particle-field 
theory. As a result of this factor, the only nonvanishing 
contributions to o come from reduced graphs which 
contain only a single particle-hole pair. 

The relevant reduced graph is drawn in Fig. 1. 
According to the prescription given in IT, the associated 
contribution to a is 


2x 3 
c=—)> ¥ A;(ki,ky’,u) 


3Q i=1 ki, ker’, 
ko, ky’ 


A (ky, ke’,u) B( Ko, Ki, w)As*(Ke’, Kou). (2.12) 
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Fic. 1. Thereduced graph 
associated with the con- 
ductivity o. 


In this expression, A and B are the spectral densities 
which determine the single-electron propagator in the 
case of particle-like and hole-like lines, respectively. 
These functions are discussed in detail in I and are used 
extensively in II. Note that we no longer are using the 
notation in which the chemical potential u has been 
shifted to the origin [see Eqs. (II 2.1) and (II 2.2)]. 
The function A; represents the sum of all proper vertex 
functions (or, alternatively, amplitudes for single pair 
production) and is denoted graphically by a small shaded 
circle in Fig. 1. The external photon line associated 
with A; carries the interaction J; defined by Eq. (2.2). 
An extra factor 2 in (2.12) accounts for a spin sum. It 
should be emphasized that Eq. (2.12) is still an exact 
expression for o. 


III. IMPURITY EFFECTS 


A detailed description of the procedure for including 
impurity interactions in expressions like (2.12) has been 
given in I. We shall use exactly the same technique 
here; that is, we shall calculate with an impurity 
potential 

Vi 
Vimp= v(r—r,), 


s=] 


(3.1) 


and then average over random configurations of these 
impurities. In (3.1), V;=,Q is the number of impurities 
and r, represents the position of the sth impurity in a 
particular configuration. As a result of the averaging 
process, the total momentum transfer at any impurity 
site must be zero; thus the averaged graph retains a 
sort of momentum conservation. Finally, remember 
that each impurity site which appears in a graph con- 
tributes a factor n,. 

In order to see where the impurity effects occur in 
Eq. (2.12), consider what happens to that equation in 
the limit 2;—> 0. In the absence of impurities, 
A(k,k’ uw) = B(k,k’ un) df ex—u—ZD’ (Ku) Jdx,e’, 


ri 0 


(3.2) 


where ¢x=k?/2m and >’(k,u) is the proper self-energy 
function evaluated at the Fermi surface. The vertex 
functions A are perfectly well behaved in this limit: 


€ 
A,(k,k’,u) > A:(kyu)dx.e =—hig(2)Sx,x, (3.3) 


ni—0 m 
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where g(&*) is some dimensionless function of order 
unity. If we were to insert Eqs. (3.2) and (3.3) into 
(2.12), we should find ¢ to be infinite by virtue of a 
delta function of zero argument. As discussed in I, the 
effect of the impurities is to replace the delta functions 
in (3.2) by sharply peaked distributions whose width 
is proportional to m,;. Then the infinity in (2.12) is re- 
placed by a term of order »;~', which is exactly correct 
for a conductivity. 

It follows that, if we want to evaluate the conduc- 
tivity only to lowest order in the density of impurities, 
we may use Eq. (3.3) for the vertex corrections and then 
proceed exactly as in I. Our new result is 


Oke Ner|g(Re*)|* 
¢=__—___——_[I'(kr)-I'(kr) }, 


6m?xu p 


(3.4) 


which differs from Eq. (18.15) only by a factor g’. 
The symbols occurring in (3.4) were defined in I as 
follows: 

nik rp? Neer 


'(ke)= — | t+(k pO) |? sinddé; (3.5) 


dru p 


nikeNkr ~* 
I’ (kre) =———— =f t*(kp,@)|* cosé sinéd@. (3.6) 


dor P 


(3.7) 


where w,’ satisfies: 


— >’ (k,w,’) =0 (3.8) 


€x— ox. 


(The primes here indicate functions computed in the 
absence of impurities.) «p= (dw, /dk)|k=kr is the group 
velocity of a quasi-particle at the Fermi surface. Fi- 
nally, ¢ is the proper scattering amplitude for an 
electron in interaction with a single impurity. ¢ in- 
cludes the electron-electron interactions to all orders; 
but the two external electron lines must not contain 
self-energy parts. 

Now we must look for physical interpretations of the 
various terms which occur in Eq. (3.4). 


A. Relaxation Time 


In I we defined the function 
(3.9) 


which is the single-particle propagator averaged over 
configurations of impurities. S has a branch cut along 
the real axis; and 


lim>(k, wtie)=A(kw)+70 (kw), (3.10) 


e++0 


4 and I being real. To first order in nj, T (kp,u) =T (Re) 
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as expressed in Eq. (3.5). This ', however, is not quite 
the correct expression for the decay rate of a quasi- 
particle. If we analytically continue S$ from, say, the 
upper half w plane, through the cut, and into the lower 
half plane, we generally find a simple pole at @ 
=F,—if,. Strictly speaking, f, is the correct decay 
rate. 

In order to calculate [,, we may expand = about the 
point w=, and insert the resulting expression into the 
equation 
=(k,a)=0 (3.11) 


&x—o— 


We find 


oz | 
ex— Ey +if,—2(k,£,)+- 


a (Ty) =() 
Ow w =F, 


(3.12) 


Thus 
E.=a- A(k,E,) ) 


neh) /(1+— ) 
Ow owhty 


To lowest order in ,;, these equations are 


Ey = e.—A(k,E,), 


(3.13) 
and 


(3.14) 


(3.15) 
and 


P.=Ni0 (k,E,). (3.16) 


Finally, the expression relevant to the conductivity 
calculation is 
nk p* 
T(kr)= 


4dr up 


Vast f \t+(kp,0)|* sinéd@. (3.17) 


The physical relaxation time must be: 


r= 2 T(ke)—I’ (kp) }. (3.18) 


The factor Nkr in Eq. (3.17) represents a wave- 
function renormalization. That is, Ver normalizes the 
scattering states so that they contain one quasi-particle 
rather than one electron per unit volume. This factor 
will be discussed further in the next section. 


B. Vertex Function 


In the complete absence of impurities, it can be 
shown that 
(3.19) 


A, (K,wy’)=ek;/mNy, n=O. 


We see that, apart from the normalization factor V,-', 
A is the expectation value of the current carried by a 
quasi-particle. This expression, however, is not exactly 
the vertex function which we must use in Eq. (3.4); 
therefore we shall relegate proof of (3.19) to an appen- 
dix. The difficulty is that (3.19) is valid only when I is 
very small even when compared to the single-particle 
level spacing. This will be true only if we keep .V, fixed 
when we let the volume 2 tend to infinity. But this is 
not what is meant by the limit ; — 0 in Eq. (3.3). The 
correct procedure is to compute A for fixed m, in the 
limit 2—+ ©, and then let ”;—> 0. We now shall prove 
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that, if we take these limits in their correct order, we 
must replace the factor k;/m by the group velocity in 
Eq. (3.19). 

First let us consider any single electron line which 
might occur in a vertex graph. The single-particle 
propagator is 

1 1 


Sai 
Qri €y—W— 10, 


+0 for €x> €F 


a, (3.20) 


, 


—O for ex< er. 


If we insert impurity interactions into Sp in such a way 
that none of these interactions connect to other electron 
lines in A, we find the function 


‘ 1 1 
Si (kw) =— ————— ——. (3.21) 
Qri €y—w—tay—21(kw) 
>, is the sum of all graphs in which the impurity inter- 
actions form a proper self-energy part. For example, 
the second order contribution to 2; is: 
n, o(k—k’) |? 
>, (kw) _ » 2 . ° 
Q gt €_r —W— Tay: 
Note that: 


Tr, (kw) = Imz,° (k,w) 


= (n;/Q)4 >» |0|76 (er —w) sgn (ex — er) 
= (n,/Q)m sgn(w— er) do | 0| 5 (ex —w). (3.23) 


As usual, 2; may be defined as a function of the com- 
plex variable w with a branch cut along the real axis. 
The final form of Eq. (3.23) implies that the physical 
values of 2; are to be found for w just above the real 
axis if w>er, and just below if w<er, ie., along the 
contour Cp. 

It should be mentioned that, in order to be com- 
pletely self-consistent, we should renormalize the calcu- 
lation of 8; so that the real part of 2, vanishes at the 
place where the w contour crosses the real axis. That is, 
the impurities, and eventually the electron-electron 
interactions, will shift the chemical potential from er 
to uw; and the ultimately correct w contour, C, will cross 
the real axis at wu. The impurity shift, however, is of 
order ;, and may be neglected for our purposes. 

The point to be emphasized here is that T')(k,w) 
always is finite and much larger than the single- 
particle spacing. Thus the perturbation expansion for 
S, in powers of nm; diverges inside a region of radius 
ST(k,ex) about the point w=ex, even when e=er. 
Because of the special nature of the interaction J, it 
turns out that there are diagrams in A in which the 
entire contribution comes from just this divergent part 
of §;. It is in these “anomalous” diagrams that we find 
deviations from Eq. (3.19). 

The simplest anomalous vertex is drawn in Fig. 2. 
In the complete absence of impurities, diagram 2(a) 
vanishes because €x—, cannot be both >er and <er at 
the same time. Diagram 2(b), of course, does not vanish. 
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We may write the sum of all such diagrams, illustrated 
schematically in Fig. 2(c), in the form 


2rie 
A, =- 
m 


> (ki-— Qi) 
q 


.24) 


P. = dire” 
xf Si(k—q, w)Si(k- q, w)dw- ‘ 
- qy 


Now note that, if I',(k,w) remains finite even at w=y, 
the quantity ia, is meaningless in (3.21). We may drop 
ia, and perform the w integration along the contour C. 
On closing this contour in the upper half-plane, we find 


1 e 
Bi Phin a Fg) 


2rim 4 g 


4tre” 


dw, 


* dol ex q—w— Ai k -q, w) IP. (k—q, w) 
JS 


; [(ex-g—w— Ai) HPF 
(3.25) 
where A, is the real part of ©,. [Remember that Eq. 
(3.25) would be incorrect in the absence of impurities 
even if we took S, to be the true one-particle propagator 
including electron-electron interactions. It is absolutely 
necessary that I’; not vanish at w=y. | The integrand in 
(3.25) is sharply peaked near w= €x_,. Considered as a 
function of the momentum variable (k—q), I; is very 
nearly constant across this peak for sufficiently small n; 
[see Eq. (17.19) ]. If we let ['; become small, but still 
much larger than the single-particle level spacing, we 
may write 
1 oa 


dire* tf 2. 
* hee J a 
Yr; 0271 Ok; a (€x q—w)* +] i 


0 dre®? pe 
Rese Speed iy eee 
fa) q° 


20 


limA,“ 


nn; 


q ¢ 
€k —q <er 
where 2.x“) (&) is the first order exchange self energy. 
The final form of Eq. (3.26) suggests that there 
exists a Ward’s identity of the sort 


ek, 
lim A; (kw) 


where k and w here refer to the momentum and energy 
of the external electron lines. To prove this identity, we 
insert for each free electron line in A; the propagator 
Sr, but omit ta, and perform w integrations along Cr. 
Any internal self-energy parts which might occur 
should be renormalized according to the rules given in 
I, Sec. V. Once the nondifferentiable a,’s have been 
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(c) 


Fic. 2. Illustration of the role of impurity interactions in the 
development of an anomalous vertex. 


discarded, we can insert the vertex J; into any electron 
line by writing 

ek; 

Sr(kw) —_ 

m 


e @ 
Sp(k,w)= —-——Spr(kw). (3.28) 
2ri Ok; 


Ordinarily this relation would be incorrect because it 
allows anomalous vertices of the kind drawn in Fig. 
2(a). But these are just the graphs we want, as demon- 
strated by Eq. (3.26). All possible vertex graphs may be 
obtained by inserting /; in all possible ways into all 
possible proper self-energy diagrams. We may label the 
lines in any self-energy graph in such a way that the 
external momentum k appears only along the open 
electron line which runs through the diagram. The 
right-hand side of (3.27) obviously inserts J; into each 
segment of this open line. There may remain a number 
of closed electron loops in >’ but these loops make no 
contribution to A;. Let us label the lines in any loop so 
that a momentum variable k’ runs around this loop 
and appears nowhere else. Then we may insert J; into 
each segment of the loop by differentiating with re- 
spect to k,’. The result is a total derivative of a smooth 
function (no ia;’s) to be summed over k’, and this sum 
obviously vanishes. This completes the proof of (3.27). 

As in I [Eq. (17.15) ], we now apply Eqs. (3.7) and 
(3.8) to find 


Ay(kywx’) = eN dey! /dki=eN gu, (k); (3.29) 


thus 


g(kr?)=mur/kpNkp. (3.30) 


Ckr'upr ner (= ‘) 
33° m kp 


IV. QUASI-PARTICLES 


Finally : 


co 


(3.31) 


The reader will note that, although the term “quasi- 
particle” has been used often throughout this paper, the 
final expression for o in Eq. (3.31) really has been de- 
rived without reference to any particular quasi-particle 


i. 


ANGER 


model. In view of the fact that such models recently 
have generated some controversy in the literature,’ 
we conclude this work with a discussion of those prop- 
erties of a quasi-particle which may be deduced from 
the analysis leading to Eq. (3.31). 

Let us define a quasi-particle to be that excitation of 
the Fermi fluid whose propagation is described by the 
single-particle propagator in the absence of impurities; 
Le., 


1 1 
St)-——— 


—>'(k,w) 


(4.1) 


2ri €x—w 


S’ has a pole at w=w ’; and w,’ must be the energy of 
the quasi-particle of wave vector k. Remember that 
wy’ has an imaginary part which vanishes only at k= kp; 
i.e., these excitations are not stable except at the Fermi 
surface. 

The current carried by a quasi-particle may be de- 
duced from the vertex function A;. This function con- 
tains the expectation value of the operator J=eP/m. 
Just as in the case of the scattering amplitude ¢*, A must 
be multiplied by the normalization factor Vy, in order 
for it to measure the current in a state normalized to a 
single quasi-particle per unit volume. Thus, from Eq. 
(3.19), 

J.=ek m, 


n,=0, (4.2) 


in the case of perfect translational symmetry. When 
there is a finite concentration of impurities, however, 
Eq. (3.29) implies 


Ji (4.3) 


As mentioned in the Introduction, Eq. (4.3) is in exact 
analogy with the case of Bloch waves. In each case there 
exists a persistent perturbation arising from fixed scat- 
tering centers; and in each case the expectation value 
of the momentum leads to the group velocity. Experi- 
mentally we may bridge the gap between Eqs. (4.2) 
and (4.3) by changing the frequency » of the external 
field. Equation (4.3) was derived on the assumption 
that »yr<1. Direct evaluation of a few graphs easily 
shows that the anomalous vertices vanish when v7>>1. 
Thus we may expect Eq. (4.2) to be the correct form 
of the vertex function in the high frequency limit. 
Equation (4.3) is in direct opposition to the theories 
of Falicov, Heine, and Stern,*:* although our picture of 
a quasi-particle is very much the same as theirs. When 
there are impurities in the system, the single-particle- 
like excitations form a wave packet. Because of the 
smearing of the Fermi surface in momentum space, 
this wave packet must be localized within a region of 
size Ax~u,/T, i.e., the mean free path. The present 
paper differs from those mentioned previously only in 
that we assert that this wave packet must be normalized 


eu,y. 


6 “The Fermi Surface,”’ Proceedings of the Cooperstown Confer 
ence, New York, 1960 (John Wiley & Sons, Inc., 1960). In par- 
ticular, see the papers of L. A. Stern, L. M. Falicov, and J. M. 
Luttinger. 
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to unit charge. We now present two arguments in sup- 
port of this assertion. 

First, we compute the proper vertex function Q(k,w). 
Q is the same as A, except that the external interaction 
line measures the charge density rather than the cur- 
rent. We may insert this interaction into each line of a 
proper self-energy diagram by using the relation 


e oO 
Sp(k,w)eS r(k,w) =— —S r(k,w), 


2ri Ow 


(4.4) 


which is valid whether or not Sy contains the term 
ia. Then the Ward’s identity appropriate for Q is 


O(k,w)=e(1+0D'/dw), (4.5) 


which may be proved by the same argument which led 
to Eq. (3.27). When we evaluate Q on the energy shell 
(w=w,’) and multiply by the normalization factor Vx, 
we find for the effective charge of a quasi-particle 
é.= NxO(k,ox’) =¢é. (4.6) 
The second argument runs as follows. Suppose we 
solve our entire problem in the presence of a uniform 
scalar potential ¢. Then we expect the quasi-particle 
energy to be wx’+ xo, & being the effective charge. In 
the free-particle propagator Sr, €, is replaced by ex+e¢; 
and we must make this modification when computing 
self-energy graphs. But this modification can have no 
effect on a closed electron loop because ¢ can be elimi- 
nated simply by displacing the zero of the energy vari- 
able which runs around the loop. We may account for 
the entire change in D’ by replacing the external energy 
w by w—ed. The new quasi-particle energy satisfies 


€x—wt+ed—2’(k, w—ep)=0. (4.7) 


We know that this equation has the solution 
w—edp=wy'; (4.8) 
thus 


é, =e. (4.9) 


It should be emphasized that the intrinsic charge as 
discussed here must be thought of as the unscreened 
charge of the quasi-particle. The proper vertex Q ac- 
counts for no vacuum polarization parts which might 
be inserted into the external interaction line. Such 
polarization graphs can have no effect on the current 
carried by the quasi-particle or its energy in a constant 
external potential. Of course, collisions between quasi- 
particles or between quasi-particles and impurities 
proceed via screened interactions; that is, one must 
correct for the dielectric constant of the Fermi fluid. 
It would be a mistake, however, to try to account for 
this screening by modifying the effective charge. 

Equation (3.31) now may be seen to follow exactly 
from a kinetic theory formulated in terms of inde- 
pendent quasi-particles. For the acceleration due to an 
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electric field E, we write 


dk/di=eE; and da,’/dt=J,- E=eu,: E. 


(4.10) 


We take the unperturbed distribution of quasi-particles 
to be the Fermi function fo evaluated at zero tempera- 
ture. The Boltzmann equation is 
of Ofo 

= eux: E=5(w,’—p)eux,: E 
Ot | field Ow 

. (4.11) 
of| 


f—-fo 


od 
Ot | collisions Tk 


DY (wx! — pw) UK: Wx7 x 
k 


“er(=) 
m kre 


APPENDIX A. DIRECT PROOF OF EQUATION (2.5) 


(4.12) 
by 6(k—kr)UyrTy= 
k 


We offer here a direct proof of the equation 


0 3Ne 
im f $(t)dt= ———, 
2m 


0 


(A.1) 


for systems in which there is a finite concentration of 
impurities. 

First we may obtain a diagrammatic prescription for 
evaluation of the left-hand side of (A.1) by inserting 
the spectral representation of ¥ as given in Eqs. (2.8) 
and (2.10). 


mf 


) 


7-0 


$(t)dt=lim Im f arf p(v’) exp(iv’t+nt)dv’ 
—2 0 


D 


= 


dy’ 
=— Imi f p(v’) —=" ImF (0). (A.2) 
0 v 


Because p(v)~v, the real part of F(O) must vanish, 
and we may rewrite (A.1) in the form 
F(0)=—i(3Ne?/2rm). (A.3) 

F(v) is the same vacuum polarization part which we 
have been discussing throughout this paper. To evalu- 
ate F at v=0, we close the single-particle propagator 
upon itself to form one of the external vertices and then 
use Eq. (3.28) to insert the second vetex into each 
electron line in the graph. S is considered to be averaged 
over configurations of impurities ; and it is to be empha- 
sized that use of Eq. (3.28) is not justified unless the 
density of these impurities is finite. The resulting 
graph consists of a number of independent closed 
electron loops. According to the discussion leading to 
Eq. (3.27), we need consider only those graphs in which 
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’ 
both external vertices appear on the same loop. Thus 


F(0)= 





dw S(k,w) expiw0*. 


2rim i= & k; Cc 


(A.4) 


But 


f a S(k,w) expiw0* = — (Wo! aytay! Wo) = —n(k), (A.5) 


ve 


where n(k) is the occupation probability of the state 
of wave vector k. Again we invoke the presence of the 
impurities so that we can say that »(k) is a continuous 
function, even at k=kpr. Roughly speaking, the im- 
purities tend to smear the Fermi surface in momentum 
space, removing the discontinuity described by Lut- 
tinger. This may be seen easily by inserting in the left- 
hand side of (A.5) a propagator in which the discon- 
tinuity across the cut does not vanish at w=u. Thus we 
may integrate over k by parts to find 


e 3 on(k) 
F(0)=-—— > D &; 
2rim i=\ « Ok; 
3ie* sie? 
= ——— ¥ n(k)=—-——-N.. (A.6) 
2rm x 2am 


Equation (A.6) is a special case of the f-sum rule: 


Dn foa= Ne, (A.7) 
where 
2m Wo Jiv,, 
fon=—- acres (A.8) 
3 E,- Eo 


according to Eqs. (2.8) and (2.9). This sum rule usually 
applies to longitudinal external fields of finite wave- 
length. Because of the impurities, we are able to write 
Eq. (A.7) for the case of an applied field which is 
strictly uniform. 


APPENDIX B. VERTEX FUNCTION, 
EQUATION (3.19) 


When the many-body system is translationally in- 
variant, we may obtain the vertex function A in the 
following manner. We insert the external interaction J; 
into each line of the propagator S’ by writing 


L:(k, t,t) = (Wo| Tlax(Ii(C)ax'(O)}|Vo), (B.1) 
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so that: 


sae 


vaf dt’ £;(k,t,t’) expiwt expiv(t—t’) (B.2) 


~ de? 
= S’(k, w+v)A;(k,w,v)S’ (kw). 
The translational symmetry of the system implies that 


£;(k, t,t’) = (e/m)kS’ (k,t) 
= — (e/m)kS’ (k,t) 
= 0 otherwise. 


it>0; 
O>f># 


for 


for (B.3) 


If we substitute this expression for £ into Eq. (B.2), 
we find 
se 


— ~f af dt’ S’(k,t) expiwt expiv(t—?’) 
ves 


ooh af dt’ S’(k,t) expiwt expiv(i—t’) (B.4) 
baton 





ek; 
= ' rs" (k, w+yv)—S’'(k w) }. 
m 2niv 
Thus 
ek; 1 1 1 
A(k,w,v) = — ——_}| ———_--- —- 
m 2wivLS’(kw) S’(k,w+yv) 





(B.5) 


“| ee) 
: 


Equation (3.19) is obtained by letting v go to zero and 
choosing w= w,’. 

It is also of interest to consider the vertex function 
when J is defined to be 


m 


e 
J =\limJ ;(q)= lim— Dd (Rit} Gi) Ons g' ax. 
_ Tm 8 


(B.6) 


In this case we are concerned with only the localized 
part of the current fluctuation ; and Eq. (3.29) (involving 
the group velocity) is the correct form of the vertex func- 
tion. This result may be proved directly using tech- 
niques of the sort developed in this paper. It is relevant, 
for example, to the theory of anomalous skin effect. 
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The adiabatic elastic constants of indium have been measured in the temperature range 1.4° to 300°K, 
using the ultrasonic pulse technique. At 1.4°K no difference between the elastic constants in the super- 
conducting and normal states is observed to within the available accuracy of about 1 part in 10‘. The 
bearing of this observation on the recent calorimetric data for indium below 1°K is discussed. From the 
elastic constant data extrapolated to 0°K, the limiting value of the Debye temperature for indium is calcu 
lated to be 111.3°K, with an estimated uncertainty of 1%. An extremely large variation with temperature 


of the shear constant (¢1:—¢12)/2 is observed. 


I. INTRODUCTION 


HE single-crystal elastic constants of indium at 

room temperature have been measured by 
Winder and Smith! using the ultrasonic pulse technique. 
Heretofore, however, there existed no study of the 
temperature dependence of the elastic constants. A 
precise knowledge of this dependence is of interest in 
the theory of solids. In particular, the values of the 
elastic constants (extrapolated to 0°K) can be used to 
compute the limiting value of the Debye temperature’ 
and thence the lattice heat capacity at low tempera- 
tures. This is of particular interest in the case of 
indium, since recent calorimetric measurements by 
Bryant and Keesom’ have shown that, at any temper- 
ature below 0.5°K, the apparent lattice heat capacity 
in the superconducting state is significantly lower than 
that in the normal state. Such a difference might 
imply a corresponding change in the elastic constants 
of indium in going from the normal to the super- 
conducting state. 

This paper describes the measurement of the elastic 
constants of indium between 1.4° and 300°K. From 
the values in the normal state extrapolated to 0°K, 
the limiting value of the Debye temperature has been 
computed and found to agree with that obtained from 
the normal-state calorimetric data. No change is 
observed in the elastic constants at 1.4°K, on going 
from the normal to the superconducting state, greater 
than 1 part in 6X10*. It is concluded, therefore, that 
there is no significant difference between the lattice 
heat capacities, due to thermal excitation of phonons, 
of the normal and superconducting phases of indium. 
A possible resolution of the apparent conflict between 
this result and the calorimetric data is discussed. 

An unusually strong dependence of certain shear 
constants on temperature is observed. This behavior 
is in contrast to that of aluminum, which differs from 
indium only in its axial ratio. It is suggested that 
overlap electrons (and possibly holes) across certain 





1D. R. Winder and Charles S. Smith, J. Phys. Chem. Solids 
4, 128 (1958). 

2 For a review, see G. A. Alers and J. R. Neighbours, Revs. 
Modern Phys. 31, 675 (1959). 

3C. A. Bryant and P. H. Keesom, Phys. Rev. Letters 4, 460 
(1960). 


faces of the Brillouin zone for indium are responsible 
for this strong temperature dependence. 


II. EXPERIMENTAL DETAILS 


The starting material was indium obtained from the 
Indium Corporation of America. The only impurities 
as revealed by spectrophotometric analysis were 
0.0004% iron and 0.002% nickel. Cylindrical single 
crystals 2.5 cm in diameter and 10 cm in length were 
grown by a modified Bridgman technique in a tapered 
graphite crucible. Although indium has a very small 
coefficient of thermal expansion, possibly even negative, 
along the c axis, no difficulty was experienced in 
producing distortion-free single crystals. The crystals 
were oriented by the back-reflection Laue method, and 
suitably oriented specimens cut using an electric spark 
technique.* The cut surfaces of the resulting samples 
were free from damage, and only light lapping was 
necessary to produce opposite faces which were flat 
and parallel to within 0.0005 cm. 

To enable adequate cross checks on the elastic 
constants to be made, four crystals in all were used. 
The approximate propagation and polarization direc- 
tions, together with the corresponding velocities in 
terms of the elastic constants, are shown in Table I. 
Each of the actual directions is within one degree of 
that indicated, so that the misorientation correction 
to the transit time is negligible. It should be noted 
that the expressions for the quasi-longitudinal and 


TaBLE I. The approximate propagation and polarization 
directions, together with the corresponding pv* in terms of the 
elastic constants, where p=density, and v= velocity. 











Propagation Polarization 

Crystal direction direction pv? 
a (100) 100 cu 
010 cee 
[001 cu 
b (001) ; [o0o1) cu 
Transverse cu 

c [110] Longitudinal _ Cu’ = (11 +12 +2c08)/2 


Transverse [110] 
Longitudinal 

Transverse ee 
Transverse [011 


C’ =(c11 —c12)/2 


Ci" =(¢11 +083 +2013 +4044) /4 
cas COS +e Sin 
C" = (c11 +083 —2¢13)/4 


d In (100) plane, 
at an angle of 
6 =51.5° to 
[001 ) axis. 








‘B.S. Chandrasekhar, Rev. Sci. Instr. 32, 368 (1961). 


1011 














1012 BS. 3, 


TABLE II. Experimental results at 300°, 77°, and 4.2°K in terms 
of pv”, in units of 10" dyne cm. 








Temperature 
Crystal 300°K 77°K 4.2°K 
a 4.535 5.392 


1.210 1.684 
Cas 0.646 0.794 





Onn 
Ss 


~ 
om 
xu 


C33 4.515 
C4 0.655 


2 


5.162 
0.800 


~ 
x 


Non AS OO 


5.458 
0.258 


6.278 
0.748 


(C1 t+€12+2¢¢6)/2 
(€11—Ci2) é 


ue 
wtb 


4.982 
0.185 
0.989 


5.545 
0.333 
1.340 


(C11: +€33 +2013 +4044) /4 
(Cy: +33 — 2¢13) 4 
C44 COS7O+ Coe Sin’O 


rom On OM 


Nee 








quasi-transverse modes in crystal d are only approxi- 
mate; the error, however, is readily shown to be less 
than the experimental uncertainty in each case. 

The ultrasonic measurements were made in the 
temperature range from 1.4° to 300°K using an Aren- 
berg pulsed oscillator and wide-band amplifier in 
conjunction with a Tektronix oscilloscope. Ten-Mc/sec 
pulses of 1 usec duration were used, the reflected pulses 
being observed without rectification, to minimize transit 
time error. The details of the apparatus have been 
described in a previous paper.’ Glycerol was found to 
give satisfactory bonds for all propagation modes below 
room temperature. Salol was used to obtain the room 
temperature values of the constants. 

To detect any possible change in the elastic constants 
in going from the superconducting to the normal state, 
the sample was maintained at 1.4°K in zero magnetic 
field and a distant echo was observed on an expanded 


TABLE III. Elastic constants of indium at 300°, 77°, and 4.2°K, 
showing cross checks in the present work. The units are 10" dyne 
cm~, 











Value of the elastic constant 
77°K 4.2°K 
5 5.392+0.038 


Elastic 


constant Sample 








Yu 


5.162+0.036 


0.794 
0.800 
0.797 +0.006 


mn 
ee ee — eee) 
Sas eo > 
ex & 8 


ooo 


1.684 
1.683 
1.684+0.012 


3.846 
3.896 
3.871+0.038 


4.415 
4.611 
4.51320.045 


a 


_ ee 
S32 
aa 


Mean 


S 
z 


c(from Cr’ —C’) 
c(from C’) 
Mean 


4.146 
4.155 
4.151 


d(from Cz”"—C’’) 
d(from C’’) 
Mean 








* J. A. Rayne, Phys. Rev. 115, 63 (1959). 
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delayed sweep. A quenching field of about 800 gauss, 
which is more than twice the critical field at this 
temperature, was then applied. This field was produced 
by a solenoid immersed in the liquid nitrogen surround- 
ing the helium Dewar. Any resulting change in the 
transit time could then be measured to an accuracy of 
1 in 2X 10*, corresponding to a change in the associated 
elastic constant of 1 part in 10+. 

It is necessary to know the lattice constants of 
indium as a function of temperature in order to obtain 
the elastic constants from the measured sound velocities. 
The data of Graham ef a/.* were used in the temperature 
range 90-300°K, the values at lower temperatures being 
obtained by extrapolation. At 300°K, the density of 
indium calculated from their data is 7.2788 g cm-. 
The extrapolated density at 0°K is 7.4713 g cm™. 


III. RESULTS 


o 440 


Table II gives the experimental results at 300°, 77°, 
and 4.2°K in terms of pv”, p being the density of indium 
and v the velocity calculated from the observed transit 
time after correcting for the thermal expansion. The 
total error, arising mainly from the uncertainty in 
transit time determination and the possible effect of 
dislocations on the elastic constants, in each case is 
estimated to be less than 0.7%. From the data of 
Table II, the elastic constants and their associated 
errors have been computed and are shown in Table III. 
The values obtained from 300°K in the present work 
are compared with those of Winder and Smith! in 
Table IV. There is satisfactory agreement between the 
two sets of results. It should be noted that in the 
present work at least two sets of independent values 
for the constants C44, Css, C12, and ¢:3 have been obtained, 
and these agree to within the estimated error. Figures 
1(a) through 1(e) show the temperature dependence 
of each constant. As can be seen, the internal con- 
sistency of the data is considerably better than the 
quoted error. 

The measurements at 1.4°K showed no change 
greater than 1 part in 10‘ in any of the elastic constants 
on going from the superconducting to the normal state. 
While the sensitivity of the present measurements is 
insufficient to detect the much smaller changes in 
elastic constants predicted” thermodynamically,’ the 


TABLE IV. A comparison of the values for the elastic constants 
of indium at 300°K obtained in the present work with the room 
temperature values of Winder and Smith recalculated using 
p=7.28 g cm~. The units are 10" dyne cm~., 








Cu C33 Cas C66 Ci2 Ci3 





Present work 4.535 4.515 0.651 1.207 4.006 4.151 
Winder and Smith 444 4.43 0.653 1.22 3.94 4.04 








¢ J. Graham, A. Moore, and G. V. Raynor, J. Inst. Metals 84, 
86 (1955). 

7D. Shoenberg, 
Press, New York, 1952), p. 74. 
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absence of any change within the present limit of 
detectability is adequate for the discussion of the 


calorimetric data’ given in Sec. IV. 


IV. DISCUSSION 


A. Temperature Dependence of the 


Elastic Constants 


Figures 1(a) through 1(e) show that the temperature 
variation of all constants except C’=(¢i—¢i2)/2 is 
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Fic. 1. {a)-(e) Temperature variation of elastic constants ¢n, 


C33, Cas, Cos, ANA (Cy: —C12)/2, respectively, for indium. 


normal. The value C’ increases by a factor of three 
between 300°K and 4.2°K, in contrast to an increase 
of 10% in the case of aluminum, which is also trivalent 
and has almost the same crystal structure. A similar 
singularly large temperature dependence was observed 
for the shear constant C’”’= (¢,;-+¢33— 2c13)/4. It seems 
likely that this unusual behavior of indium is connected 
with the pockets of electrons in the third and possibly 
fourth Brillouin zones. A quantitative understanding 





es. § 





tad 
uw 


) 


id 


millijoule 


mole d 
nm 
oO 


6.-Gs 
T 











Fic. 2. Plot of (C—C,)/T versus T? for normal and super- 
conducting indium. The dashed lines are calculated from the 
elastic data extrapolated to 0°K 


of these effects, however, must await a precise determi- 
nation of the Fermi surface for indium. 


B. The Limiting Value of the Debye Temperature 
for Normal and Superconducting Indium 


Using the values of the elastic constants extrapolated 
to O°K, the Debye temperature 6) for indium was 
computed numerically by the method described in a 
previous paper.® The value so obtained is 


6o= 111.3°K, (1) 


with an estimated uncertainty of 1%. 
At sufficiently low temperatures, the heat capacity 
of superconducting indium can be expressed as 


C,=aT*+C,, (2) 


where the first term on the right is the lattice heat 
capacity and C, is the nuclear quadrupole heat capacity. 
Thus a plot of (C,—C,)/T versus T? should be a straight 
line through the origin. Such a plot obtained from the 
calorimetric data*® is shown in Fig. 2, together with a 
straight line through the origin drawn to give a slope 
corresponding to the value of Debye temperature 
obtained A parallel straight line has been 
drawn through the normal-state points. It can be seen 
that this latter line gives a good fit to the data below 
about 0.7°K ; the corresponding value of the coefficient 
of the electronic heat capacity is y=1.65 millijoule 

* J. A. Rayne and B. S. Chandrasekhar, Phys. Rev. 120, 1658 
1960). The summed terms in Eqs. (1) and (2) of this paper 
should be transferred to the denominators of the right-hand side. 


above. 
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mole deg~*. This figure is slightly different from the 
value of 1.61 mjoule mole deg? obtained by Bryant 
and Keesom'; the difference is presumably due to the 
difficulty of determining @ priori the temperature range 
over which the lattice heat capacity can be represented 
by a term cubic in the temperature. 

As can be seen from Fig. 2, the calorimetric data in 
the superconducting state for temperatures less than 
0.5°K lie considerably below the computed line. The 
discrepancy is well outside the combined experimental 
uncertainty for the calorimetric and elastic data, and 
must therefore be significant. In the present experiments 
it has been established that the superconducting-to- 
normal transition does not affect the dispersion relation 
for phonons having an effective temperature up to 
0.001°K (i.e., frequency of 10 Mc/sec). The measured 
specific heat, however, involves phonons of effective 
temperature of about 1°K. The dispersion relation for 
these phonons may be modified by their interaction 
with the electrons involving excitation of the latter 
across the energy gap.’ However, since the energy is of 
the order of 3.5&7., it is difficult to understand why 
the dispersion relation should be modified significantly 
for phonons of energy as low as 0.2&7,. An alternative 
suggestion’? is that the normal-to-superconducting 
transition produces a slight change in the entire phonon 
spectrum leading to a temperature-dependent zero- 
point energy in the superconducting state. Such an 
effect would significantly influence the measured heat 
capacity in the superconducting state, but not the 
elastic constants. 


V. CONCLUSION 


The adiabatic elastic constants of indium have been 
measured in the temperature range 1.4° to 300°K, 
From the elastic-constant data extrapolated to 0°K 
the limiting value of the Debye temperature for indium 
has been calculated to be 111.3°K with an estimated 
uncertainty of 1%. At 1.4°K no detectable difference 
between the elastic constants in the superconducting 
and normal states was observed. The bearing of this 
result on the recent calorimetric data on indium, which 
showed that the lattice heat capacity in the super- 
conducting state is less than that in the normal state, 
is discussed. 
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The role of four-magnon processes in relaxing the uniform precession, in relaxing magnons of nonzero wave 
vector in parallel pumping experiments, and in establishing thermal equilibrium is considered. It is shown 
that the effect of the exchange-induced four-magnon process should be observable in parallel pumping 
experiments, but it is found that the four-magnon processes arising from dipole, cubic anisotropy, and 


exchange coupling are not very effective in relaxing 
processes are important in the later stages of the 
established. 


INTRODUCTION 


N the first paper' of this series, a scheme was proposed 
for the relaxation process accompanying excitation 
of uniform precession magnons in a ferromagnetic 
resonance experiment, with particular reference to 
highly pure yttrium iron garnet (YIG). The linewidth 
and relaxation time of the total z component of magneti- 
zation calculated in I were in reasonable agreement with 
experiment. There remain the problems of explaining 
the direct relaxation of the uniform precession to modes 
other. than the degenerate spectrum and of considering 
the later stages of relaxation scheme. 

Kasuya and LeCraw” have recently estimated relaxa- 
tion frequencies for a number of processes which 
directly relax the uniform precession. They suggest that 
the relaxation frequency calculated for the three- 
magnon process and the two-magnon-one-phonon 
process, both arising from the uniaxial anisotropy 
Hamiltonian, could explain the experimental results. 
The ferrimagnetic nature of YIG is considered in their 
estimates. 

In an earlier paper’ Kasuya gave a qualitative treat- 
ment of four-magnon dipole and pseudodipole processes. 
Morkowski,‘ using the Dyson treatment of spin waves, 
calculated the relaxation frequency for the uniform 
precession for the four-magnon pseudodipole process. 
He found that the relaxation frequency varies as 7* 
rather than 7? as found by Kasuya. However, there is 
a slight error in one of Morkowski’s final integrations 
and, indeed, the correct temperature dependence of his 
result is 7?. Several workers® have considered the role 
of four-magnon processes in establishing thermal equi- 
librium in the spin system. 


* Supported in part by the National Science Foundation. 

1M. Sparks, R. Loudon, and C. Kittel, Phys. Rev. 122, 791 
(1961), hereafter referred to as I. 

2T. Kasuya and R. C. LeCraw, Phys. Rev. Letters 6, 223 
(1961). 

§ Tadao Kasuya, Progr. Theoret. Phys. (Kyoto) 12, 802 (1954). 

4 Janusz Morkowski, Acta Phys. Polon. 19, 3 (1960). 

5 See the review paper by A. I. Akhiezer, V. G. Bar’yakhtar, 
and M. T. Kaganov, Soviet Phys.—Uspekhi 3, 661 (1961) 


the uniform precession. Both three- and four-magnon 
relaxation scheme by which thermal equilibrium is 


In the present paper we first report the results of 
calculations of the relaxation frequency of the uniform 
precession directly by four-magnon processes. It is 
found that four-magnon processes are not very effective 
in relaxing the uniform precession. We then consider 
the relaxation of magnons of nonzero wave vector by 
four-magnon exchange processes. It is shown that the 
effect of the four-magnon process should be experimen- 
tally observable in parallel pumping experiments.** 
The final the relaxation which 
establish thermal equilibrium are then discussed very 
briefly. 


stages of processes 


DIRECT RELAXATION OF UNIFORM PRECESSION BY 
FOUR-MAGNON PROCESSES 


In modulation experiments’ and in parallel pumping 
experiments!’ by LeCraw, Fletcher, and Spencer, the 
direct relaxation of the uniform precession to modes 
other than the degenerate spectrum was measured. In 
reference 2 the following properties of this direct- 
relaxation frequency 1/7 are reported: (1) The magni- 
tude of 1/7; is 4X 10° sec”! at room temperature and 
a frequency of 9.34 kMc/sec. (2) In the range 150°K to 
400°K, 1/To is proportional to 7" with 1<n2, the 
larger values of » corresponding to the higher tempera- 
tures. (3) At room temperature 1/7» is proportional to 
frequency for v23 kMc/sec and is inversely propor- 
tional to the saturation magnetization. (4) Finally, the 
modulation experiments indicate that the z component 
of the total magnetization is relaxed in the direct 
processes. 

®F. R. Morgenthaler, J. Appl. Phys. 31, 95S (1960) and 
Doctoral Thesis Proposal, Massachusetts Institute of Technology 
(1959), unpublished. 

7M. I. Kaganov and V. M. Tuskernik, Soviet Phys. 
823 (1959); 37, 582 (1960). 

8 E. Schlémann, J. J. Green, and U. Milano; J. Appl. Phys. 31, 
386S (1960). 

®R. C. Fletcher, R. C. LeCraw, and E. G. Spencer, Phys. Rev 
117, 955 (1960). 

‘© These parallel pumping experiments are discussed briefly in 
reference 2 and will be discussed in detail in a paper in preparation 
by R. C. LeCraw. 
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For the direct relaxation of the uniform precession, 
the four-magnon processes which we treat are, first, the 
three-in and one-out process which arises from the 
dipole interaction; second, the two-in and two-out 
dipole process; and third and fourth, the two-in and 
two-out and three-in and one-out processes, respectively 
arising from the cubic anisotropy Hamiltonian. The 
three-in and one-out process relaxes M,, the z com- 
ponent of magnetization, as required to explain (4) 
above. The two-in and two-out process does not relax 
M, directly ; however, if the output magnons from this 
process relax very rapidly by a process which relaxes 
M,, and this is probably the case, the net effect of the 
two processes is a relaxation of M, in a time determined 
by the two-in and two-out process. The exchange inter- 
action cannot relax the uniform precession, since the 
exchange Hamiltonian commutes with the total 
magnetization or with M,, and at least one of these 
changes in any process which relaxes the uniform 
precession. 


DIPOLE RELAXATION 


We consider first the three-in and one-out process. 
On transforming the dipole Hamiltonian to magnon 
creation and destruction operators" at and @ by the 
standard method, we find for the three-in and one-out 
term 

Heiz= Dd DY’ Crwear'a,a,'a.'+c.c., (1) 


pro A 


where c.c. denotes Hermitian conjugate, the prime on 
the summation signifies omit k,=0, and 


Cypve= — (2my?/V)(ky*/ky)?A (Ky +k, +k,—k,). 


The notation is the same as that used in I. 

In a rather long calculation, using the standard transi- 
tion probability method, we find for the contribution 
1/T3_; to 1/T5 


1/T3_1= (28yu*/15ahD*) (kpT)?, (2) 


where uw is the Bohr magneton and D defines the high- 
frequency dispersion relation tw=Dk*. Taking” 
D=9X10-* erg cm? and T= 300°K, we get 


1/T31=1.0 10" sec. (3) 


Similarly, we find that the relaxation frequency for 
the two-in and two-out dipole process has the same 
dependence on temperature, frequency, and saturation 
magnetization and is of the same order of magnitude 
as (2). Thus the total contribution of the four-magnon 
dipole processes to the relaxation frequency is of the 
order of two times the value of 1/731 given by (2). 
This value is three orders of magnitude smaller than the 
observed value of relaxation frequency and does not 
have the observed dependence on frequency or on 


" T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
2 E. H. Turner, Phys. Rev. Letters 5, 100 (1960). 
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saturation magnetization. Thus, we conclude that the 
four-magnon dipole processes are not effective in 
relaxing the uniform precession. 


ANISOTROPY RELAXATION 


We now consider the contribution to four-magnon 
relaxation of the uniform mode arising from the 
magnetocrystalline anisotropy energy. Since the average 
environment of the Fe** ions in YIG has cubic sym- 
metry, there is a term in the spin Hamiltonian of the 
form 

KHa=K Dii(Sqit + Sy4+-S;,4), 

where », £, and é are the cubic crystal axes. The anisot- 
ropy constant K is determined from Rodrigue et al.¥ 
to be about 1.8 10-* cm“ for YIG when treated as a 
ferromagnet. Kasuya and LeCraw? consider the more 
detailed uniaxial surroundings of the Fe** ions by using 
a two-sublattice model. Then, each sublattice has 
uniaxial terms in its Hamiltonian of the form ES,? 
which tend to cant the individual spins. From this 
larger interaction, E~10~' cm, arises the three-magnon 
terms calculated by Kasuya and LeCraw. When de- 
scribing YIG by one sublattice, these uniaxial terms 
average to a constant. 

In the usual way, we expand 3, in creation and 
annihilation operators. If we let a,, a;, a; be the direction 
cosines of the magnetization with respect to the crystal 
axes, the four-magnon part of 3C, which relaxes S* is 


KS* 
He» =—[45 (a!+a;!+a;*) — 27 | 
IN 


" xX > ajta,'a,a,A(k,+k,—k,—k,). 
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A transition-probability calculation gives for this process 
1/T2(KSV/2xN)* (keT)?/4ehD* | 
[45 (as'ta;*+a;'— 277, (4) 


J 


where V is the volume of the sample. For YIG, 
N/V =0.6X 10"/cm’, K=1.8X10 cm™', S=5/2, 
D=9X10-* erg cm*. Then at 300°K, along the easy 
[111] axis, 722 is about 10° sec~', still an order of 
magnitude smaller than the total experimental value. 
When the sample is not magnetized along a symmetry 
axis, the cubic anisotropy also gives rise to three-one 
processes, which relax M, directly. In a similar way this 
relaxation rate 7;_;~' may be calculated to give 


1/TsrS(A7KS*V/2xrN)? 
X[(keT)?/8ahD* [1+ (a,'+a;*+a;") 
—2(a,'+a;'+a;")—12a,7a;7a; ]. (5) 


Note that 7;_,;-' vanishes along the easy [111] axis. 
Along other directions 73; is of the same order of 
magnitude as 7,2. Thus, we conclude that four-magnon 


3G. P. Rodrigue, H. Meyer, and R. V. Jones, Suppl. J. App! 
Phys. 31, 376S (1960). 
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anisotropy relaxation is not sufficiently rapid to make 
a major contribution to the total relaxation rate. 


RELAXATION OF MAGNONS WITH LARGE WAVE 
VECTOR BY FOUR-MAGNON EXCHANGE 
PROCESS 


In I the relaxation frequency of magnons as a function 
of wave-vector amplitude & was calculated for three- 
magnon dipolar processes. For the confluence process, 
in which two magnons are destroyed and one is created, 
the relaxation frequency was found to be proportional 
to k for small & and inversely proportional to & for large 
k, with a maximum between these two regions. The 
splitting process, in which the input magnon splits into 
two magnons, relaxes only magnons with wave ampli- 
tude greater than the threshold value kyg= (2hw9/D)!'. 
For values of wave vector slightly greater than this 
threshold, the relaxation frequency increases rapidly 
from zero as A increases; for further increase in k& the 
relaxation frequency goes through a maximum, and for 
large k is proportional to k~' logk. The relaxation fre- 
quency is linear in temperature for both the splitting 
and confluence processes. Figure 1 of I represents these 
results, which are valid in the high-field, high-tempera- 
ture limit. 

We now consider the effect of the four-magnon 
exchange process on the magnon relaxation frequency, 
comparing the result with the three-magnon results. 
Dyson’s!* four-magnon exchange result may be written 
in terms of a relaxation frequency 


(1/T1x)ae=[2¢(3)D/h](u/M.)?(keT/4eD)'3, (6) 


where ¢(3) is the Reimann zeta function of argument 3. 
With D=9X 10 erg cm? and M,= 140 gauss at 300°K, 
this reduces to the convenient form 


(1/Ti4)4e= 1.6K 107M, (300)/M,(T) 
X (k/10°)*(7./300)! sec. (7) 


Comparing this result with the three-magnon results 
described above, it is seen that the four-magnon ex- 
change relaxation frequency increases more rapidly with 
increasing & than that of the three-magnon process and 
also increases more rapidly with temperature than the 
three-magnon process. Thus the four-magnon process 
becomes important for some large value of k, this value 
of & being a function of temperature and of the applied 
magnetic field. Let us now examine this relative 
importance of the three- and four-magnon processes by 
comparing (7) with the three-magnon results (3.7) and 
(C.7) of I. First, for w= 2w,/3, where wo is the applied 
magnetic field in frequency units, and w,=4iryM,, and 
T=300°K, the two contributions to the relaxation 
frequency are equal when k=7X10° cm“, and the 
threshold wave vector for the splitting process is also 
at ki=7X10° cm™. Thus the k dependence of the 
relaxation frequency should be the following: The 


‘4 Freeman J. Dyson, Phys. Rev. 102, 1217 (1956). 
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three-magnon confluence process is dominant at low 
values of k, giving a linear k dependence as & increases 
from zero, then for larger values of & there is a bending 
down of the relaxation frequency toward the & axis. 
This behavior has been verified in parallel pumping 
experiments by one of us (R. C. L.). Before the relaxa- 
tion frequency goes through the maximum, the four- 
magnon contribution becomes large enough to cause a 
bending up of the curve away from the & axis. 

It is unlikely that the sharp rise in relaxation fre- 
quency at k= kg due to the onset of the splitting process 
will be observable in the presence of the four-magnon 
process at room temperature. In order to observe this 
sharp increase, the temperature must be lowered below 
room temperature to reduce the contribution from the 
four-magnon exchange process. We estimate the re- 
quired temperature by calculating the temperature at 
which (1/7},)s- equals one-fourth the confluence value 
for k=k.a. In order to put the microwave pump fre- 
quency within the experimentally available range, we 
again take wo=2w,/3. Lower applied fields should be 
avoided in this experiment, for correction associated 
with the noncircular precession of the spins must then 
be applied. With k= k,g the microwave pump frequency 
2(Dk?+hw,) is 30 kMc/sec, a reasonable value. 
From (7) above and (37) of I with k= kya, we find that 
(1/Tix)4e equals one-fourth the confluence value for 
T= 120°K;; the effect of the splitting process should be 
easily observable at this temperature. 


) 
Wpump 


ESTABLISHING A SPIN TEMPERATURE 


In I a complete scheme of relaxing the magnetization 
in low-temperature resonance experiments was pro- 
posed. The uniform precession mixes with the de- 
generate S through the dipole depolarization field of 
small pits left on the surface of the sample by the 
polishing process. The relaxation frequency for this 
process determines the resonance linewidth. The S 
magnons are relaxed by the three-magnon dipole process 
in a time which governs the rate of relaxation of M,. 
The output magnons of this Raman process, which we 
call subthermal magnons, then relax by additional 
three-magnon processes on four-magnon processes, the 
relative importance of the two processes depending on 
the temperature. The output magnons of these processes 
relax in turn by three- and four-magnon processes, etc., 
until thermal equilibrium is established in the spin 
system. The spin temperature will be somewhat higher 
than the lattice temperature, the temperature difference 
depending on the speed of the magnon-photon processes. 

In I the relaxation frequencies of the first two proc- 
esses in this sequence were calculated and found to be 
in reasonable agreement with experimental linewidth 
and M, time. One of us (M. S.) has considered!* the 

15 See Fig. 1 of reference 2. 

16M. Sparks, Doctoral thesis, University of California, 1961 
(unpublished) 
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subsequent processes which are dominant in establishing 
a spin temperature. It is shown that in the YIG 
resonance-modulation experiments,’ the subthermal 
magnons are relaxed more effectively by the four- 
magnon exchange process than by the three-magnon 
processes for temperatures above ~50°K. In general, 
both the three-magnon dipole and the four-magnon 
exchange processes are important in the subsequent 
processes leading to a spin temperature. Finally, it is 
shown that these three- and four-magnon processes are 
more effective than the two-magnon-one-phonon proc- 
esses, induced by magnetoelastic and exchange inter- 
actions, in relaxing all magnons which are important in 
the resonance experiments. These important magnons 
include the S magnons, the subthermal magnons, and 
the thermal magnons. This justifies the assumption 


SPARKS, 
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made** in magnon-phonon calculations that a spin 
temperature exists. The calculations’ of a magnon- 
magnon relaxation frequency averaged over all magnons 
to justify the assumption of a spin temperature is not 
sufficient for the relaxation scheme proposed in I. 
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Measurements on evaporated thin films of superconductors provide a powerful technique for studying 
stress effects on the superconductivity transition. Utilization of the differential thermal expansion of film 
and substrate by suitable choice of substrate and substrate temperature during evaporation provides a 
convenient way for controlling the stress in the films. In this manner, uniform tensile and compressive 
stresses of substantial magnitude can be obtained and are tolerable because of the great strength of thin 
films. To illustrate how this technique can be used, studies are shown of similarity effects in indium films 
under the influence of biaxial stress and a generalization of the usual similarity relations is suggested 


T is the purpose of this paper to suggest that studies 
of evaporated thin films of superconductors provide 

a powerful technique for studying stress effects on the 
superconductivity transition. Utilization of the differ- 
ential thermal expansion of film and substrate by 
suitable choice of substrate and substrate temperature 


In 57 In 58 


fused quartz 


Substrate high-expansion glass 


Thickness 1253 A 1225 A 
Residual resistivity 0.492 wohm-cm_ 0.473 wohm-cm 
Critical temperature 3.473°K 3.437°K 
Critical field at 0°K 836 oersted 840 oe 
Tensile stress at 4°K 2.3% 10° atm 1.0 10? atm 
H.(¢,0)/T, 240.7 oe /°K 244.3 oe/°K 
Bulk critical field* 285.7 oe 285.7 oe 
Zero-stress critical 

temperature* 3,408°K 3.408°K 
Ratio of weak-field 

penetration depth at 

0°K to film thickness 0.600 0.605 


*R. W. Shaw, D. FE. Mapother, and D. C. Hopkins, Phys. Rev. 120, 88 
1960 


during evaporation provides a convenient way for 
controlling the stress in the films. In this manner, 
uniform tensile and compressive stresses of substantia] 
magnitude can be obtained and are tolerable because 
of the great strength of thin films.! 

To illustrate how this technique can be used, studies 
are shown of similarity effects in indium films under 
the influence of biaxial stress and a generalization of 
the usual similarity relations is suggested. 

Upon the application of hydrostatic pressures to bulk 
superconducting samples, in general, similarity is not 
obeyed. The term similarity usually implies the validity 
of two independent conditions?: 


H.(X,t)/H.(X,0)= f(0), (1) 
and 


H.(X,0)/T.(X)=const, (2) 


where H, is the critical magnetic field, 7, is the critical 
temperature, ¢ is the reduced temperature, 7/7., and 
X is an independent variable such as pressure, or 


‘A. M. Toxen, Phys. Rev. 123, 442 (1961 
? M. Garfinkel and D. E. Mapother, Phys. Rev. 122, 459 (1961 











STRESS 


3.35 340 345 
or “ T 











ayer T1100 
+ In 57 
° In 58 

480 
z 3 
Q . 
— 800} 460 2 
a $ 
° 2 2 
° w 
rs ra 
we a 
a = 
az 700+ 440 2 
2 + = 
a = 
=z rs) 

rs) *; 
= 
600 } | 420 
— oe ae | 4 ° 








" Sccall a | 
1.2 L4 L6 \8 20 22 
TEMPERATURE (°K) 


Fic. 1. Variation of critical magnetic field with 
absolute temperature. 


isotopic mass, for which the concept was introduced.** 
Measurements by Muench® indicate that under the 
influence of hydrostatic pressure, tin satisfies similarity 
conditions (1) and (2), while indium satisfies (1) but 
not (2). More recent measurements by Swenson and 
co-workers® indicate that tin satisfies similarity con- 
dition (2), but not (1). Clearly, agreement or disagree- 
ment with similarity conditions (1) and (2) depends 
upon experimental precision and must be stated quanti- 
tatively. Measurements by Garfinkel and Mapother? 
of the influence of hydrostatic pressure upon the 
critical field of lead indicate that, just as in the case of 
indium, condition (1) is satisfied, while condition (2) 
is not. 

The measurements we have made indicate that the 
critical fields of evaporated indium films under the 
influence of tensile stress, like those of bulk samples 
subjected to hydrostatic stresses, obey condition (1), 
but do not obey condition (2). This similarity between 
film and bulk material is particularly noteworthy in 
view of the fact that the critical fields of the films are 
three times greater than the bulk value because of 
size effects.' 

Two indium films, In 57 and In 58, were evaporated 
simultaneously onto substrates of fused quartz and 

3 J. M. Lock, A. B. Pippard, and D. Shoenberg, Proc. Cambridge 
Phil. Soc. 47, 811 (1951). 

*R. W. Shaw, D. E. Mapother, and D. C. Hopkins, Phys. Re 
121, 86 (1961). 

5 N. L. Muench, Phys. Rev. 99, 1814 (1955). 


®C, A. Swenson, IBM Superconductivity Conference (unpub- 
blished) 
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high-expansion glass, respectively, which were at a 
temperature of about 80°K. After evaporation, the 
films were annealed at room temperature for about a 
day and then their superconducting properties were 
measured. Some of the results are shown in Table I. 
The experimental details have been described elsewhere.', 

Because the coefficient of expansion of indium is 
greater than that of either substrate material, when the 
films and substrates are cooled from 300°K to helium 
temperatures, the films are in a state of tensile stress, 
which is consistent with the observed increase in 7, 
over the bulk value (67, is positive for tensile stresses’). 
In fact, for In 57, the film on the fused quartz substrate, 
it is believed that the stress present in the film is the 
yield stress. Because the coefficient of expansion of the 
glass substrate is greater than that of the fused quartz 
and more nearly matches that of the indium, one would 
expect the tensile stress in In 58 at helium temperatures 
to be lower than that of In 57, which agrees with the 
observation that the critical temperature of In 58 is 
closer to the bulk value than that of In 57. 

In Fig. 1 are shown the critical field curves for In 57 
and In 58 plotted as a function of absolute temperature. 
In Fig. 2 the critical fields are plotted as a function of 
reduced temperature ¢. The actual critical fields of the 
two specimens at the same reduced temperature agree 
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7H. Rohrer, Phil. Mag. 4, 1207 (1959). 
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within about 0.5%, and the reduced fields, H(t)/H.(0) 
agree within 0.2%. Hence it follows that the films 
deviate from similarity condition (1) by less than 0.2%, 
which falls within experimental error. However, from 
Fig. 1 (lower curves), one can see that similarity 
condition (2) is not satisfied. The H.(T) curves for 
In 57 and In 58 actually cross, and the quantity 
H.(¢,0)/T, is 240.7 oe/°K for In 57 and 244.3 oe/°K 
for In 58, a difference of (1.5+0.2)%. 

If one makes the assumption that the deviations of 
the film critical temperatures from that of bulk are 
entirely the result of tensile stresses in the films, one 
can calculate the tensile stresses. (This assumption is 


discussed in reference 1.) The change in critical temper- , 


ature with applied uniaxial stress can be related to the 
change in critical field with stress and the change in 
critical field with temperature, i.e., 


oT. ( =) / ( —) 
filed 0c JT. oT /7, 


(4.0X 10-* cos? @+0.2X10~* sin? 6)°K/atm, (3) 
where @ is the angle which the uniaxial stress o makes 
with the tetragonal axis. In Eq. (3), 0H./d0 was 
obtained from the measurements of Rohrer,’ and 
0H./8T was taken to be 156 oersted/°K (see for 
example Reeber*). The convention followed in Eq. (3) 
is that tensile stresses are positive in sign so that 7, is 
raised by tensile stresses. Since the indium films are 
highly oriented, with the (111) planes parallel to the 
substrates,® the expected change in critical temperature 
is just given by” 


OT ./d0=2.8X 10-5 °K /atm. 


8M. D. Reeber, Phys. Rev. 117, 1476 (1960). 

*M. G. Miksic (private communication) 

Since indium has a tetragonal structure with an axial ratio, 
c/a, equal to 1.082 at helium temperatures [J. Graham, A. Moore, 
and G. V. Raynor, J. Inst. Metals 84, 86 (1955) ], the biaxial 
stress in the plane of the film can be resolved into two independent 
uniaxial stresses making angles of 90°, and 37° 22’, respectively, 
with the c axes of the indium grains. 


(4) 


TOXEN 


Under the assumption that the observed shift in 7, 
from the bulk value is all due to stress, it follows from 
Eq. (4) that the stress in In 57 at helium temperatures 
is 2.3X10° atm; similarly, the stress in In 58 is 
1.0X 10° atm. Therefore, the difference in stress in the 
films is 1.3 10° atm. One can obtain some idea of how 
strong thin films are by comparing the above stresses to 
the tensile yield stress of bulk indium at helium tempera- 
tures, which is approximately 10 atm." Thus a 1200 A 
indium film will withstand a tensile stress 230 times 
greater than the bulk yield stress. Similar effects are 
observed in thin tin films.” 

Calculations of penetration depth from the critical 
field data! of In 57 and In 58 indicate that, within 
experimental error, the two films have the same ratio 
of penetration depth to film thickness, do/d, at every 
temperature. The values of this parameter extrapo- 
lated to 0°K are shown in Table I. 

The results of this experiment suggest that similarity 
condition (1) can be generalized to hold for super- 
conductors whose critical fields depend upon an addi- 
tional parameter such as the penetration depth. In 
the case of thin films, this might be 


Hf (5o/d,o;,t)/ Ho! (60/d,o;) = f (60/d,t), (5) 
where H,/ is the film critical field, Ho’ is the value of 
the critical field at O°K, o;(i=1, ---,6) are an arbi- 
trary set of stresses, 59/d is the ratio of penetration 
depth to thickness, and where the function f is inde- 
pendent of the applied stresses. 
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Critical Percolation Probabilities (Site Problem) 
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Monte Carlo estimates of the critical percolation probabilities for the “site problem’ are presented for 
a number of two- and three-dimensional crystal lattices. The connection with the critical concentration 
of magnetic elements of certain models of random (magnetically dilute) ferromagnetic crystals is noted. 


N a previous publication,' we defined two percolation 

problems of physical interest, the “bond problem” 
and the “site problem,” and gave numerical estimates 
of the critical probability for the “bond problem” 
p-(B) for a number of two- and three-dimensional 
crystal lattices. Here we shall present numerical esti- 
mates of the critical probability for the “site problem” 
p-(S) for the same crystal lattices as used in the 
previous study.! We shall display our results in Table I 
in a form convenient for comparison with estimates of 
p-(S) obtained from series expansions for the mean 
cluster size.2~* The probability p.(S) is the limiting 
concentration of magnetic elements, in a random 
(magnetically dilute) Heisenberg or Ising model of a 
ferromagnetic crystal, below which there is no Curie 
temperature.*'* 

A modification of the previously used! Monte Carlo 
procedure, adapted for an IBM 7090 computer, was 
developed for numerically estimating the p.(S). We 
present in Table I the mean critical probabilities in 
100 runs in which finally .V vertices are “wetted” by 
the percolating “fluid.” In this study JN is either 1000 
or 2000. For the three three-dimensional lattices for 
which the coordination number z exceeded 4, the 
storage capacity was quickly exceeded above V= 1000 
and thus we are unable to give results in these cases 
for V= 2000. The average machine computation time 
per run is about 0.006 hr if V=2000. The value of ?, 
shown in Table I (plus or minus the standard deviation) 
is the sample mean for those runs in which a higher p 
was required to “wet” 2000 or 1000 vertices than to 
“wet”? 100 vertices. 

We note first that in those cases for which Monte 
Carlo estimates are available for both V=1000 and 
N= 2000 vertices “wetted” that these agree well within 
the standard deviation for the mean. From Fig. 1 we 
see that if p(S,z) represents the expected probability 
of site occupation at which m vertices have been 
“wetted” then p(S,n) appears to approach #,(S) 


'V. A. Vyssotsky, S. B. Gordon, H. L. 
Hammersley, Phys. Rev. 123, 1566 (1961). 

2C. Domb and M. F. Sykes, Phys. Rev. 122, 77 (1961). 

*R. J. Elliott, B. R. Heap, D. J. Morgan, and G. S. Rushbrooke, 
Phys. Rev. Letters 5, 366 (1960). 

*G. S. Rushbrooke and D. J. Morgan, Mol. Phys. 4, 1 (1961). 
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exponentially with ». This is similar to the behavior 
of the numerical results for the ‘bond problem.” Both 
the agreement in the entries of Table I and the form 
of the curves of Fig. 1 suggest that some confidence 
can be placed in the accuracy of the estimate of the 
mean critical probability on “wetting” only 1000 
vertices. - 

A number of tests of the self-consistency of the 
numerical data, suggested by theory, can be applied: 
(1) In all instances p.(S)>p.(B); it is known that 
p-(S)>p-(B).® (2) In accord with theory® p,(S) for 
the plane square lattice is larger than (or equal to) 3. 
(3) In accord with theory® the sum of #,(S) for the 
plane hexagonal and triangular lattices is larger than 
(or equal to) 1. 

The Monte Carlo estimates of p,.(S) and the esti- 
mates obtained by Domb and Sykes? and Rushbrooke 
and Morgan‘ (at least for the three-dimensional lattices) 
agree fairly satisfactorily, although the former are 
uniformly about 5-10% higher than the latter. We 
note again that p,(S), like p,.(B),! in all cases listed in 
Table I appears to be little affected by differences of 
lattice type if the number of dimensions and coordi- 
nation number are the same. The probabilities p,(5), 
like p.(B),' increase with decreasing z, for fixed d, in 
all cases cited in Table I. This increase of the critical 
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Fic. 1. Plot of »(S,m) vs m for the simple cubic and tetrahedral 
lattices. Other lattice structures give a curve analogous to these. 





5 J. M. Hammersley, J. Math. Phys. 2, 728 (1961). 
6M. E. Fisher, J. Math. Phys. 2, 620 (1961). 
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~ 0.48740,021 


0.575+0.017 
0.683+0.020 


0.493+0.018 
0.581+0.015 
0.688+0.017 


0.36 
0.48 
0.49 
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TABLE I. Critical probabilities (with d number of dimensions and z the coordination number of the lattice). 


pe(S) 


(ref. 4) 


0.48 


Pp 
N=2000 
(ref. 1) 
0.341+0.011 
0.493+0.013 
0.640+0.018 


hep 

Ice 

Simple cubic 
Tetrahedral 

Ice (quartz 


0.204+0.008 
0.199+0.008 
0.325+0.023 
0.434+0.013 
0.432+0.013 
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0.436+0.012 
0.433+0.011 


0.124+0.005 
0.18 0.125+0.005 
0.28 0.254+0.013 
tee 0.390+0.011 
0.388+0.010 





probability with decreasing z is less rapid for the “‘site 
problem” than for the “bond problem.” A number of 
simple algebraic relations between p.(S), 2, and d can 
be found which reproduce about equally satisfactorily 
the numerical data in Table I. However, unless the 
class of lattices under consideration is restricted (e.g., 
to regular tessellation lattices), counterexamples to the 
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Fic. 2. Plane lattice with z=3. This lattice has values of p.(S) 
and »-(B) different from the values for the plane hexagonal 
lattice. 


simplest such relations are easily obtained. For ex- 
ample, if we let denote p,(.S) for the plane hexagonal 
lattice, and let p denote p,(S) for the lattice of Fig. 2, 
it is easily seen that 


p<pli—(i—p)*], 


so p<, although both lattices have z=3. Likewise, if 
p’ and p’ stand for .(B) for the plane hexagonal 
lattice and the lattice of Fig. 2, 
clearly 


respectively, then 
p'<B", 


so again p’<p’. Gilbert has constructed plane lattices 
with z=3 which have similar properties, and, in 
addition, have both point symmetry and line symmetry. 

As an internal check on the consistency of the 
computer programs, p.(S) and .(B) were computed 
for a square lattice with all bonds doubled. Doubling 
the bonds should leave p.(.S) unaltered, while substi- 
tuting 1—[1—p.(B) }} for ~.(B). Hence the results for 
the usual square lattice lead us to expect values for the 
square lattice with doubled bonds of about 0.575 for 
p-(S) and 0.288 for p.(B). The values actually deter- 
mined by the computer programs are 0.580+-0.016 
and 0.287+0.009. 
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A calculation of the spin-lattice relaxation rate is made for conditions appropriate to certain organic free 
radicals with exchange-narrowed paramagnetic resonance lines, at temperatures well above the Néel temper 
ature. The relaxation is supposed to be a two-step process: 1. Energy is transferred from the “Zeeman” 
system to the “exchange’’ system by spin-spin relaxation. 2. The energy is then transferred from the “ex- 
change” system to the lattice. It is the rate of energy transfer in the latter process which is here computed, 
assuming that the exchange-lattice coupling is due to (a) the variation of exchange energy when the distance 
between two adjacent spins is changed or (b) the corresponding variation of magnetic dipolar energy. The 
calculation shows that in the case of diphenyl picry! hydrazyl (DPPH) and bisdiphenylene pheny] allyl 
(BDPA) the exchange-lattice relaxation rate above liquid nitrogen temperatures is rapid enough (under the 
usual experimental conditions) to make the experimental spin-“lattice” relaxation time equal to the Zeeman- 
exchange relaxation time and hence temperature independent, as experimentally observed. 


I. INTRODUCTION 


LOEMBERGEN and Wang! measured the spin- 
lattice relaxation time 7 in the organic free radical 
diphenyl] picryl hydrazyl (DPPH) at a frequency of 10 
kMc/sec and at two temperatures, 77° and 300°K. 
They explained the equality of 7, at these two tempera- 
tures by suggesting that the spin system and lattice may 
be regarded as three heat reservoirs (see Fig. 1).? 
Microwave power is put into the Zeeman system; the 
experimentally observed 7) is the time required for this 
energy to be dissipated in the exchange system. The 
Zeeman system is supposed to be weakly coupled to the 
lattice and the exchange system (relatively) strongly 
coupled. The Zeeman-exchange relaxation, being a spin- 
spin relaxation effect, should give a temperature inde- 
pendent relaxation time for temperatures well above the 
Néel temperature of the material—about 1°K in the 
case of DPPH. A similar equality of 7; at 77° and 
300°K has been observed in bisdiphenylene pheny] allyl 
(BDPA).3 
The Zeeman-exchange relaxation time depends on the 
magnitude of the dipolar and exchange energies; a 
calculation using reasonable estimates of these quanti- 
ties agrees in order of magnitude with the experimental 
T,; in DPPH and BDPA. But the question of how 
energy is transferred from the exchange system to the 
lattice does not seem to have been carefully investi- 
gated. One possibility is that a change in the exchange 
integral when the distance between adjacent spins is 
altered provides an exchange-lattice coupling. This 
mechanism is treated in some detail in Secs. IV to VI 
below. Bloembergen and Wang' suggested that the same 
dipolar interaction which connects Zeeman and ex- 


* Supported by the Air Force Office of Scientific Research. 

+ National Science Foundation Graduate Fellow. 

! N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 

? For a further discussion of the three-reservoir model, see J. H. 
Van Vleck, Nuovo cimento Suppl. 6, 1081 (1957). 

3 J. P. Goldsborough, M. Mandel, and G. E. Pake, Phys. Rev. 
Letters 4, 13 (1960). M. Mandel (private communication) states 
that the values given in Table I of this reference are for measure 
ments at 10 kMc/sec, not 24 kMc/sec. 

‘G. E. Pake (private communication). 


change systems may also serve to connect the exchange 
with the lattice. This mechanism is considered in Sec. 
VII. Comparison with the results of published experi- 
mental 7; measurements is found in Sec. VIII. The 
entire calculation is restricted to temperatures well 
above the Néel temperature of the free radical in 
question. 


II. ENERGY TRANSFER BETWEEN RESERVOIRS 
Referring to Fig. 1, assume the Zeeman, exchange, 
and lattice systems are individually in approximate 
thermal equilibrium at the temperatures T,, Tz, and 7, 
respectively. Let FE, and £, be the Zeeman and exchange 
energies, respectively, which are given in the high- 
temperature limit for spin 3 by 
E,=const—a/kT,, 
E.=const—b/kT «, 
a=4N (g8H)*, 
b=§NZS’, 


(1) 


where V is the number of spins in the crystal, g the 
electron g factor (very nearly isotropic in DPPH and 
BDPA), 8 the Bohr magneton, H the external magnetic 
field, and the exchange interaction between a spin and 
each of its Z nearest neighbors is of the form 2/§,-S;. 

Let the energy per unit time flowing from the Zeeman 
to the exchange system be n(1/k7,—1/kT;) and from 
exchange to lattice £(1/k7—1/kT;). For sufficiently 
high temperatures we expect , which refers to the spin- 
spin relaxation, to be temperature independent, whereas 
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gram of the Bloember- Zeeman 
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energies, the 7’s are 
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& are energy transtler 
constants defined in the 
text. 


Exchange 


pe 
Por: 


a 


Lattice 


1023 





1024 ae 


£, as shown in the subsequent calculation, depends on 
the lattice temperature 7. If an energy per unit time W 
is introduced (by an external rf field) to the Zeeman 
system, one finds, for steady-state conditions, 


1 1 1 1 
tah a? ae 
Al, a, ay 6ST 


1 1 n W 
—-—-(1+*)- , (3) 
kT, kT EJ 9 


In order to obtain the Bloembergen-Wang result— 
temperature independence of 7;—it is necessary that 
1/T, (which is proportional to the component of mag- 
netization in the direction of the static magnetic field) 
depend on W only through », which will be the case if 
n/&K1. The argument may also be stated in terms of 
relaxation times. Let 7; be the Zeeman-exchange relaxa- 
tion time, i.e., 7; is the characteristic time in which, for 
constant T, and W=0, 1/T, relaxes to its equilibrium 
value. Similarly let r be the exchange-lattice relaxation 
time. 
7=b/Eé. (4) 


T1—a/7, 


The experimentally observed 7; is equal to 7, and hence 
temperature independent, provided the following con- 
dition holds: 

uy] g= (ar br:)<1. (5) 


Conversely, the temperature independence of the ex- 
terimental 7), in a given temperature range, indicates 
that r:= 7). Then » may be computed from the experi- 
mental 7; using (1) and (4). In the remainder of the 
paper » and é will be referred to as “energy transfer 
constants.” 


III. RELAXATION RATES FROM TRANSITION 
PROBABILITIES 

With reference to Fig. 2, let i and 7 be any two levels 
of the exchange system, with energies FE; and E; and 
occupation probabilities P; and P;, respectively. Like- 
wise let a and @ be levels in the lattice (phonon) system 
with energies E,, Fs and occupation probabilities Va, 
Qs. Consider an elementary process in which the ex- 
change system goes from i to 7 and the lattice from 8 to 
a. We assume P; satisfies the rate equation,5 


(dP;/dt) jaa= W (ji,a8)[P0.—PiOp], (6) 


t — Pi a a 
Fic. 2. Diagram repre- 
senting an elementary proc- 
ess in which energy is trans- 
, ' ferred from the exchange 
omnia a 
J Pj 6 2% system to the lattice. 
Exchange, 
Temperature T, 


Lattice, 
Temperature T 


‘If one writes a rate equation, (6) is a sensible form for it to 
take. We prefer to regard (6) as one of the assumptions of our 
calculation, rather than discussing the not-so-simple problem of 
justifying it starting from Schrédinger’s equation. 


GRIFFITHS 


where the subscripts on the derivative denote that frac- 
tion of dP;/dt due to the process in question; W (ji,a8) 
is the transition probability for the elementary process, 
given that the exchange and lattice are initially in 
states 7 and 8, respectively, and will vanish unless the 
energies satisfy the relation E;—E;~E,—Eg. The in- 
verse probability W(ij,8a) is equal to W (ji,a8).® 
Further assume that £;—£; is much less than kT or 

kT,, i.e., the energy transferred in the elementary 
process is much less than &7. For thermal equilibrium 
we have 

P;/Ps=14+(E;—E;)/kT «, 

Qa/Os~1—(Ea—Es)/kT. 


Inserting these expressions into (6) and using the defini- 
tion of the exchange-lattice energy transfer constant §&, 
one obtains 


(=a) 

"NAT, RT 
dE, dP; 
a— aT E(E.-2)( ‘) 
dt i>j B>a dt jBa 


1 1 
- Sa )z E (Ei E;)"P.0sW(jias). (8) 
kT, kT7 i>ia>a 


(7) 


A comparison of (8) with (6) yields the following 
simple rule: The exchange-lattice energy transfer con- 
stant may be obtained by multiplying the probability 
of occurence of an elementary process by the square of 
the energy transferred in this process, and then summing 
the result over all processes which increase the lattice 
energy. 

Above the Néel temperature it is reasonable to assume 
that different pairs of spins contribute incoherently to 
the exchange-lattice relaxation. Hence the energy trans- 
ferred in an elementary process should be on the order 
of a few times J or less, and the simple rule for com- 
puting é will hold provided k7>>/, i.e., for temperatures 
well above the Néel temperature. 


IV. METHOD OF CALCULATION 
The exchange Hamiltonian 5x is expanded in a 
power series as follows: 
Her=2 YI (xjx)Sj-Sp=Hot+H i +-H2t+-+-, (9) 
(7k) 
Ho=2J z. S;-S,, 


(7k) 


OJ (x;x) 
(=F S,-S5 2 ): . 
jky s 


0x34" 


(10) 


(11) 


0° (x;x) 
K2= >> s;-S.> ( aaa Jusnyet (12) 
jk rs \OX;47OX;,° 
6 Since both exchange and lattice levels are considered explicitly, 
there are no Boltzmann factors appearing in the W’s. See, e.g., A. 
Abragam, The Principles of Nuclear Magnetism (Oxford Uni- 
versity Press, New York, 1961), p. 267 





THEORY OF MAGNETIC 
where (jk) denotes an adjacent pair of spins, each pair 
to be counted in the sum only once; x;, is the vector 
joining spins 7 and k; uj, is the difference between xj, 
and its equilibrium value; and the Cartesian com- 
ponents of x;, and u;, are denoted by superscripts. The 
derivatives of J(x;,), as well as J itself in (10), are 
evaluated at the equilibrium value of x;,. Ho is regarded 
as the unperturbed exchange Hamiltonian and 3; and 
H, the perturbations connecting 3C» with the lattice. The 
vector u;, is an operator in the lattice system and may 
be written as a linear combination of phonon creation 
and destruction operators. 

To find the transition probabilities due to 3(; and 3C2 
we employ a method quite analogous to that used in 
computing nuclear spin-lattice relaxation in liquids.’ In 
the latter case one deals with the nuclear spins with 
known Zeeman energy levels, and the lattice—the 
translational motion of molecules in the liquid—for 
which the energy levels are not known. The dipolar 
Hamiltonian, which acts as a perturbation connecting 
spins and lattice, consists of products of spin operators 
with lattice operators (the relative positions of mole- 
cules). The lattice operators are treated as random 
functions of the time, and only their correlation spectra 
appear in the transition probabilities for the spins. 

For the exchange-lattice relaxation considered here, 
the phonon energy levels are known, but the exchange 
energy levels are not known. Hence the spin operators 
in Eqs. (11) and (12), in analogy with position and 
angles in the case of nuclear relaxation, are regarded as 
random functions of the time, and only the correlation 
spectra of these operators appear in the phonon absorp- 
tion and emission probabilities. The correlation spectra 
are computed quantum mechanically, in contrast to the 
case of nuclear relaxation in a liquid where the spectra 
are usually computed classically. 


V. SINGLE PHONON PROCESSES 


Let W,, be the emission probability per unit time for 
a phonon in branch f with wave vector k, and angular 
frequency w,,, due to a particular pair of spins (jk). The 
usual perturbation formula gives 


1} ft 
Wl f dye OjK| MF q) 
h?t| 4 


X[S;(7)-Si(7)] exp(twygr)dr| , (13) 


where 0;, is the coefficient of S;-S, in (11) and my, is the 
number of phonons initially in the fg mode. Define 


> 


f S,(r)-Si(r)etdr| , (14) 
0 | 


1 
F(w)=- 
l 


7 See, for instance, E. R. Andrew, Nuclear Magnetic Resonance 
(Cambridge University Press, New York, 1955), p. 228. 


EXCHANGE-LATTICE 


RELAXATION 


which may be written as 


Fw)= f f(t) cos(wi)dt, (15) 


where f(#) is the autocorrelation function for $;(¢)-S,(d) 
and is given in the high-temperature limit, kT>>J, by 

f()=(exp(tot/h)S;-S;, exp(—i5Cot/h)S;-S,), (16) 
where the angular brackets ( ) denote the trace of the 
quantity inside the brackets divided by the trace of 
unity. Equation (15) follows from (14) upon taking a 
statistical average, provided f(r) approaches zero in a 
time short compared to the time ¢ in (14).8 

Equation (16) involves an approximation in that the 
total Hamiltonian for the spins—Zeeman plus dipolar 
plus exchange—has been replaced in the exponentials by 
the exchange Hamiltonian 3Cy. The Zeeman Hamiltonian 
commutes with §;-S, so need not be included. The 
dipolar energy is small compared to the exchange energy 
in materials (such as DPPH and BDPA) with strong 
exchange narrowing of the paramagnetic resonance line, 
and hence its contribution to the correlation function 
may be neglected. 

We expect that Wy, will be negligibly small for 
phonon energies greater than a few times J (as men- 
tioned at the end of Sec. ITI), or, in other words, that 
F(w) will be negligibly small for |w| >w), where w, is of 
the order of a few times J/h. Since it substantially 
simplifies the calculation, we shall assume that 

hu<KkO, (17) 
where © is the lattice Debye temperature. Condition 
(17) is probably satisfied for DPPH and BDPA since 
the Néel temperature for these materials is of the order 
of 1 to 5°K and the Debye temperature of the order of 
40 or 50°K. 

The displacement u;, may be expanded in lattice 
normal modes’: 


8 dzqltsg 


hn} 
un ( ) » } Lexp(ik ,-x;) 
2M qf ) 


1 (Weg)? 
—exp(ik,-x,) ]+Hermitian conjugate, (18) 
where M is the crystal mass; d;,' is the creation operator 
and e,, the unit polarization vector (a complex quantity) 
for the phonon fg; and x; and x, are the equilibrium 
positions of spins j and k, respectively. The nonzero 
matrix elements for d;,' are: 


(npg t1 | dyqt| nyq)= (pg #1)?. (19) 


8 For a very illuminating discussion of the entire procedure, see 
reference 6, Chap. VIII. 

9 See, for example, P. G. Klemens, Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1958), 
Vol. 7, p. 1. 
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The polarization vectors satisfy the orthogonality 
relations 

Lis(€ra*) (€oa")*=5so, 
d 1 (€¢q") (€¢q!) * = Ser. 


— 


(20) 


The following approximations are made in treating 
the phonon modes": 

(a) The phonons are treated as if the material were 
homogeneous and isotropic. The velocity difference be- 
tween longitudinal and transverse phonons is neglected. 

(b) Variation of phonon velocity with frequency is 
neglected. 

(c) The phonon wavelength is assumed to be much 
larger than the distance between adjacent spins. 

(d) A simple Debye spectrum is assumed, with the 
cutoff frequency chosen so that the number of phonon 
modes is three times the number of molecules in the 
crystal. Thus only acoustical modes are considered. 

Approximations (b), (c), and (d) are probably justi- 
fied in the case of single-phonon processes since, by 
condition (17), the phonon energy is small compared 
to k®. 

Combining (11), (13), (14), and (18), and using the 
long-wavelength approximation (c), one obtains 


2 Nrgt1 
W,,=—F(w (k,(x;—x,) P 
hM Wig 
(71) 
OS (Xjx) OS (x;x) 


Ox;2° 02;,' 


Let £; be the fraction of the energy transfer constant 
£ due to single-phonon processes. Using the prescription 
of Sec. III we may write 


§£:=4NZ > ,,(hwse)?W 5, (22) 


where the factor }.VZ is the number of separate pairs of 
spins. It is assumed that &; may be obtained by adding 
the transition probabilities computed for each pair of 
spins, i.e., coherence effects between different pairs of 
spins are neglected. 

By assumptions (a) and (d), wy, is independent of f. 
The summation over wave vectors g in (22) is replaced 
by an integral over w=w,,, for which the density of 
states is given by 
(2x°t#) for 


p(w) = Var 0<wsw 


0 for wr>w 9 23) 


wo=0(6rN/V)?, 


where V is the volume of the crystal, v is the ‘‘average’”’ 
speed of sound, and N is the number of molecules, which 
is equal to the number of spins in DPPH and BDPA 


‘© With respect to these approximations our calculation follows 
very closely that of I. Waller, Z. Physik 79, 370 (1932). The same 
or similar approximations are found in calculations by J. H. Van 
Vleck, Phys. Rev. 57, 426 (1940) and R. D. Mattuck and M. W. P. 
Strandberg, ibid. 119, 1204 (1960). 
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Note that the Debye temperature © is equal to hwo/k. 
The quantity [k,(x;—x;,) ? is replaced by its average 
over all angles a*w*/3v*, where a is the distance between 
adjacent spins. The thermal-equilibrium value is used 
for yq: 


Neqg=[Lexp(hws,/kT)—1}". (24) 


In Eq. (21), my,+1 may be replaced by the high- 
temperature approximation : 


Npg=kT /fuw so. (25) 


Inserting (21) in (22) and using the above approxima- 
tions, one obtains 


Z\NKV@RT 
=( _ f wF (w)de, 
Or” Me 0 
aI (x;x)\! 
con (20) 
2 Ox Pha 


where wo has been replaced by ~ in the upper limit of 
the integral in accordance with condition (17). 

The functional form of J(x;,) is not known. We as- 
sume that if xj, is close to its equilibrium value the 
following approximation may be used: 


wer 


JI (x;x) const X exp(—A Keni }s * (27) 


giving A=d*J*. The integral over w is evaluated in 
Appendix A for some simple lattices and found to be 
proportional to (Z—1). Finally we have 

3 VV\a 


=—Z(Z—1)*J' kT. (28) 
dr MvPh' 


fry 


VI. TWO PHONON PROCESSES 


In a single-phonon process only phonons with energy 
of the order of J or less are utilized in the relaxation 
process ; by condition (17) these occupy but a small part 
of the phonon spectrum. A two-phonon process in which 
a phonon of energy >J is absorbed and one of slightly 
higher energy emitted," although less probable than the 
single-phonon process, utilizes the entire phonon spec- 
trum and hence may be of importance for the relaxation, 
especially at higher temperatures where the higher 
energy modes are appreciably excited. 

Let W;,:gp be the probability per unit time for ab- 
sorption of a phonon in mode gf and simultaneous emis- 
sion of a phonon in mode fg, due to a single pair of 
spins (jk). 


1 
W sa:9p=— f Rrat 1, Nep—1|\Pju| Bro, Bos 
h®t\ 1 


x[S,(r) ‘Si. (7) J exp[i(w, , 


—Wop)t |dr (29) 





4 Following Waller, reference 10, we omit as unimportant the 
processes in which two phonons are emitted or absorbed 








= 


THEORY OF MAGNETIC 
where @;, is the coefficient of S;-S; in (12). Let &;; be 
that fraction of the energy transfer constant due to the 
two-phonon processes : 

E:i=3NZ Dae Lise wse—wor)W sao (30) 
where the summation }~’ is restricted to cases where 
W fq > Wg p, in accordance with the prescription in Sec. ITI. 

The same procedures used to evaluate (22) are em- 
ployed with (30), including the long wavelength ap- 
proximation (c) and the high-temperature limit (25). 
One would not at first expect either approximation to be 
very good. However, as shown in Appendix B, the long- 
wavelength approximation overestimates £;; by a factor 
of 3 or less, whereas the high-temperature approxima- 
tion overestimates £;; by a factor of 2 or less even at a 
temperature as low as one-third the Debye temperature. 
These factors are not large in view of the other ap- 
proximations entering the calculation, but, as partial 
compensation, the expression for £;; in (31) and (33) 
contains an extra factor of }. Writing w’ for w;, and w 
for wy p, one obtains 


NV?La‘ 
b2T2 


1: 
32 
sit 


72x M0 


x f dw f dw’ ww" [ (w’ —w)?F (w’—w) |, (31) 


for T> 30, and 
07) (xx) 


sel Say 
rs \ OX; 470X548 


Substituting 2 for w’—w, the integral in (31) may be 
approximated by 


(f cerca) ( f wie), 


since, by condition (17), F(2) is nonzero only for values 
of 2 much less than wy. The integral of F(Q) in (32) is 
evaluated in Appendix A. One obtains L=A‘J? by using 
(27) and neglecting terms of order (Aa)~*. Finally one 
obtains 


(32) 


9° 


—-h°T?. (33) 


“<——"(5) J4N*)‘4a4 


40 6N/ h?M*r5 
for T>30. 

An additional contribution to the two-phonon process 
may be obtained using only the term 3(, in (9) but going 
to second order in perturbation theory. Processes in- 
volving high-energy phonons are permitted since energy 
need not be conserved in the intermediate state. Let 
Here be the “effective” Hamiltonian which when used in 


first-order perturbation theory yields the second order 


TR EI EAT 
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Ra 
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effects of %,. In order of magnitude one has 
Ketp™ (3,)”, A~(J A)Ro, (34) 


where A is the difference in energy between the initial 
and intermediate state. By condition (17) the great 
majority of phonons have energies >J; for these 
phonons A is essentially the phonon energy. Thus we 
conclude that the processes induced by He are of 
negligible importance, since they are of order (J/A)? less 
probable than those induced by 52. 


VII. RELAXATION BY MEANS OF THE 
DIPOLE INTERACTION 


The dipolar Hamiltonian 3g may be written, neg- 
lecting interaction between nonadjacent spins, as 


2B? 2 s 
dk) | XjK 


> 


3 
<x} S;-S,-——(§;-x )(S.-x30)] (35) 
Xjk . 
In analogy with 5.x in Eq. (9), a may be expanded in 
a Taylor series in a sum of products of spin operators 
with phonon operators. The spin operators are regarded 
as random functions of the time. The correlation func- 
tions are of the form (taking a typical example) 
Tanawter 


z 


exp (1Cof K)S j2Sky 


Xexp(—iKct/h)S;Sxy), (36) 
where the subscripts x, y denote the Cartesian com- 
ponents of the spin operators, and the 3p appearing in 
the exponentials is, just as in (16), the exchange 
Hamiltonian given by Eq. (10). The dipolar Hamiltonian 
is not included in 5p because it is small, and the Zeeman 
Hamiltonian is omitted because we are only interested 
in the exchange-lattice relaxation and not in the direct 
Zeeman-lattice relaxation.” 

The exchange-lattice energy transfer constant due to 
the dipolar interaction, £4, is computed using the 
methods and approximations of Secs. V and VI, with the 
exception of Eq. (27). Since the dependence of the 
dipolar energy on the distance between spins is given 
explicitly by (35), no further assumptions are needed. 
The details of the calculation will not be presented here. 
For the single-phonon process one obtains 


4 28 2 
) ( : ) Ri, 8637) 
a 


12]. Waller, reference 10, has computed the direct Zeeman- 
lattice relaxation due to the dipolar interaction. However, there 
may also be interference between the Zeeman-lattice and exchange- 
lattice relaxation. Equations (37) and (38) should still be correct 
in order of magnitude provided the Zeeman energy is comparable 
to or smaller than the exchange energy. 


NV sJ 
€4;=4.2 Z(Z—1)* ( ~ 
Mv \h 
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TABLE I. Physical properties of crystalline DPPH (benzene) 
and BDPA. 
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TABLE IT. Values of the energy transfer constants £ and » in units 
of erg? sec"! mole for T in °K. 











DPPH 











BDPA 
Debye temperature (°K)* 50 42 
Exchange J/k (°K)* 0.45 1.2 
Density (g/cc) 1.36 


Molecular weight* 472 496 
Speed of sound (cm/sec) 1.4X 10° 
Distance between adjacent spins (cm) 8x 10-5 








* Reference 14. 
> M. Sternberg, Compt. rend. 240, 990 (1955). 
* Including benzene. 


and for the two-phonon process 


rv ; N3 e 2 
f.-402(2—1)(—) —(=) 
6N/J M*5N\h 


ge\? 
x(=) RT*, (38) 
a 


for T>40. [The Z dependence of (37) is an approxi- 
mate but fairly close fit to results obtained by evaluating 
derivatives of the correlation functions for a linear 
chain, a square lattice, and a simple cubic lattice. The Z 
dependence of (38) is exact in the same three cases. ] 

Equations (37) and (38) differ from the corresponding 
(28) and (33) in only two respects: (i) A factor of J? in 
(28) and (33) has been replaced by (g*8?/a*)?; (ii) the 
factor \*a" in (28) has been replaced by 9 and A‘a* in (33) 
by 160. 


VIII. COMPARISON WITH EXPERIMENT 


Some of the physical constants of DPPH and BDPA 
needed for numerical estimates of the exchange-lattice 
energy transfer constant £ are found in Table I. The 
magnetic properties of DPPH depend somewhat on the 
type of solvent from which it is crystallized. Data in 
Table I refer to DPPH crystals containing one benzene 
molecule per DPPH molecule. Specific heat measure- 
ments at liquid helium temperatures" provide values 
for © and J. Actually only J\/Z is determined by the 
specific heat. Since, however, corresponding factors of Z 
or Z—1 appear in (28) and (33), no great error will 
result from setting Z equal to 6. 

The value of J for DPPH computed from low- 
temperature specific heat data is in violent disagreement 
with susceptibility measurements made between room 
temperature and 77°K." In this range the susceptibility, 
corrected for diamagnetism, is proportional to (7+6)"! 
where @~ 20°K. In view of this fact it is probably best to 
regard the estimate of J for DPPH in Table I as merely 


3 J. J. Lothe and G. Eia, Acta Chem. Scand. 12, 1535 (1958). 

4 J. P. Goldsborough, M. Mandel, and G. E. Pake, Proceedings 
of the Seventh International Conference on Low-Temperature Physics, 
Toronto, 1960 (University of Toronto Press, Toronto, 1960), 
p. 702. 

1 W. Duffy, Jr. (unpublished 





DPPH 





BDPA 
gi 1X10°T 4X10°T 
bai 4X10°T 2X10-‘T 
&;(T>15°K) 2X10-5T? 1X10°°7? 
fais(T >15°K) 510-7? 4X10°"T? 
f=£;+£,;; at 77°K 0.2 40 
&=£;+£,; at 300°K 2 200 

1x10 7X10-3 


n (H = 3600 oe) at 77° and 300°K 





a lower limit. The value of a for DPPH is chosen so that 
the crystal volume is Va’, and represents a reasonable 
guess in the absence of detailed knowledge of the crystal 
structure. The speed of sound is estimated using the 
Debye temperature and the density. The BDPA crystals 
also contain one benzene molecule per BDPA molecule."* 
We assume the density and speed of sound are about the 
same as in DPPH. The susceptibility of BDPA above 
77°K gives a value of 6+4°K for 0@,'° in reasonable 
agreement with specific heat data. Since the exchange 
interaction results from the overlap of wave functions of 
adjacent atoms, a reasonable value for \ is about 
2X 108 cm“? 

Computed values of &,, &::, £4:, and &4;; are found in 
Table II together with experimental values of the 
Zeeman-exchange energy transfer constant 7 calculated 
from the published data on 7; by use of Eqs. (1) and 
(4). From reference 3, the values of 7, at 77°K (and at 
room temperature) for a frequency of 10 kMc/sec are: 
DPPH (benzene), 5X 10~-* sec; BDPA, 1X 10-7 sec. The 
value for DPPH agrees with that found in reference 1 
(6X 10-* sec). Values of ¢ in Table II are significant only 
in a very rough order of magnitude, due to the rather 
severe approximations made in the theoretical deriva- 
tion. From the experimental evidence, viz., the tempera- 
ture independence of 7), it is clear that £ is much larger 
than 7, i.e., the “bottleneck” in energy transfer is be- 
tween the Zeeman and exchange systems, at least for 
temperatures above 77°K. Table II shows that the value 
of — we have calculated is much larger than the experi- 
mental value of 7 for BDPA, and at least of the same 
order of magnitude as 7 for DPPH, at 77°K and above. 
(Of course, if the value of J for DPPH substantially 
exceeds the value in Table I—as the susceptibility 
measurements seem to indicate—then the theoretical 
estimate for ~ should be correspondingly increased.) 
Thus it appears that our theoretical estimate does not 
contradict the experimental evidence. The dipolar con- 
tribution to — seems to be smaller than the direct 
exchange contribution by a factor of roughly 10°, and 
hence it is probably unimportant in the exchange-lattice 
relaxation. 

In addition to the acoustical modes, to which the 





16C. F. Koelsch, J. Am. Chem. Soc. 79, 4439 (1957). 

17 This is the order of magnitude found for exchange coupled 
pairs in ruby. M. J. Weber ef al., Bull. Am. Phys. Soc. 6, 141 
(1961); M. J. Weber (private communication). 
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above calculation is restricted, there are, of course, a 
large number of optical modes which, together with 
anharmonic effects and hindered rotations, may be a 
significant cause of relaxation at higher temperatures. 

It may be possible to observe the exchange-lattice 
relaxation directly by steady-state saturation measure- 
ments at higher microwave frequencies (for which 7 is 
larger) or by going to lower temperatures (for which é 
is smaller). Unfortunately, steady-state saturation 
measurements at liquid helium temperatures* are im- 
paired by lattice heating, due to the low specific heat of 
the lattice and imperfect thermal contact between the 
crystals and the helium bath.'* It is still possible the 
exchange-lattice relaxation may be directly observed at 
some temperature between 4 and 77°K. 
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APPENDIX A. SECOND AND FOURTH 
MOMENTS FOR F(@) 


Inverting the transform (15), we obtain 


1 x 
J F(w) cos(wt)dw. 
2 #1 


Let g and / be the second and fourth derivatives of 
f(t), respectively, evaluated at /=0. Note that F(w) 
F(—w). By differentiating (A1), we find 


f wF (w)dw 


f(O)= (Al) 


— 7s, 


(A2) 


fered wh. 


By expanding in a power series the exponentials in 
(16) and rearranging some terms, it may be shown that 


9 


((S;-S,)?)+ ([3Co,8;-SxP) 
2h 


f(t) 


i 
+$—((5¢o,[5¢0,8;-SeTF)+- 
4'h4 


(A3) 


The commutators are evaluated for spin } appropriate 
for DPPH and BDPA. One finds 


; —g=3(Z-1)(J/h)*, (A4) 


‘8M. Mandel, G. E. Pake, and J. P. Goldsborough, Bull. Am. 
Phys. Soc. 6, 141 (1961). 
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provided two adjacent spins have no nearest neighbors 
in common. The fourth derivative, /, depends on the 
particular lattice assumed and not just the number of 


nearest neighbors. We evaluate / for three simple cases: 


h=9(J/h)*, linear chain, 
823 (J/nh)*, square lattice, 


234(//h)*, simple cubic lattice. (AS) 
All three cases are represented quite well by the simple 
formula 


h=9(Z—1)?(J/nh)*. (A6) 


APPENDIX B. HIGH-TEMPERATURE AND LONG- 
WAVELENGTH APPROXIMATIONS FOR é 


If the long-wavelength and high-temperature ap- 
proximations are not made, the integral in (31) becomes 


hy? po ps 
( ) | dw das’ ww’ g(w)g(w’)n(w)[n(w’) +1 | 
kT 0 . 


XL (w’—w)*F (w’—w) J, (B1) 
with : 
n(w)=[exp(hw/kT)—1 
and 
61 
1—cos(awu/v) 
a’ 


2£(w) 


6v? 1 da 
i- sin : 
a aw 1 


where u is the cosine of the angle between the vectors 
k, and x;,, and ( ) denotes an average over a!l angles. 
In the long-wavelength limit, g(w) becomes w. The 
same approximation used to obtain (32) from (31) 
(which only requires kO>>/) yields 


sh é 
( ) f w[ g(w) 'n(w)[ n(w) T 1 ldw. (B2) 
kT ( 


The integral over F(Q), identical to that in (32), is a 
constant factor and hence irrelevant to the present 
discussion. 

First the high-temperature approximation is used for 
n(w) in order to obtain an upper limit on the error due 
to the long-wavelength approximation. (That it is 
actually an upper limit is apparent from the fact that 
the high-temperature approximation for (w) [n(w)+1 ] 
is an overestimate of the population of the high- 
frequency modes, which are the modes for which the 
long-wavelength approximation breaks down.) 

Assume for purposes of estimation a simple cubic 
lattice; then from (23) one finds wo=3.90v/a. In the 
high-temperature limit, (B2) becomes, if one drops 
constant factors and replaces w by xv/a, 


3.90 sinx\? 
1- 7 dx= 1.78. 
“0 MH 


(B3) 
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The long-wavelength approximation is obtained by ex- 
panding the integrand in a power series in x and using 
only the lowest nonvanishing term. The result is 
U=5.0. Hence the long-wavelength approximation 
leads to a result which, in the limit of high temperatures, 
is too large by roughly a factor of 3. 

Next the long-wavelength approximation is used to 
obtain an upper estimate on the error due to the high- 
temperature approximation. If one drops constant fac- 
tors and replaces fw/kT by y, the relevant integral 


becomes 


[= rf y®(coshy—1)—dy, (B4) 
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where 6=@/T. Since the integrand satisfies the 
inequalities 
y'# (coshd—1)-'< y*(coshy— 1)! < 2y! (B5) 
in the range O< y<@, J satisfies the inequalities 
3@[ coshO— 1] $< J/I’<1, (B6) 


where /’ is the high-temperature limit of 7, obtained by 
replacing the integrand of (B4) by 2y*. For 6=3, i.e., 
T=49, (B6) shows that J’ overestimates J by at most 
a factor of 2. 
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A simple model is used to study the occurrence of localized magnetic moments in dilute alloys. The phe 
nomenon is treated as a scattering problem in which conduction electrons scatter from impurity potentials. 


Under appropriate circumstances the scattering amplitude may show a resonance 


corresponding to a 


virtual level of the impurity. It is shown that if such a level is sufficiently sharp and lies close enough to 
the Fermi level, the impurity atom will develop an exchange potential that polarizes neighboring electrons. 
The potentials for spin-up and spin-down electrons are determined by a pair of coupled equations, whose 
solutions are discussed in a number of interesting cases. 


I. INTRODUCTION 

I< recent publications Matthias, et a/.! have discussed 
the remarkable behavior of dilute (~ 1%) solutions 
of Fe in various 4d elements and alloys. From suscepti- 
bility measurements they demonstrate that in certain 
of these solvents the Fe atoms possess a localized mag- 
netic moment, whereas in others they do not. Study of 
a wide variety of such alloys leads them to a plot of the 
magnitude of the localized moment versus atomic 
number in the 4d series that shows three maxima—one 
at the beginning of the series, one in the vicinity of Mo, 
and one near Rh and Pd—separated by regions in 
which the Fe atoms are unpolarized. Anderson,? follow- 
ing the ideas of Friedel,’ has proposed a simple model 
to explain this behavior. He considers a localized level 
(representing a d state of the Fe atom) immersed in a 
sea of mobile electrons (representing the band of the 
4d element or alloy). The one-electron portion of the 
Hamiltonian is chosen to include the energies of the 
localized and running wave (Bloch) states, as well as 
off-diagonal matrix elements that couple the two. It is 
1B. T. Matthias, M. Peter, H. J. Williams, A. M. Clogston, 
E. Corenzwit, and R. C. Sherwood, Phys. Rev. Letters 5, 542 
(1960). A. M. Clogston, B. T. Matthias, M. Peter, H. J. Williams, 

E. Corenzwit, and R. C. Sherwood (to be published). 


? P. W. Anderson, Phys. Rev. 124, 41 (1961). 
3 J. Friedel, Suppl. Nuovo cimento 7, 287 (1958). 


also assumed that there is a Coulomb energy of the form 
Unatnas, where nat and mg, are the number of electrons 
with spin up and spin down in the localized level. In 
this model the coupling between the Bloch waves and 
the localized state broadens the latter—making it into 
a virtual level of the type discussed by Friedel. Whether 
or not this virtual level carries a moment is then deter- 
mined by its position and width in comparison to the 
Coulomb energy. If it lies close to the Fermi level and 
is narrow (compared to U) it will be split by the Cou- 
lomb interaction and thus polarize, but in other cases 
it remains unmagnetized. Thus one has a picture in 
which the occurrence of a localized moment depends 
sensitively on the position and width (which is propor- 
tional to the density of states) of the virtual level. By 
assuming that these quantities vary smoothly through- 
out the 4d series, it is then possible, in a qualitative 
way, to understand the behavior of the Fe moment. 

In this paper we wish to consider the problem of the 
localized moments—again using an exceedingly simple 
model—from a somewhat different point of view. We 
consider it as a scattering problem in which the con- 
duction electrons of the 4d elements scatter from the 
potential due to a (single) iron impurity atom. In this 
language (see Friedel), the virtual level manifests itself 
as a maximum in the impurity scattering cross section 
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as a function of the energy of the incoming electron. 
We then show—in a self-consistent way within the 
framework of the Hartree-Fock theory—that if this 
virtual level is sufficiently sharp and close enough to 
the Fermi level, the Fe atom will develop an exchange 
potential that polarizes the electrons in its vicinity. 
The most important matrix element of this exchange 
potential corresponds to the interaction Ungtnay postu- 
lated by Anderson. It is not surprising, therefore, that 
the results predicted by our model are very similar to 
his. The point of view and starting approximations are, 
however, sufficiently different that it seems worthwhile 
to describe them in some detail. In particular, our 
formulation makes very clear the role of the Coulomb 
and exchange energies that split the virtual level, and 
thus give rise to localized moments. 


II 


In the following we will be concerned with the scatter- 
ing of Bloch waves from a single substitutional impurity 
atom in an otherwise perfect crystal. Throughout we 
will assume that the wave functions may be expanded 
in terms of Wannier functions from a single band— 
that is, we shall neglect interband matrix elements of 
the impurity potential, V. We shall also assume that 
the only in-band matrix element of V is the diagonal 
one connecting two Wannier functions localized at the 
impurity. These (admittedly drastic) assumptions are 
the same as those made by Koster and Slater‘ in their 
treatment (for a different purpose) of the impurity 
problem, and make possible the rather simple manipula- 
tions which follow. 

The Schrédinger equation that determines the scat- 
tering wave functions may be written in the form® 


| 
y= Y at ape —<——a7 ¥; (1) 
ee" | LEa(k)— Betis) 


where ¢x,m is the incoming Bloch wave, of wave vector 
k, in band m, having energy £,,(k) (henceforth, we 
abbreviate this as E); Ho is the one-electron Hamil- 
tonian (including the Hartree-Fock field) of the un- 
perturbed problem; and V is the potential of the im- 
purity atom. If a,,(r—R,) is the Wannier function for 
band m, centered at position R;, our previous assump- 
tion tells us that the matrix elements of V satisfy the 
relation 


(a,(r—R,), Van (r—R,;)) 
= Vandnnd(Ri— Ro)d(R;— Ro), (2) 
where Ro is the location of the impurity. With this 
approximation for V it is now a straightforward matter, 
using the methods of Koster and Slater, to solve Eq. 
(1). If we write 
¥=DLRLU (Ria, (r—R,) ], (3) 


‘G. F. Koster and J. C. Slater, Phys. Rev. 96, 1208 (1954). 
5G. F. Koster, Phys. Rev. 95, 1436 (1954), 
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we find that U,(R,) is determined by the relation 
U (Ry) =S nme ® 
exp[ik’- (R:— Ro) | 


v | (E—E,(k’)+is] 


In particular, 


Um(Ro){1—Vinm 2 xL1/(E—Em(k’)+is) ]} =e**. (5) 


V nnU n( Ro) . (4) 


The integral in this equation—which has both real and 
imaginary parts—may be rewritten in the form 


f dk’ 1 f Pm(e)de 
(2n)7LE—E,(k’)+is) J [E—e+is] 
Pm (ede 


_p f ————inpn(E), (6) 
(E—6) 


where p,»,(£) is the density of states in band m, and the 
symbol P indicates that the principal value is to be 
taken. We will designate this principal-value integral 


by the symbol 
Pm(e)de 
F,,(E)= pf —, (7) 
(E—e) 


From Eq.'(5) we have 
Um( Ro) = e** ®9/{(1— Vinmlm(E) |+-itVinmpm(E)}. (8) 


and we may compute the values of U,, at other lattice 
points by using this result in conjunction with Eq. (4). 

We now wish to consider the factor [1— Vinmlm(E) ] 
that appears in the denominator of Eq. (8). In par- 
ticular, we are interested in the zeros of this expression, 
which may be obtained from a plot of F,,(Z) vs E. As 
may be seen from Eq. (7), this function approaches 
1/E for large positive or negative values of Z. In the 
intermediate range its behavior is determined by pm(£) 
and, if the latter is a fairly smooth function, will have 
the general form of a dispersion curve as illustrated in 
Fig. 1. The zeros of the expression [1— Vinml’m(E) ] are 
then determined by the intersections of the line (1/ Vinm) 
with F,,(£). For example, in Fig. 1 we illustrate a case 
in which, for an attractive potential, there are two roots 
(labeled A and B). It is clear from the diagram that the 























Fic. 1. Typical plot of Fn(E) vs E. 
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roots occur in pairs and that, for the simple sort of 
F,,(E) curve that we are considering, there can be either 
zero or two of them. We shall be interested in the case 
in which there are two roots, and will particularly focus 
our attention on that root of the equation 


[1 — VinmF'm(E)]=0 (9) 


at which F,,(#£) has a negative derivative (root A of 
Fig. 1). It will become clear later that this root, which 
we shall call Eo, is the one of interest as far as spin 
polarization is concerned. 

Two cases may now arise. If Ey lies outside the band 
in question, then p»,(E))=0 and U,,(Ro)— © as 
E— Ey. This case has been extensively studied by 
Koster and Slater. The fact that U,(Ro)— © as 
E — E, implies that there is a finite value of U,, with 
no incoming wave, i.e., that there is a bound state of 
the impurity atom at energy Eo. On the other hand, if 
Ey lies within the band, p,,(4 ) is finite and U,,(Ro), 
rather than going to infinity at E= Eo, merely shows a 
resonance there. This resonance is a virtual level of the 
type discussed by Friedel, and corresponds to a maxi- 
mum, at that energy, of the impurity scattering cross 
‘hroughout the rest of this paper we will be 
the second that in which the 
energy Fy lies within the band and corresponds to a 
virtual level. 

Friedel’s analysis has convincingly demonstrated 
that such levels actually occur in alloy systems. More- 
over, within the framework of our simple model it is 
quite easy to construct density-of-states functions that, 
for the correct choice of Vinm, lead to virtual levels for 
which F,,’(E ))<0. One such is derived from the band 
structure, 


section. 


concerned with case 


(10) 


E(k)=26&(1 [cos k.a)+cos kya)+cos(k,a) ], 


considered by Koster and Slater. These authors calcu- 
late the function F,,(£) (which they call J,) for this 
energy-vs-momentum relation. Their values indicate 
that the extrema of F,, lie within the band—thus, for 
appropriate values of V,,,, it gives rise to a virtual level 
of the type we desire. It is a simple matter to construct 
other examples. These do not, however, appear to be 
of great interest in their own right and we will not dis- 
cuss them further, but merely assume the existence of a 
virtual level with F,,’(E9)<0. Our aim will be to in- 
vestigate when and how this level polarizes as one 
introduces (in a self-consistent way) a spin-dependent 
potential in addition to Vinm. We shall also say a few 
words about the root of Eq. (9) at which F,,/>0 
point B of Fig. 1). Our subsequent analysis will show, 
however, that such a virtual level does not polarize and 
therefore, of interest in the present 
connection. 


is not, great 


Ill 


We now return to Eq. (8)—assuming that it has a 


resonance (E,) within the band at which F,,’ (Ey) <0 


WOLFF 


and consider the effect of adding a spin-dependent 
potential to Vinm. Since all quantities in our equations 
refer to the mth band we will, henceforth, drop this 
subscript and write the two potentials, for spin-up and 
spin-down electrons, as V+é6V+ and V+é6V,. From 
Eq. (8) the amplitudes at the impurity of the corre- 
sponding wave functions are (again dropping the sub- 
script m) 
Us (Ro) =e'* Fe 
{(1—(V+6V+)F(E) ]—ix(V+6V 1) p(E)} 
and 


U,(R.)=e** 


{(1—(V+6Vy)F(E) ]—ixr(V+6Vy)p(E)}. (11) 


These wave functions are now used to calculate the 


change in the Hartree-Fock field of the impurity. De- 
noting this potential by Vir, we have 


Vura,(r— R,) 


k’o’ 


(filled states) 


2 
—ben [vs ir) 
— 


and the matrix element (a,(r—R 
given by the expression 


t 
> | f fat(e—Rivwe*(r) Wu (r’) 
k’o’ r—r’ 
) 


’ Vurd, r 


filled states 


Xa,(r— Ro)d*r’d*r—5,, f fo r—R 


e 
Vee (r)a,(r’—R dvdr |. 
r—r 


XWre*(r’) (13) 


To evaluate the integrals in this formula we use the 
expansion of ¥y given in Eq. (3). When this is sub- 
stituted into Eq. (13) the biggest integrals come from 
terms in yy and y,-* that involve the Wannier function, 
a(r—R,), at the impurity atom. There will, of course, 
be matrix elements to other Wannier functions, but 
they are smaller and change relatively less when V goes 
to V+6V. This latter statement follows from Eq. (4) 
which indicates that, for R;# Ro, U(R,) is the sum of 
a plane wave of unit amplitude, and a scattered wave 
that changes as V goes to V+6V, but whose amplitude 
decreases with the distance, | R;— Ry!. Since it is the 
change in Vyp that we wish to compute, we will ignore 
all contributions to Eq. (13) except those involving the 
Wannier function a(r— Ro). With this approximation 
the direct and exchange integrals in Eq. (13) are the 
same and of the form 





LOCALIZED 


e 
J f fac Ro) |2| a(r’— Ro) |?>———d*vd®r’._ (14) 
’ r—r'| 


Thus, the parallel-spin Coulomb integral is cancelled 
by the exchange integral and Eq. (13) takes the form 


(a+(r— R,), Vurary(r— Ry)) 
=J a 
kK 


(filled states) 


[| Us(Ro)|*J, (15) 


1 


65V+=J 


Mal 


From these equations one sees that, as in Anderson’s 
work, it is the Coulomb integral between antiparallel 
electrons that gives rise to polarization. It is clear from 
Eq. (13), however, that this interaction is spin de- 
pendent only because the Coulomb interaction between 
parallel-spin electrons is cancelled by the corresponding 
exchange interaction. Thus, in this rather backhanded 


EF 1 
5V if dE p(E)| — —— _ 
‘ l[1—(V+8Vs)F(E) P+2(V+6Vs)2(E) [1—VF(E) P+22V202(E) | 
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1 
(tilled states) os (V+8Vs)F(E) +e (V+6V:)2X(E) [1—-VF(E) 2 +2V22(E) 
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with a corresponding expression for the down-spin 
matrix element. It should be kept in mind that this 
expression for the matrix element of Vur is only ac- 
curate for calculating its change due to the spin-de- 
pendent potentials 6V+ and 6V,. 

We now make the problem self-consistent by re- 
quiring that the change in the two matrix elements of 
Vur be equal to 6V+ and 6V,. With the aid of Eq. (11) 
we find the following two formulas for 6V+ and 6Vy: 


1 


(filled states) | [1—(V+6V4)F(E) P+2°(V+6Vy)'e?(E) [1—VF(E) P+2°V2p?(£) 


- | 


(17) 


way, the polarization (if it exists) arises from the 
exchange interaction. 

Our final task is to evaluate Eqs. (16) and (17), and 
relate the exchange potential to the properties of the 
virtual level that we have postulated. As in Eq. (6), the 
integrals involved in Eqs. (16) and (17) may be re- 
written as 


| 


(18) 


1 
= ) (19) 


Ey 1 
bVy if dE p(E)| eciaetialsia tat 
- [1—(V+8V1)F (BE) +e (V+6V1)%2(E) [1— VF(E) P+ V2p(E) 


where Er is the Fermi level. The existence of a virtual 
level implies that [1—VF(E£)]=0 for some value, 
E= Eo, within the band. If 6V is not too large, and the 
level moderately sharp—and we will see that this must 
be so if there is to be any spin polarization—we may 
evaluate Eqs. (18) and (19) by expanding F(E) about 
the point E=E, and setting p(E)~p(Eo)=po. Thus 
we write 


F(E)~1/V+ (E—E))F’. (20) 


It is now a straightforward matter to calculate the 
integrals in Eqs. (18) and (19). One finds 


J 
5V + 


aw(V+é6V,; 2p" 


| F'(Er— Eo) 
<4 tan | - 4 
| Tpo 


z | F’( Er-— Fo) TT 
—- tan | |+ 
nV?’ | : po 2 


6Vy 7 | 
: | 
mpvV (V+6V 4) 2\ 


(21) 


and a corresponding formula, with 6V+ and 6V, inter- 
changed, obtained by integrating Eq. (19). 
We now examine these formulas in the limit where 


(6V/V) is small. This analysis will enable us to in- 
vestigate the region in which the localized moment 
first appears or has small values (compared to one 
Bohr magneton). It is only in this range that our very 
simple model can be expected to have any validity. For 
larger moments, the potentials 6V+ and 6V, are also 
large and the virtual level is shifted by many volts. 
Under these circumstances neither the one-band model, 
nor our simple assumption concerning the density of 
states [Eq. (20) ], are even qualitatively correct. 

With the assumption 6V/V <1, Eq. (21) takes the 
form 
(J /eV2F’){tan“[ (Er—Eo)/A+46V 1 /apoV? } 
tan"[Er—E,)/A]}}, 


6V + 
(22) 


where A=7zpo/F’ is the width of the virtual level. As 
before, there is also a corresponding equation with 6V+ 
and 6V, interchanged. The meaning of these equations 
is best revealed by making plots of 6V+ vs 6Vy. We con- 
sider first the simplest case in which the virtual level 
lies at the Fermi level (Er= Fy). The simultaneous 
equations then take the form 


(J rV2F’) tan T6Vy rpoV? |, 
6V y= (J/eV2F’) tan [6V+/mpoV? ]. 


6V 
(23) 
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Fic. 2. 5V+ vs 6V4 for a case in which the virtual level is at the 
Fermi level, and polarized. 


Typical plots of these equations (remembering that we 
have assumed F’<0O) are illustrated in Figs. 2 and 3. 
In the first case (Fig. 2) we have chosen (J/2p9V*F’)>1 
and there are three sets of roots: an unstable one with 
5V+=6V,=0, and two stable ones (corresponding to up 
or down spin of the localized moment) with 6V;= —6V, 
=+(constant). On the other hand, in Fig. 3 we have 
assumed | J/x*p)V*F’! <1 and there is a single stable 
set of roots with 6V;=6V,4=0, and no localized moment. 
Graphs for the case Ep Ey may be obtained from those 
with Er=E, merely by sliding the two curves of 
5V+ vs 6V, the appropriate distance along the 6V+ and 
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Fic. 3. 6V+ vs 6V4 for a case in which the virtual level is at the 


Fermi level, but unpolarized. 


WOLFF 




















8V /TPyV 2 


Fic. 4. 6V¢ vs6V4 for a case in which the virtual level is slightly 
displaced from the Fermi level, but remains polarized. 


5V, axes. For example, in Figs. 4 and 5 we illustrate two 
cases obtained from Fig. 2. In the former—in which the 
shift (Er— Ep) is fairly small—there remain three sets 
of roots, but now with the stable ones having 6V+ 
~ —6V,. Figure 5 illustrates a case in which (Er—£o) 
is larger, and there is no longer a localized moment. It 
is clear from these examples that the criterion for the 
existence of a moment is that 0(6V+)/0(6V4), as calcu- 
lated from Eq. (22), be greater than unity. This con- 
dition is fulfilled if the inequality, 


A’+(Er— Eo)’ | 


: (24) 
A? rVipoF" 


is satisfied. It is interesting to make estimates of the 
quantity |J/mV‘poF’|=& for the band _ structure 
studied by Koster and Slater, using values of V that 
give rise to a virtual level. A virtual level with F’<0 
occurs when V is about one-third the bandwidth (£3). 
One then finds that ~ is about (2//E,). Thus, with the 
right value of V and a fairly narrow band, it might be 
possible to obtain a localized moment in the band struc- 
ture studied by Koster and Slater. This is not, in fact, 
a particularly favorable example for the occurrence of 
localized moments. These numerical estimates suggest, 
however, that it is possible to obtain localized moments 
with quite reasonable values of the parameters that 
appear in Eq. (24). 

It remains to say a few words about the situation in 
which there is a virtual level near the Fermi level with 
F’(E»)>0. As in the previous case, one determines 6V+ 
and 6V, by plotting these quantities against one an- 
other. Again, for J/2?V‘poF’ > A+ (Er—Eo)*/A?, there 
are three sets of roots but now, for each set, we find 





LOCALIZED 


5V+=6V,. Thus the equations tell us that our original 
Hartree-Fock potential was an unstable one and that 
V will so adjust itself as to reduce J/x*V‘poF’ below 
A?+ (Er— E,)?/A*. The orgin of this instability is clear 
from Fig. 2. If, for the root with F’>0, one makes the 
potential more attractive (V more negative) the virtual 
level at B moves to higher energy. Thus, if the Fermi 
level lies near B, the electron density in the vicinity of 
the impurity is decreased by making V more attractive 
which, in turn, makes V more attractive still. 


IV. DISCUSSION 


Equations (22)—(24), as well as Figs. 2-5, are en- 
tirely analogous in structure to those derived—and 
analyzed in considerable detail—by Anderson. In par- 
ticular, one sees from Eq. (24) that, as in his work, the 
essential condition for a localized moment is the exist- 
ence of a relatively sharp virtual level lying close to 
the Fermi level. As viewed from this point of view, the 
two theories appear equivalent. It is clear, however, 
that their origins are rather different. Anderson starts 
with a d state in a sea of mobile electrons and must, to 
preserve the individuality of the former, assume that 
its wave function is of a different character from those 
of the conduction electrons. We, on the other hand, 
adopt a one-band model which is equivalent to assum- 
ing that the wave function on the impurity is similar to 
those of the conduction electrons. In this sense the two 
approaches are complementary to one another—one 
might expect Anderson’s to be more correct at the 
beginning of the 4d series, where the Fe atoms have a 
quite different number of d electrons from those of the 
matrix, whereas that described above might be more 
nearly applicable near its end. 

Finally, we should say a word about the most basic 
property of a virtual level—the fact that it corresponds 
to a maximum in the scattering cross section. As Friedel 
has emphasized, if the virtual level occurs at the Fermi 
level it should give rise to an unusually large residual 
resistance. This, according to Anderson’s and our models, 
is just the situation in those alloys in which the Fe 
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Fic. 5. 5V+ vs 6V4 for a case in which the virtual level is shifted 
far enough from the Fermi level to destroy polarization. 


atoms first begin to acquire a moment. Thus, it would be 
exceedingly interesting to measure the residual re- 
sistance, due to Fe atoms, of the 4d elements and 
alloys studied in reference 1. This quantity should show 
a maximum for those alloys in which moments are just 
beginning to appear, but decrease as one goes to alloys 
with larger moments since, in them, the virtual level 
is split by the exchange potential and forced away from 
the vicinity of the Fermi surface. Such behavior would 
be similar to that of the 3d elements when dissolved in 
Cu, which has been extensively discussed by Friedel. 
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Nature of the Ferroelectric Transition in Triglycine Sulfate 
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The occurrence of linewidth transitions in the proton magnetic resonance spectra of triglycine sulfate, 
selenate, and fluoberyllate at the corresponding Curie points demonstrates that the ferroelectric transitions 
in these crystals are connected with a rearrangement of the basic ionic units in the unit cell. The results of 
a combined proton magnetic and infrared study confirm the crystal structure proposed by Pepinsky and 
co-workers. Further they show that the ferroelectric transition in triclycine sulfate and its isomorphs is of 
the order-disorder type and basically of the same nature as that in KH2PO,. The chief difference is the strong 


coupling of the protonic motion in triglycine sulfate with the motions of heavier groups. 


N the last few years ferroelectric transitions have 

been discovered in a considerable number of hydro- 
gen-bonded crystals. Although these crystals possess 
certain structural features common to all of them, no 
comprehensive theory of the ferroelectric transitions 
exists as yet. A number of mechanisms have been pro- 
posed, which sometimes contradict one another. A 
definite choice between them should be possible only 
with a detailed knowledge of the nature of the transi- 
tions in a series of these crystals. 


SE ee 


200 150 100 % a a 2 

Fic. 1. Second moment of the proton magnetic resonance ab 
sorption in polycrystalline triglycine sulfate, selenate, and fluo 
beryllate plotted against temperature. 


The object of this paper is to find out whether the 
ferroelectric transitions in (glycine);H2SO, and _ its 
isomorphs, a relatively new group of ferroelectric ma- 
terials, can be explained, in principle, by the same 
mechanism as those in KH2PO, and KHeAsOy. 

The dielectric and thermal properties' of triglycine 
sulfate (TGS), triglycine selenate (TGSe), and tri- 
glycine fluoberyllate (TGBe) have been studied in 
detail and the ferroelectric transitions found to be of 
second order. The transition temperatures are 47°C, 
22°C, and 70°C for TGS, TGSe, and TGBe, respec- 
tively.! The crystal structure of TGS in the ferroelectric 
phase has been studied by Hoshino, Okaya, and 
Pepinsky and the coordinates of all except hydrogen 
atoms have been determined.2 The positions of the 
hydrogen atoms have been assumed tentatively and a 
dipole reversal mechanism was proposed, based on the 
existence of a short hydrogen bond (Ro-o=2.43 A) 
with a noncentral hydrogen. The nonferroelectric 
phase should be disordered, while in the ferroelectric 
phase the proton should occupy a position closer to 
Orn: than to Om, following the nomenclature of 
Pepinsky. A neutron diffraction study which has been 
claimed to confirm the assumed asymmetry in the 
hydrogen position is not yet completed and so the 
nature of the transition is not fully clear. 

It occurred to us that the present knowledge of the 
crystal stucture makes it worthwhile to undertake a 
combined proton and _ infrared 
study. It was hoped to get independent evidence of the 
proposed dipole reversal mechanism as well as addi- 
tional information on the nature of the transition. 

The temperature dependence of the second moments 
of the proton magnetic resonance absorption lines of 
polycrystalline TGS, TGSe, and TGBe is given in 
Fig. 1. All the substances investigated exhibit two line- 
width transitions, a low-temperature one with the 
center at —120°C approximately, and a second one 
with the center at the corresponding Curie point. An 
approximate calculation of the “rigid lattice’ second 
moment for TGS, by assuming a 1.015-A N—H bond 


magnetic resonance 


1S. Hoshino, T. Mitsui, F 
107, 1255 (1957). 

2S. Hoshino, Y 
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Infrared spectra of (A) TG sulfate (full line: undeuterated; dashed: partially deuterated) ; (B 
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TG selenate (full line: 


undeuterated ; dashed: partially deuterated) ; (C) TG beryllate (full line: undeuterated; dashed: partially deuterated). 


length and the structure proposed by Hoshino e? al., is 
in reasonable agreement with the experimental data 
below the low-temperature transition, thus confirming 
the proposed crystal structure. The magnitude of the 
change of the second moment at —120°C shows that 
this transition is due to the onset of reorientation of 
the NH;* groups about the C; axis at a rate higher 
than 10* cps. 

The existence of a second linewidth transition in the 
spectrum of polycrystalline TGS (Fig. 1) is confirmed 
by a single crystal proton magnetic resonance study. 
This revealed marked changes in the line shapes and 
second moments (3G?) in some orientations above arid 
below the Curie point. The magnitude of the changes 
shows that, in addition to the OH protons, glycine ions 
as a whole are involved in the transition. 

The occurrence of a transition in all three isomorphic 
crystals at the corresponding Curie points demonstrates 
that the ferroelectric process in this group of crystals 
is connected with a rearrangement of the protons sites 
and so confirms the basic assumption of Pepinsky ef al. 

The above data, however, cannot by themselves 
distinguish between two possible interpretations of the 
nature of the ferroelectric transition. According to the 
first, the transition is of the static displacive type. At 
the Curie point, the protons in single minimum hydro- 
gen bonds displace from symmetric or statistically 
symmetric positions to asymmetric ones, triggering the 
rearrangement of the glycine ions. According to the 
second, the rearrangement of the proton sites at /'¢ 
may be explained in terms of a dynamic model in- 
volving a change from a symmetric double potential 
well for the protons into an asymmetric one below 7c. 
This model implies a dynamic order—disorder transition 
of the basic ionic units in the unit cell with a fair amount 
of disorder below T¢. 

In order to clarify this point, the infrared spectra of 


TGS, TGSe, and TGBe and their deuterated analogs 
have been recorded. The spectra were studied both 
above and below the Curie points, as well as at liquid 
nitrogen temperature. 


Two types of hydrogen bonds with O—O distances 


of 2.43 and 2.54 A exist in TGS, and the OH stretching 
bands are accordingly expected to occur in the region 


between 2700 and 1700 cm~. Indeed, bands were found 
at 2680, 2360, and 1870 cm, thus again supporting the 
proposed crystal structure. The change of frequency of 
these bands upon deuteration together with their non- 
appearance in the Raman spectrum,’ proves that these 
bands are due to vibrations involving protons of the 
O—H groups. Their polarization propertiest and their 
appearance at nearly the same place in all three iso- 
morphic crystals (Fig. 2) strongly suggest that they are 
fundamental bands and not combinations. In particu- 
lar, difference tones may be excluded because cooling 
does not reduce the relative intensity of any of these 
bands. Thus the 2680-cm™ band may be tentatively 
assigned as the OH stretching band of the longer hydro- 
gen bond, and the 2360 and 1870-cm™ bands as belong- 
ing to the shorter H bond, which should be the main 
reversible dipole in crystal. 


TaBLE I. OH and OD absorption frequencies in the region 
between 2700 and 1700 cm for triglycine sulfate, selenate, and 
fluoberyllate. 
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The static explanation of the ferroelectric transition 
implies at 7¢ a fair amount of shortening (up to 0.1 A) 
of the (OH) bond, which belongs to the shorter hydro- 
gen bridge. According to the bond length vibration 
frequency relation of Badger® this should result in a 
marked increase of the OH stretching frequency. No 
such changes have, in fact, been observed, and so the 
static model may be rejected. 

On the other hand, the observed data are entirely 
consistent with the dynamic model, which implies no 
significant changes in the bond distances. The changes 
in the von bands on going from the nonsymmetrical 
double minimum to the symmetrical double minimum 
potential field should be small and, in view of the broad- 
ness of the OH bands, hardly recognizable. 

From the above data further informations on the 
shape of the potential field may be derived. The two 
bands at 2360 and 1870 cm™ could be, as in the case of 
KH2PO,,° explained as v9, — 2; and v_— 2,4 transi- 
tions. The apparent doubling of the OH stretching 
bands would thus be a consequence of a large splitting 
of the protonic vibrational levels due to the tunnel 
effect. 

However, since these two bands are polarized in dif- 
ferent directions and the 1870-cm™ band becomes 
considerably sharper on cooling, we have to modify the 
above explanation. The 2360-cm™ band is assigned as 
the OH stretching and the 1870 cm™ as most probably 
being the OH deformation frequency. The appearance 
of only one OH stretching band demonstrates that the 
splitting of the vibrational levels is so small, that the 
Yo.— %)— and %%-— 24 transitions are not resolved. 
This requires a fairly high intervening potential barrier, 
which can result in view of the shortness of the O—O 
distance only from strong coupling of the protonic 
motions with the motions of heavier groups. 

The above explanation is consistent with the proton 
magnetic resonance spectra. The existence of a line- 
width transition at the Curie point means, that accord- 


5R. M. Badger, J. Chem. Phys. 2, 128 (1934). 
6 R. Blinc and D. HadZi, Molecular Phys. 1, 391 (1958). 
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ing to the dynamical model the proton reorientation 
frequency in the short hydrogen bond is so low that 
the increase in the hindering potential at the onset of 
long range order reduces its value below 10* cps. The 
reorientation frequency is thus much lower than that 
in KH2PO,4, where the O—O distance is not so short. 
This can be explained only as a consequence of coupling 
of the protonic motions in TGS with the motions of 
heavier groups, which is absent in KH»PO,. 

Another argument in favor of the proposed model is 
offered by the raise of the Curie point of TGS on deu- 
teration.’ This isotope effect may be explained in the 
same way as in KH2PO,, namely as resulting from an 
increased effective dipole moment in the deuterated 
crystal® due to the change in the vibrational energy 
levels. 

In conclusion, we see that the present results confirm 
the crystal structure, proposed by Hoshino ef al. 
Furthermore, they show that the ferroelectric transition 
is connected with an order-disorder rearrangement of 
the basic ionic units in the unit cell, and may be under- 
stood in terms of a dynamic model involving a change 
from a symmetric double minimum to an asymmetric 
double minimum potential well for the protons in the 
short hydrogen bonds. The nature of the ferroelectric 
transition in TGS and its isomorphs is thus, in principle, 
the same as in KH2PO,, the chief difference being the 
strong coupling of the protonic motions in TGS to the 
motion of heavier groups. 
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The dynamical behavior of uniformly moving dislocations in anisotropic media is discussed for those, 
crystal systems for which the edge and screw components can be considered separately. Expressions are 
obtained for the kinetic and potential energies of both edge and screw dislocations. It is found that screw 
dislocations behave normally at all velocities up to the limiting velocity. Edge dislocations, however, display 
an anomalous dynamical behavior. It appears that in general there is a range of velocities for which the shear 
stress on the slip plane is negative and edge. dislocations of like sign attract rather than repel one another. 
In an isotropic material the upper limit of this velocity range is the velocity of shear sound; the lower limit 
is the Rayleigh wave velocity which can never be less than 0.69 the velocity of shear sound. In the anisotropic 
case it is possible for the limiting velocity (for a given orientation) to be less than the corresponding shear 
wave velocity; also the threshold velocity for the anomalous dynamical behavior can be any velocity from 
zero up to the shear wave velocity, depending on the elastic constants of the material and the orientation 
considered. An example of an edge dislocation in a hexagonal material is discussed in some detail. 


I. INTRODUCTION 


EERTMAN' has shown that in an isotropic 

elastic solid there is a range of velocities for 
which two like edge dislocations on the same slip plane 
will attract rather than repel. The upper limit of this 
velocity range is c,, the velocity of transverse sound; 
this velocity also represents the limiting velocity of the 
dislocation since its energy tends to infinity as c, is 
approached. The lower limit of velocity ¢ is given by 
c,, the Rayleigh wave velocity. At c=c, the shear 
stress component of the field of the moving edge 
dislocation becomes zero, i.e., the repulsive force 
between two like edge dislocations vanishes. For further 
increase in velocity the shear stress is negative and the 
force between two like edges is then an attractive one. 

A physical explanation for this anomalous behavior 
has been given by Weertman.? He concludes that dis- 
locations of like sign will attract (and unlike repel) if 
the kinetic energy in the displacement field of an 
isolated dislocation is greater than the potential energy. 
Now the kinetic energy of a screw dislocation can never 
be greater than its potential energy; hence screw dis- 
locations always behave normally. For edge dislocations 
the kinetic energy is greater than the potential energy 
for velocities above the Rayleigh wave velocity. 

This paper sets out to answer two questions: (i) Does 
the same genera! result hold for an anisotropic medium ; 
i.e., is there a range of velocities for which two like edge 
dislocations will attract? (ii) If such a range does exist, 
what is the lowest velocity at which the attraction will 
occur? It is hoped that for a certain crystal type and 
orientation this threshold velocity will be a small 
fraction of the limiting velocity for that direction; this 
would then represent the optimum situation for an 
experimental verification of this phenomenon. 


* This work was supported by the Physics Research Division, 
\ir Force Special Weapons Center, Kirtland Air Force Base, New 
Mexico. 

1 J. Weertman, Response of Metals to High-Velocity Deformation, 
edited by P. G. Shewmon and V. F. Zackay (Interscience Pub- 
lishers, Inc., New York, 1961). 

2 J. Weertman, Phys. Rev. 119, 1871 (1960). 


II. UNIFORMLY MOVING DISLOCATIONS 


To answer these questions we consider a uniformly 
moving dislocation in an anisotropic medium. The 
problem has been treated by Bullough and Bilby*® and 
this paper is based on their analysis. The equations of 
equilibrium for an anisotropic elastic medium are 


(1) 


is the displacement referred to Cartesian 
coordinates x;, p is the density, F°;;,; the elastic constant 
tensor, and all subscripts to the right of the dot repre- 
sent differentiation with respect to the appropriate 
space coordinate. Assume the dislocation line is parallel 
to x3; and moving in the x; direction with velocity c. 
Eshelby’s method‘ of solution is applied, i.e., the 


F i jxittx. j= ptii, 


where 1%, 


material is imagined cut along the «,x; plane, moving 
tractions applied to the cut surfaces so that on re- 
welding a moving dislocation is obtained with no 
external forces or couples acting on it. The appropriate 
solution of (1) will correspond to a surface disturbance 
propagating in the x.=0 plane, vanishing as |x.| — ©, 
and independent of x3. Bullough and Bilby write 


u;(x1',%2)= >> CrPjn exp{s(—Anxetixy’)}, 


n=l 


where x;/=«,—cl, the Pj, are functions of the elastic 
constants and dislocation velocity, and the C, are 
arbitrary complex constants. Substitution of (2) into 


(1) yields that A, is a root of the sextic equation 
F ican? — nF ircetF ik) — Finks tpcsix| =0, (3) 


where 6,;, is the Kronecker delta. A, is in general com- 
plex; however, in order that (2) represent a surface 
wave we must restrict the dislocation velocity such 
that the real part of X,, is greater than zero. 

In the general anisotropic case both a pure screw and 
a pure edge dislocation involve all three components of 

*R. Bullough and B. A. 
B67, 615 (1954). 

4 J. D. Eshelby, Proc. Phys. Soc. (London) A62, 307 (1949). 


Bilby, Proc. Phys. Soc. (London) 
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displacement. Rather than treat this general problem 
we follow Bullough and Bilby and consider the simpler 
one where all Fijjx; with an odd number of subscripts 
equal to 3 are zero. In the contracted notation (ij — 7, 
1=j;1j— k+3, ix }) this reads 


F yg= Bys= Fog= Fo5= F gp=F 3=F 3h=F 35=0. (4) 


This has the effect of separating the equations deter- 
mining #, and uw, from that determining w3. With the 
stress components given by 


Pig=F ijnrttx.t, (5) 


we find that the stresses P31, ps2 depend only on the 
derivatives of «3; the other four components of stress 
depend only on the derivatives of #; and #2. Hence the 
two problems #,= #.=0, u3#0 and #40, 4.40, u3;=0 
can be considered separately. Likewise the sixth-order 
equation in \,, reduces to two equations: a quartic for 
the edge dislocation and a quadratic for the screw 
dislocation. 

Starting with the u; given by (2) and employing the 
method of Fourier transforms one may build up more 
general displacements l’;; the latter are determined by 
boundary conditions along the slip plane, ie., dis- 
continuity in the appropriate displacement as well as 
conditions on the stress components to insure that no 
external forces or couples are acting on the dislocation. 
These displacements L’; (developed in reference 3) will 
be used in the following discussions. The corresponding 
stress components o;; are given by an _ expression 


analogous to (5), 1.e., 


o F cau ket (6) 


Also the strain components e;; are given by the usual 
expression 


1 


€ij=3 U;.5+0;.:). (7) 


Ill. SCREW DISLOCATIONS 


The displacement field for a screw dislocation moving 
in an anisotropic medium for which (4) holds is 


b, “—=) 
ar aXe 


+[F sal s5— F4s°>— Faapc? |} : 
\3;=+a+1b= Te— 7 
I 44 


where 


(the positive sign applies for x.>0, the negative sign 
for x2<0) and by is the magnitude of the Burgers vector. 
The nonzero stress components are 


ab, «1'Fas— XoF 55 
Qn! a®x.?+ (x)/— bx)? 
ab 01 FP yg—XoF 45 


Qe La®x.?+ (x,/— bx)? 


TONICO 


E,, the potential energy per unit length of the moving 
screw dislocation, is obtained by integrating over the 
crystal the strain energy stored in the stress field of the 
dislocation. If A represents some cross section normal 
to x3, then 


1 
E,>= o;;€;;dA 

2/4 

a*b," f RB (F355 sin°@— F's, sin26+ F'44 cos’) 

82° 5 R, [(a?+8?) sin’?@—b sin26+cos°6 | 

drd@ 
x ; a) 

where we have put 


r=x,72+2, tand=xe/x’. 13) 


The limits on r are those usually employed, i.e., R» 
represents a dimerision of the crystal, Ri a radius of 
order dp. 

Besides the potential energy there is also a kineti 


energy /; associated with the moving screw dislocation 
since there is motion of the medium about it. 


1 
FE; fow 2d A 
,) 
274 
pc2b2a? g _ 
; Sr> Jy Jr, [ (e+e 


sin-@ 


sin’@— b sin2é-4 cos-é 


be 


drdé 
x . (14) 


(12) and (14) can be evaluated to give expressions of 
the form 


(1—e2/2c,?) E 
E,=— 
(1-—¢ Fa 
The total energy E, rela- 
tivistic formula 


E,+E£, i by the 


E.=Eo -¢? d (16 
These are the same formulas that are obtained in the 


isotropic case with the appropriate definition of Eo, the 
rest energy, and c,, the a velocity : 


y 
by 
Ey / 
dor 


pa a (F g4P’55— Fas?) /F 44 


Isotropic Anisotropic 


where yu is the (isotropic) shear modulus 
The condition that R(A)>0O demands c<c,; c, is 
truly a limiting velocity for the screw dislocation since 
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E,— © as c—c,. Also we see that (as in the isotropic 
case) the kinetic energy never exceeds the potential 
energy ; they become equal (and infinite) at c=c.. 

Note that the stress field given by (10) and (11) is 
well-behaved. Since @ approaches zero as the velocity 
is increased towards cy, the stresses are contracted in 
the direction of motion. The stress components do not 
change sign with increasing velocity but tend to zero 
as the limiting velocity is approached. 

In short there is no unusual dynamical behavior 
exhibited by a screw dislocation moving along those 
directions in an anisotropic medium for which (4) 
applies. 

IV. EDGE DISLOCATIONS 
A. General Formulas 


Here the behavior is more complex and_ corre- 
spondingly the analysis, though straightforward, be- 
comes cumbersome. In all that follows, the subscript 7 
will take on the values 1 and 2; all indicated summations 
over n will likewise be for m= 1, 2. Let us start with the 
attenuation parameter A, which is a solution of a 
quartic equation derived from (3). If we put y= —iA, 
we obtain an equation 


(18) 


with all K, real. Hence X, is of the form A,=+pntign, 
where the positive sign holds for x2>0. We have 
K4= Fo6F 22— F 26’, 
K3=2(FoeF 12— F 6F 22), 
Ko= (Fy F2.—F 2? —2F oF 66+ 2F 16F 26) 

— (F22+Fes)pc’, 
K,=2(F y6F o— FoeF 11) +290? (Fist Fos), 
Ko= (Fi1—pe*) (Fes— pc?) — F 16°. 


(19) 


DA \i(P1,P2,91,92) = DA 2i( 2, 1,92,91) 


= 2pipe| g2—- 1 \{ ( F 6F 6— FoF 66) LF 6G ve 
+ pipo(F ook 66— F a6”) { (p2?+- 92”) (p2?— pr’) + (3q1 
+2[qip2 = gop°-+3qige(qi— 42) |(FixGe — FG,) +[( pr— p*)+3(g2?—gr 


DA tr(P1,P2,41,92) = DA 2,(p2,P1,92,91) 


= pol (pr?— po?) — (qi— qa)? (F re 26 — F tol 66) LF 2eGs— (Fos—pc?)G2 |+ (F 6F 22 
X (FisGo—F 12G3)} + po(FooF 66— Foe?) {L(2ge+ 91) (pr— p*) — (qi 

X (Fi2G3— F eGo) + (po? +42") qi (p22 — po) — (qi— g2)) +2 pr (qr 
+L (ps?+42?+ 2q192){(pr- 


where 


D= pips(FoF s— Foe) L (prt po?+ (qi 
G; - Foo(Fee+F 12)— 2F 26", 
Go= FoF et F 26(pc?— Fe), 


G; 2F i6F 26 t Fog +F \2)(per— F 66). 


[OR OF 


- (Fes—pc? \G2 ]+ (Pik 22- 
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In terms of the solutions of (18) we can define eight 
quantities (using the notation of reference 3): 


pa Fo2(p2— q a 
Sai =2pn(Foogn Fo6), 


Ra» = Fis- Fag ( Px Gn’) _ Gn(P ot Fs), 
Rui= pil F tPF os—2qnF 2), 


) +- 2g nl 26 - Fos+pc?, 


(20) 


and two sets of variables r,, 0, by 


2 = (%1' —Qn%2)?+ (pnxe)?, 
tanO,= prX2/(x1'— 


(71) 
Qn Yo). 


We can then write the displacement field of the moving 
edge dislocation as 


U,= (b/27) (a, Inr,—B,98, 


Us= (60/27) 6, Inr,— €,6,). 


» are given in terms of 
of Bullough and Bilby by 


The eight constants an, Br, bn, € 
the four constants A,,, . 


A arRar— A nilkniy 
= A npRartAniRay. 


(23) 


A,, and A,; are given by boundary conditions along 
the slip plane; these conditions can be written as 


eT a eee 
» [Fo6(anPn —Bndn a i Foo(OnPn EnGn) ] - 
> €g=—0, * Bn —1. 


Substituting (20) and (23) into (24) and ‘solving for 
A,, and A,,;, we obtain after considerable reduction 


F oF 96) I men 
F o6G>) 


F 12G3)} 
“ g2 )( q1 —ge) | FeeG, n 


F y6G2)}, 


F yo 96) 
02) +292q1-4)] 
g2) iI F o6G2— F 6G) 


p)— (qi- G2 +4gop7(qu =, G2) ] F eG, F oG2)}, 


gz)” IL(pi— p2)? + (gi— 2)” ](G22—GiGs), 
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These expressions for A,; and A,, can then be used to 
obtain an, Bn, dn, €, and hence the displacements U, 
and U; are determined. 

From the displacements we find that the nonzero 
stress wasn are 


bo 
ou= a = ta! (Fyn t+F een tF al 2) 


Qr Tae 
+22(Fiknt+F 16¥ntFiwn) |, 
-Lx1'( F yea ntFee¢ nt Fol n) 
+ x( Fyekn tPF eva t Foe wk 


bo 1 
-"y 
2r 9 


by 1 
— + —_- (Ca! (Fran t Foegn+F 2 n) 
ma 6a 
+x2(F kat Fount F own) |, 


bo 1 
os3=— Dai! (Fintan t FegatF ods) 
? Tn 


+22(Fiskat i F seat FP xn) J, 


9 


UTONICO 


where we have made the further reductions, 
kn=BnPpn—OQnQn, 
=6n(pr?+q,7), 

n— OnQ@atOn( Pat Gn’) 


—l,= Sndnt EnPny 
Bnpn; 


Pn=9n—OQngn— (27) 


~~ En 


From (26) we get the important result that the shear 
stress on the slip plane vanishes when 


ys (FycantF 66entF ol n) =0. 


If the dislocation velocity which satisfies (28) is less 
than the limiting velocity of the dislocation, then it 
represents the threshold velocity for the anomalous 
dynamical behavior of edge dislocations. 

Using the stresses given by (26) and the strains 
obtained by differentiation of the displacements (22), 
we can obtain the strain energy per unit volume }o;;€;;; 
integration over the crystal yields E,, the potential 
energy per unit length of the dislocation: 


(Liam COS'O+M nm Sin’?A+ N nm COSO sin8) )d6 


24 
2 Ry am=i Jo [cos? 0+ (p,2- +x :) sin’*@—g, sin 26) T[cos? 0+ (Pn?-+on?) 


where 


Lan= FyyQnQmt Foalalmt+F 66¢nOmtF 12(Qnlmt+amln)+F 16(AnGmtam Pn) + Fog (l 


M am=F uk,» RatFe 22W 5 OmtF 66 n Vm t F 3o( 
N an=F 11\ (ankmt+amkn) + Fs»: 
+F sol (AnYm+ mY n)+ ( 


Using the theory of residues we can evaluate 


be? 2 > Lnmt Pn (Pm F 9m) + Pm (Pn T4n')} +M nm( Pr Tm) r 


E,=— |n— 
4dr Ry 1 m= 


The kinetic energy per unit volume of the displacement 
field of the moving edge dislocation is 
(p/2)[(U 2+ | 


] ' 


U’,)?}. 


PEGK 





2 





Fic. 1. The hashed line is the locus of limiting velocities for a 
moving edge dislocation. g and s are functions of the elastic 
constants and dislocation velocity defined in (36). The type of 
surface wave corresponding to a moving edge dislocation is 
different in each of the three regions shown. 


Pn Pol (Pn + pn) + (a~ Gm) *) 


sin’?@—g», sin26 | 


+] o,) 


nOmTtlmPn), 


Rm R mon) +P 16(RnVm +k» Vid tFo mt Wm» ), 
2(Lptmtl mon) +P 66(on¥mt SmYn) +P ee rr 5 alias 
RngmtRmon) |+F 6L (lnvmtl» Vv 


(29) to obtain 


(31) 


When written ” terms of r and @ [as given by (13) ] 
this has the same 6 dependence as the integrand of 
(29). The kinetic energy (per unit length) Z; is then 
given by an expression of the form (31) with L, M, N 
replaced by other constants, i. 


Ex=p?E,[ Lm ao? Fin my M am — G,, my 


where 


+ Hum}, (32) 

F mn =AmAntbmbn, Rink nt+WmVn; 

Han= (mk nt+ankm)+ (GnWnt+5nWm), 
Vn= €nPn— 5 


OnQn- 


Gmn= 


(33) 


Recall that the dislocation velocity must be restricted 
such that R(A,)>0, i.e., p,>0. This condition gives 
the true limiting velocity of the dislocation since as 
pr»— 0, both E, and FE, — ~. Also note that at veloci- 
ties near the limiting velocity the total energy of the 
edge dislocation varies as [R(A) }°; for the screw dis- 
location we have from (9) and (16) that the energy 
varies as [R(A) }' at high velocities. These results are 
analogous to those obtained by Weertman! for the 
isotropic case. 
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The condition that the kinetic and potential energies be equal is 





(Linm— pF nm){ Pn( Pm? + Gm?) + Pm(Pu2+gn?)} +(M nm— pc?Gnm) (Put Pm) + (N nm— pc? nm) (Pndm+ Pmgn) 


PnPmL(Pntpm)?+ (qa— Gm)? | 


In the isotropic case the velocity at which E,= Ep, is 
the same as that at which oj2(x1',0)=0. It is not obvious 
in the anisotropic case that the velocity for which (34) 
is satisfied is the same as that for which (28) obtains. 

The results of this section have been general for 
those cases for which (4) holds. Our main interest in 
this problem is to find those velocities for which (28) 
and (34) are satisfied and for which p,=0, i.e., the 
velocity at which the shear stress on the slip plane 
vanishes, the velocity at which the kinetic energy 
becomes equal to the potential energy, and the limiting 
velocity of the edge dislocation. To do this we require 
the roots of the quartic (18). Of course these roots can 
be obtained, but the resulting expressions as well as the 
solution of (28) and (34) would be rather complicated. 
However, if we assume that the constants Fig and Fog 
also vanish, then the quartic (18) reduces to a quadratic 
in A,” and the analysis is greatly simplified. 


B. Fis=F2=0 
With this simplification we find from (18) that 


2d? = g+ (q?—4s)'=q+A}, (35) 


where 
FoF o6q = (FF 22—F 12? — 2F 12F 66) — (F22+F 66) pc’, 
Fo2F g65= (F 11— pc?) (Fes—pc?). 


(36) 


There are two classes of behavior depending on the 
sign of A. 
(i) A>0O: Then ),? is real; 
2Av=q+(g—4s)*? 2A2=—q—(g—4s)!. (37) 


For this case we obtain from (25) that 


p2F 2F 66 +F 12(Fes— pc’) 


Foo(F 12+ F 66) (Fes— pc?) (p2—p2) 
PYF 2F 66+F 12(Fes— pc’) 
‘i Fo(Fy2+Fes) (Fee— pe?) (pe—p2) 


(38) 
1. 


In order that the conditions R(A,)>0 be satisfied we 
must insure A,?>0; these demand q>0, s>0. c., the 
limiting velocity of the edge dislocation, is given by 
\o=0, ie., s=0. In other words, pc..2 is equal to the 
lesser of (F'11,F'66). 

(ii) A<O: In this case A, is complex; 


N= +3{([(45)!4+-q }'+i[(4s)§—g }}. 





From (25) we obtain that 


F'66 
2(Fee+F 12) ( Fes—pc?). 


A\;=Ag;= 


(40) 


1 | F32(Fee— pc?) +F 22F 66(a?— 6’) 
Mig ~“Ate= — — —— 


4abF o2(Fee+F 12) (Fee— pc”) 


where 


pPi=pre=a4, Q=—qn=b. 

We see from (39) that the limiting velocity is now 
determined from g=—(4s)*. This equation can be 
satisfied by values of pc? less than Fe. 

The limiting velocity can be discussed simply for 
both cases with the aid of Fig. 1 in which we have a 
[q,(4s)!] plot. In Region I, both g and A are positive; 
in Region II, A<0; in Region III, A>0, ¢<0. We can 
show that there is no solution possible in Region III 
since the conditions A>0, qg<0O violate the elastic 
stability criterion that FiuiF22—F}2>0. Therefore at 
c=0 we are situated at some point in Region I or II. 
As ¢ increases, both s and g decrease; hence we move 
down and to the left until we come to either s=0 or 
qg=— (4s). The hashed line represents the locus of 
limiting velocities for the dislocation. 

To see how this compares with the isotropic case, 
replace Fy; and Fx by (A+2y), Fi2 by A, and Fee by uw 
in (35) and (36) where (in this paragraph) \ and yp are 
the Lamé constants. We find that 


u(\+2y) 


pc pc 
sagt (:-=)(:-—). 
m A+2yu 


Since A>0 we are always in Region I of the [q,(4s)#] 
diagram and of course the limiting velocity is always 
given by s=0. Hence one of the novel features intro- 
duced by anisotropy is the possibility of limiting 
velocities lower than those corresponding to the shear 
wave velocity. 

From (28) we obtain that the shear stress on the slip 
plane vanishes when >> gn(Ani,Anr)=0. Using either 
(38) or (40) (i.e., for either real or complex roots) we 
find that the threshold velocity for the anomalous 
behavior of edge dislocations is given as a solution of 


Jiso= 2— a> eave ¥ iso — 


(A+3p) , | 
—pc?, 
u(A+2z) 


eel 


(41) 
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an equation analogous to the Rayleigh wave equation, V. APPLICATION OF RESULTS 


FoF u@(Fra—Fea) f°—FesF el Fee(Fes—F 11) To illustrate the use of the above analysis one 
” 40(F OF ae 2) TPL (Fuk _F,) example® will be worked out in some detail—that of 
Peewee sa Sis Te a an edge dislocation along [0001] in a hexagonal 
X[2F 2F 6+ F uF 2— Fiz?) f? material. The x; axes are now the crystal axes so that 
-(Fy,Fo2—F2)?=0, (42) the Fj; can be replaced by c;;; also the plane of plane 
where strain is the basal plane (which is essentially isotropic) 
, / F 66. so that a direct comparison can be made with Weert- 
man’s results for the isotropic case. 
If Fi:>F es, this equation always has a root for f<1, From (35) we obtain that 
i.e., pc?<F 5. Hence for the case of real roots (for which _ . 
the limiting velocity is given by pc.?=Fe5) there is A=[pe?(crrterz)/¢11 (C11 C12) P>O, 
always a range of velocities for which two like edge i.e., we are always in Region I of the [q,(4s )4 diagram 
dislocations on the same slip plane will attract. For as in the isotropic case. The expressions for the (real) 
the case of complex roots there may or may not be such roots X,2 are 
a velocity range; if the velocity which: satisfies 
g=—(4s)! is less than that given by (42) then there 
is no anomalous behavior, i.e., the edge dislocation 
is “‘well-behaved” at all velocities up to the limiting where c66= 3 (c11—C12) <c11. Hence we have immediately 
velocity. that the limiting velocity of the edge dislocation is 
It should be noted that it is possible for f to take on given by pc..2= Ces. 
any value from zero to unity, i.e., the threshold velocity We obtain from (38) that 
can have any value from zero to (F¢./p)', depending 
on the elastic constants of the material. For example 
consider those orientations for which F,,;=F 2; elastic 
stability demands F,?>>F),.* but as F,,’ more closely 
approximates F,,? we see from (42) that f approaches 
zero. f is equal to unity when F;,;=F 6. This is to be " 
compared with the isotropic case where it is found that (1 pr’) (ent er2) 
the Rayleigh wave velocity can have values only All the formulas of Sec. IV. A can now be evaluated. 
between 0.69c, and 0.96c,. This point is discussed again The displacement field of the moving edge dislocation 
in the next section. is given by (22) as 


- pire P2X2 
*) tan-“'{ —— }+2 tan" 
x1’ x,’ 


(1+ 1") - 
— In (xy'?+ py?x2") + po In(x1*+ po?xe*) 
2x (1— p,’) - 2p; 
Likewise from (26) we obtain that the stress field of the moving edge dislocation is given by 
boxe (C41—-C12) (1 + pr") pi = 11 — p2°C12) 
2r(1— p,’) x1?+ px? x +p’ 


(€11— C12) oxy’ (1+ p:°)? 4 pipe 
= e +- 
4p: (1— py?) xy?+prx? x1+p.Px,? 


boxe (cues A+ pr Pr 2 po(c:p2?— C12) 


2r(1— p,’) x 24 p Px? 
C13(C1u— C12 » dope Xo 


Ce te ea eee 013=023;=0. 


ice (x,’ 24 px? )’ 


‘It is planned to treat in a later paper a number of cases for which the above plane strain analysis applies and to give numerical 
calculations for various materials 
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DISLOCATIONS 


The potential energy per unit length is derived from (31), using (27) and (29). We find that 


(Cu—ciz)be? Re (1+p,?)(1—8p:?— p,') 2 
: eee , a a 


” n 
8a (1— p.’) R, 


4 (47) 
2p. pe 


Likewise from (32), using (33), we obtain that the kinetic energy per unit length of the moving edge dislocation is 


-In 


E,=——— 
8x (1— p,’) R, 


+E, as 


(cu C12) be" 


Finally we can write the total energy E,;= 


E.=- ~-— In 

8x (1—p,’) R, 
Note that for a moving edge dislocation the total energy 
is not given by a simple relativistic formula as is the 
case for a screw dislocation. 

All these results are the same as those found by 
Weertman for the isotropic case if css is replaced by the 
shear modulus and ¢,; by the compressional modulus. 

The kinetic and potential energies become equal at 
4pip2= (1+ p:*)?; at the velocity for which this is 
satisfied the shear stress on the slip plane vanishes. 
This threshold velocity is obtainable from (42) which 
now reads 


(50) 


f'—8f§+8(3—2h) f?—16(1—A) =0. 


HEXAGONAL 
Pc'/coe 


See/c,, 








“a Yo 
h 


Fic. 2. The curve gives the desired root of the Rayleigh wave 
equation (50) for both the isotropic and hexagonal cases. For 
isotropic materials 0</;<{; for the hexagonal case considered in 
the text 0</- 


(C11— C12) be" Rs (1+ p1°) 1—6p+ p;') 2 


Ro (itp2)(1—7p2) 4 
. 


+—(1+p:") (48) 


2p) pe 


(49) 


(1+2p2)] 


pr pe 
This of course is the Rayleigh wave equation and 
applies to both the isotropic and hexagonal (c-axis 
edge dislocation) cases with the following definitions: 


Hexagonal 


(¢ axis LL ) 


Isotropic 


- pc?/ Ces 


(51 
h C66/ C11 


where A, w are the Lamé constants and vp is Poisson’s 
ratio. In Fig. 2 we have plotted f vs h, where f repre- 
sents the threshold velocity normalized to the corre- 
sponding limiting velocity, (u/p)! or (ce6/p)?. 

The analogy between the isotropic and hexagonal 
cases is complete except for the permissible values of h. 
For an isotropic material the elastic stability criteria 
demand that Poisson’s ratio take on values only in the 
range —1<v<}. This in turn implies 0<h<? and 
hence 0.69< {<0.96, i.e., the Rayleigh wave velocity 
is never less than 0.69 times the limiting velocity. 

For a hexagonal crystal the elastic stability criteria 
demand —¢1<¢12<¢1. (¢1:>0). This implies 0<h<1 
and hence 0< f<0.96, i.e., the threshold velocity can 
take on any value down to zero. This is a direct result 
of the fact that cy. is allowed negative values down to 
—cy. In other words, the threshold velocity for the 
anomalous behavior of a c-axis edge dislocation in a 
hexagonal material will be lowest (relative to the 
limiting velocity) in that material for which the ratio 
¢12/¢11 most nearly approximates —1. 





PHYSICAL REVIEW VOLUME 


424, 


NUMBER 4 NOVEMBER 15 1961 


Temperature Dependence of Electron Emission in the Field Emission Region 


RALPH KLEIN AND Lewis B. LEDER 
National Bureau of Standards, Washington, D. C. 
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he variation in field emission current as a function of the temperature of the emitter has been measured 
for tungsten over the range from 4.2°K to 400°K. The expected form of the temperature dependence of the 
emission current confirms the relationship previously postulated on theoretical grounds. This is j(7) 


=] 0 


KT/sinKT), where K is a constant depending on the work function and the field at the surface of 


the emitter. A current-increment method, in which the increase of current is plotted against the square of 
the temperature increase at constant field, gives a straight line whose slope permits surface field calculations 
more precise than heretofore possible by electron microscope measurement of tip radius. 


I. INTRODUCTION 


N electron emission from metals it has been conven- 

ient to consider three regions. These are the field 
emission, the thermionic emission, and the transition 
region. They have been considered theoretically by 
Murphy and Good.! The literature on thermionic 
emission, both theoretical and experimental, is exten- 
sive.2 The transition region, that is, where both field 
emission and thermal emission contribute significantly 
to the total emission, has been called T-F emission by 
Dolan and Dyke.’ Dyke and co-workers‘ have provided 
experimental studies in which the theoretical expecta- 
tions have been confirmed. The region of field emission, 
that is, where the emitted electrons originate largely 
from below the Fermi level, has not been investigated 
in any detail in its relationship to temperature. The 
present experiments are concerned with the temperature 
dependence of emission at temperatures below 400°K. 


II. THEORETICAL 


The number of electrons within an energy interval 
dW being emitted per second per unit area under field 
emission conditions is° 


4armkT 4(2m|W\*)) 7 (eF)} 
P(W)dW= - exp — - —— _ o( +) 
h 3heF W 


XIn(1+e-"-P/k?)aW, (1) 


where W is the energy with respect to free space, ¢ is 
Fermi level, and of (eF)!/|W|] is a tabulated 
elliptic function.® Expression (1) is obtained from a 
WKB approximation of barrier penetration probability 
combined with the Fermi-Dirac distribution. Expansion 
around W 

tE. L 
1956 

2 See for example W. B. Nottingham, in Handbuch der Physik, 
j Fliigge (Springer-Verlag, Berlin, 1956), Vol. 21. 

*W. W. Dolan and W. P. Dyke, Phys. Rev. 95, 327 (1954). 

‘W. P. Dyke et al. Phys. Rev. 99, 1192 (1955). 

5 R. H. Good, Jr., and E. W. Muller, Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. 21, p. 191. 

$7 is tabulated by R. E. Burgess, H. Kroemer, and J. M. 
Houston, Phys. Rev. 90, 515 (1953). 


the 


¢ and an integration over all energies gives 


Murphy and R. H. Good, Jr., Phys. Rev. 102, 1464 


edited by S 


the emission current density at temperature T 


darmekTd " 
7 T)= ( ). f 
}3 


where £ is a function equal to e\” 
heF 
d=— 


2(2me)'t(y) 


4(2m¢*)! 


v(y), (4) 
3heF 


t(y)=v(y)—Zy and ¢ is the work function. Both o(y) 
and é(y) are very close to one. If k7/d is less than one, 
so that 

F/git(y)>2'mikT /he, (5) 
then 

J(T)= J (O)KT/sinKT (6) 
(where K=2k/d) which gives the temperature effect on 
the emission current density in the field emission region.! 
If T is less than 3.15X 10-5 F/¢}, then KT /sinKT may 
be approximated by 1+$K°7? within 1%. The error 
decreases rapidly with decreasing temperature. Then 


j(T)=j(0)[1+-4K7T*]. (7) 


The total current, which is measured in this experi- 


ment, is 
i()= f j(r)aa, (8) 


where the integral is taken over the emitting area. The 
current density is not uniform over the surface because 
of the variation in work function and field. 7(0) in terms 
of an average work function has been discussed pre- 
viously.’ Therefore, 

i(T)=2(0)[1+2K°7? ], (9) 
where the 7’s refer to the total emission and K contains 
the average work function. According to the mode of 
measurement 


Ai=1(T)—7(4.2), (10) 


7R. Klein, J. Chem, Phys. 21, 1177 (1953 
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so that 


Ai AKL T2— (4.2)°] 
=- ~EK LT? (4.2)"], 


i(4.2) 14+3K2(4.2)? 


(11) 


and Aji is linear with the square of the temperature. 


K=-rk/d=2.77X10'¢!/F, where the bar indicates an 
average value. 


Ill. EXPERIMENTAL 


The field emission tube is shown in Fig. 1. The 
emitter, a 4-mil tungsten wire, was spot welded to a 
tantalum loop, which, as shown on the figure, was 
supported by four leads. A tantalum loop was used to 
avoid the peculiar current-temperature characteristics 
of a tungsten loop with its ends at 4.2°K. These 
characteristics have been discussed previously® with 
respect to heating by constant current devices. These 
leads formed a four-terminal network for measuring the 
resistance of the loop. The two outer leads (1 and 4) 
carried the current, which was measured with a preci- 
sion dc ammeter, and the potential drop was measured 
across the two inner leads (2 and 3) with a sensitive 
suspension galvanometer. The assembly was electro- 
polished and the emitting point was formed. The tube 
was baked, under vacuum, for 12 hr at 450°C. The loop 
was outgassed by resistive heating, and a tantalum 
getter was repeatedly flashed until a pressure of 2 10~” 
mm Hg was attained. After the tube was sealed off from 
the vacuum system the emission pattern was examined 
to ensure the absence of extraneous emitting sources. 

The heating and measuring circuit is shown in Fig. 2. 
The entire circuit above the electrometer marked K 
was carefully shielded and the storage battery, resistors, 
and switch were enclosed in a grounded case. Shielded 
wires were brought into the liquid helium Dewar to the 
field emission tube, and the tube itself was wrapped 
with aluminum foil the cable shield. 
Shielding of the tube was necessary because bubbling 
of the liquid nitrogen in the outer Dewar produced 
noise signals. A temperature-resistance relationship for 


connected to 


the loop was obtained by calibration at several fixed 
temperature points. 

After the addition of the liquid helium to the Dewar 
containing the field emission tube, the emitter tip was 
flashed. The temperature of the loop and emitter was 
set by adjusting the current through the loop with a 
variable resistor in series with the storage battery. 

The initial current of 2.6 10— amp was set with the 
emitter at 4.2°K. This current was bucked out to zero 
on the electrometer, as shown in Fig. 2, with fixed 
battery voltage and a precision potentiometer used as 
a voltage source. Heating of the loop caused a change 
in emission current. This was read on the electrometer 
directly, the shunt of the electrometer being kept fixed. 


* R. Klein and J. Arol Simpson, Rev. Sci. Instr. 29, 770 (1958). 
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Fic. 1. Field emis- 
sion tube. A is the 
emitter tip, B is the 
phosphor screen de- 
posited on a tin oxide 
coated surface, and 
C is the high voltage 
lead-in. The leads 
1,2,3,4 form a four- 
terminal network for 
resistance measure- 
ment, 








Since thermal expansion of the emitter as the tem- 
perature is increased causes the field to decrease (in- 
crease of emitter radius with fixed voltage) it was 
necessary to make corrections to obtain the current 
change under constant field conditions. The correction 
is easily made since for constant field Ar/r=AV/V 

J,’ adt, where a is the linear coefficient of expansion, 
r is the radius of the emitter, Ar is the change in radius, 
V is the applied voltage to the emitter, and AV is the 
voltage change. A calibration of the emitter was made 
by measuring a Ai, corresponding to a AV. For AV 
small relative to V, Ai, is proportional to AV. The Ar/r 
for each measured temperature was calculated and from 
this the value of Az, to be added to the measured current 
change was determined. 

The thermal expansion also increases the area which 


Fic. 2. Circuit diagram for 
current increment measure- 
ments. V4 is a storage battery 
for the heating current, R4 is 
a variable resistor, Ra is a fixed 
resistor, Vg is the bucking 
voltage source, Rp is a precision 
potentiometer, K is an electrom- 
eter voltmeter, and Rp is the 
voltmeter shunt. 











* This was kindly pointed out to us by Dr. R. D. Young of 
Pennsylvania State University (now at the National Bureau of 
Standards). It is evident that the expression Av/v= Ar/z is strictly 
true only if the entire configuration involving point, tube, and 
circuit are subjected to the same scale change. However, the radius 
of the point is sufficiently small with respect to tip-to-screen 
distance (of the order of 1 to 105), that the small perturbation 
introduced by the difference in scale change between tip radius 
and tip-to-screen distance (only the tip is heated) can be ignored. 
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urrent at constant field as a function 
curve is the theoretical temperature 


correspondingly increases the emission current. This 
change is such that AA/ A=Ai,’/i. For increased tem- 
perature this correction would be subtracted from Aj, 
so that Ai=Ai,,+Ai.—Ai.’. The correction due to the 
area change, however, is small enough to be ignored 
even at the highest temperatures used in this 
experiment. 
IV. RESULTS 


An emission current of 2.6 10~"° amp was established 
at 4.2°K. This required a voltage of 4060 v between the 
emitter and anode which remained fixed during the 
entire series of measurements. The change in emission 
current was determined several times at a given tem- 
perature by switching back and forth between that 
temperature and 4.2°K. The Az used was an average of 
these measurements. The noise level was approximately 
1X10 
this amount, corresponding to a change of about one 
part in 2000 in the initial current, could be easily 
measured. 

We have plotted the change in current, corrected for 
thermal expansion, as a function of temperature for the 
tungsten emitter in Fig. 3. These same data are plotted 
in Fig. 4 as a function of (7*—4.2?). No correction has 
been made for the change in work function with tem- 
perature because of lack of data and the uncertainty 
existing as to the magnitude of the temperature varia- 
tion of the work function in the range of 4.2 to 400°K 
considered here. The slopes of the Fowler-Nordheim 
plots at 4.2°K and 300°K for the tungsten emitter were 
found to be the same within the precision of these 
measurements. 


amp, and a current change of one and one-half 


AND 
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V. DETERMINATION OF THE FIELD AT 
THE EMITTER SURFACE 


The slope of the line of Fig. 4 can be written, using 


Eq. (11), as® 


Ai/[T2— (4.2)2]=i(4.2) (wk)? / 6d? 


1.28 1087(4.2)6/F?. (12 


Substitution of an average value of the work function 
permits the evaluation of the field at the surface of the 
emitter, since ¢(y) in the expression for d [Eq. (4) 
differs very little from one. An iterative procedure 
would provide for greater consistency, but this is hardly 
justified. The value of the field is not constant over the 
surface of the emitter, but drops off with angular 
distance from the apex; this effect becomes greater 
when the tip shape becomes less spherical and more 
hyperbolic. The field calculated by the current-incre- 
ment method (we shall refer to this as CIM 
above refers to an average field, but an average strongly 
weighted in favor of the high field areas. 
For tungsten at 4060 v the slope gave 
(2.34+0.03) 107 v/cm. 
ture” of the tungsten tip at a magnification of approxi- 
mately 13500 is shown in Fig. 5. The radius 
measured as 3000+100 A. Drechsler and Henkel! give 
the following formula for computing the field strength 


des ribed 


field of 
An electron micros ope pi - 


Was 
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Fic. 4. Change in emission current at constant field a 
of the square of the temperature. The dashed 
illustrate the sensitivity of the CIM 
differences 


} a functior 
curve is included to 


method to small field 


1 We are indebted to Mr. D. Ballard of the Metallurgy Division, 
National Bureau of Standards for taking these pictures 


1M. Drechsler and E. Henkel, Z. angew. Physik 6, 341 (1954 
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at the tip: 
2(1—a) 


(14) 


a@ 


In(4//r) 


where V is the applied voltage, ris the tip radius, / is the 
distance between tip and screen, and a is a form factor 
given in their Fig. 2. By comparison with their figure a 
value of a=0.05 found, and for V=4060 v, 
v=3 X10 cm, and /=2.5 cm, a value of F=2.7X10' 
v/cm was calculated. Considering the uncertainty in 


Was 


the measurements (magnification, tip profile, radius of 
curvature at the apex, tip to screen distance, etc.) the 
agreement with the CIM value of 2.34107 v/cm is 
remarkably good. 

The CIM method is quite sensitive to small field 
changes. In Fig. 3 the solid line was plotted using the 
CIM value of field. The closeness of fit with the meas- 
ured points is excellent. The dashed curve in Fig. 4 has 
been plotted for tungsten using a field of 2.44 10‘ v/cm 
to illustrate the sensitivity of the method. It is esti- 
mated that a change of 0.03X 107 v/cm could easily be 
distinguished. 

The plot of Az as a function of the square of the 
temperature for tungsten over the region from 4.2°K to 
$00°K is linear. This supports the correctness of the 
theory of temperature dependence in the fieid emission 
region. 

It has been demonstrated that the field at the emitter 
tip can be measured with high sensitivity using the 
current increment method (CIM). Besides sensitivity 
there are advantages of in-place determination and of 
being able to make measurements under controlled tip 
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Fic. 5. Electron microscope picture of the tungsten emitter. 
Magnification approximately 13 500X. 


coverages and tip shape s not amenable to electrostatic 
field calculations. 
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The change of field emission current from a superconductor as a result of a transition to the normal state 
under constant field and temperature conditions was calculated. The derivation is based on the Bardeen 
Cooper-Schrieffer formulation of the density of states and band gap model for a superconductor. The 
experimental method for determining the current change consisted in measuring the current increment 
between a niobium field emitter in the superconducting state at 4.2°K and in the normal state at a tempera- 
ture T above the transition. After correcting for the current increase occurring as a result of the temperature 
increase alone, the residual would be that associated with the superconducting-normal transition. This was 
less than the detectability of the measurements, although the calculations indicated an expected increase 
in current easily measurable if the superconducting-normal transition had occurred at the emitter surface. 
It is speculated that under high-field conditions, the superconducting state is quenched at the surface. 


I. INTRODUCTION 


HE recent verification of the energy gap in super- 

conductors by low-voltage tunneling! suggested 
that the effect of the superconducting-normal transition 
on field emission be reinvestigated. In a previous 
measurement? no change, at least to within 0.2%, in the 
total emission current at constant voltage, was found 
between the normal and superconducting states of 
tantalum. In addition, no change was detected in the 
current from this same tantalum emitter at 300°K as 
compared to 4.2°K, whereas a change of 2% was 
expected on theoretical grounds. Since the energy band 
gap associated with the superconducting state is propor- 
tional to the transition temperature well below this 
temperature,’ some advantage is gained through the use 
of niobium (7.=9.2°K) rather than tantalum as the 
field emitter. Therefore, a tube to observe field emission 
from niobium was prepared, and the current from the 
emitter in both the superconducting and normal states 
was measured. 


II. THEORY 


The temperature dependence of field emission has 
been discussed previously.‘ Some modification is re- 
quired in treating a niobium emitter initially in the 
superconducting state at 4.2°K. It will be assumed that 
an increment of current Az; is associated with the 
superconducting-normal transition at 4.2°K and con- 
stant field. 

t,(4.2) =7,(4.2) — Ax}. (1) 


The subscripts s, m, and ¢ refer to superconducting, 
normal, and transition, respectively. According to the 
measurement in the experiment 

Aimn=t,(T)—i,(4.2), (2) 


where Ai,, is a measured current increment. Using Eq. 


' I. Giaever, Phys. Rev. Letters 5, 147 (1960). 
2 R. Gomer and J. K. Hulm, J. Chem. Phys. 20, 1500 (1953 
* J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 


1175 (1957). 
*R. Klein and L. B. Leder, preceding paper [Phys. Rev. 124, 
1046 (1961) }. 


(11) of the preceding paper* we can now write 


i,(4.2)K? 
Min [ T?— (4.2)? ]+ Ai, 
19) 

where K = xk/d=2.77X10'(¢}/F). Here, @ is the work 
function and F is the field strength in volts/cm. A?,, is 
linear with 7° so that a plot of Ai,, vs T? extrapolated 
to 4.2°K gives Ai,, the current difference associated with 
the elimination of the energy band gap in the super- 
conducting-normal transition. 

The value of Ai, may be calculated on the basis of the 
field emission theory and the Bardeen-Cooper-Schrieffer 
density-of-states function. The latter gives N(0)E/(E° 
—«,*)! for the density of states in the superconducting 
state,? where £ is measured from the Fermi level and 
€o is half the energy gap. NV (0) is the normal density of 
states. The change in emission current for the normal- 
superconducting transition, at constant temperature, is 


n 


ajmef [P.(E)—P,(E) WE, (4) 
Ww 


where ¢ is the electron charge and P,,(£) and P,(E) are 
the total energy distributions for the normal and 
superconducting states, respectively. P(E) includes the 
supply function at the surface and the barrier penetra- 
tion probability. The supply function follows the 
usual Fermi-Dirac distribution. Now® 


P,(E)=A 


P,(E)=A 


ef T 


e 


(4armd /h*) 


(32m¢*)! 
Vile 7 
sheF 

113, 110 


5R. D. Young, Phys. Rev 1959 
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m is the electron mass and d, ¢, and F have been defined 
earlier. E is measured from the Fermi level. The function 
v is approximately equal to unity for the conditions of 
this experiment. In the expression for Ai, we will 
use — © for —W asa limit of the integral. This can be 
done with negligible error. The integral ef_,” p,(E)dE 
is equivalent to 


2 exp[B(E£7+«7)*] 
if — 


-dE 
2 expla(E” + €?)*]+1 


where 8=1/d and a=1/kT. The current increment is 
now 


0 eb exp[A( E?+ €) ‘7 
as = Ae f | x, je 
2le™®+1 exp[a(E?+e*)!]+1- 


the primes having been dropped. At T= 0°K the normal 
state emission current is Ae/8. Evaluation of Eq. (7) 
by contour integration gives 


Aeera 7prl a? 
Aj = sin | in( 1+ )} 
2r al2 13" 


AeerB a 
Aj.= In—. 
2 7B 


This approximation is valid only when 78 exp(2/€ 8") 
>a. It is noted that the current increment due to the 
transition at a given temperature well below the transi- 
tion temperature is not particularly sensitive to tem- 
perature, although it does increase slowly with decreas- 
ing temperature. - 


III. EXPERIMENTAL METHODS AND RESULTS 


The construction of the field emission tube and much 
of the experimental procedure has been described in the 
accompanying paper.’ The temperature-resistance rela- 
tionship for the niobium loop was obtained at four 
temperatures, 20.4, 77.4, 194.6, and 300. A calibration 
point at 4.2°K could not be obtained in the absence of 
the critical magnetic field. The shape of the temperature- 
resistance curve was taken from Rosenberg’ and fitted 
to the calibrated points. The transition from the super- 
conducting state was accomplished by conductive 
heating of the loop from the tungsten leads to which it 
was welded. The heating current level was too low for 
the Silsbee effect to be operative. It was found that a 
loop current of 0.445 ampere was required to effect the 
transition. To make measurements at lower currents it 
was necessary to first apply the higher current. A rotary 
switch, well insulated from ground, with three positions, 
open circuit, required current, and high current, was 
used. The required current was that necessary to pro- 
duce a given temperature. Changing the switch position 
from open circuit to required current gave no tempera- 


6H. M. Rosenberg, Trans. Roy. Soc. (London) A247, 441 
(1955). 
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ture change in the case of niobium if the required 
current was below the critical current for changeover 
from the superconducting to the normal state. However, 
momentarily switching to the high-current position and 
then returning to the required-current position per- 
mitted the called-for temperature to be established. 

The initial value of the emission current was 
2.6X 10-” amp, established at 4.2°K with the niobium 
emitter in the superconducting state. The emission 
current as a function of temperature over the range 
19°K to 110°K is shown in Fig. 1. Figure 2 is a plot of 
Ai vs [ T?— (4.2)? ] with a least-squares line fitted to the 
data. The relationship given in Eq. (3) is confirmed. The 
extrapolation of this line to 7=4.2°K gives for Az, the 
value (—2.7+3.0)X10-" amp. This value can be com- 
pared to the expected Az; calculated by Eq. (9). The 
base current is i,(4.2)=7,,(0)=A’e/8=2.6X10-" amp, 
where A’ includes an area term. 

The energy gap in niobium has been found’ to be 
2e9=3.02 ev, B=1/d=18.4 ev, and a=1/kT=2800 
ev_!, so that Ai7,=3.8X10-" amp. This value was con- 
firmed by machine calculation of Eq. (7). 

Although the standard deviation is large it is never- 
theless apparent that the calculated emission current 
increment was not observed. At 19°K (this temperature 
was known within 0.5° since it is close to a fixed temper- 
ature calibration point, 20.4°K) the Ai was 1.7K10-" 
amp. Below this temperature no change in the current 
was observed since the noise level was approximately 
1X10-" amp. The sum of the current change at 19°K 
due to the thermal effect plus the calculated transition 





NIOBIUM 


© EXPERIMENTAL 
—— THEORETICAL 


ai (08 amp) 
> 
oO 


w 
oO 








as 


i 
10 20 30 40 S50 60 70 80 90 
TEMPERATURE °K 





Fic. 1. Change in emission current with temperature 
at constant field. 
7M. D. Sherrill and H. H. Edwards, Phys. Rev. Letters 6, 460 
(1961). 
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Fic. 2. Change in emission current with the square of tempera- 
ture at constant field. The theoretical value of Az;, the current 
increment due to the superconducting-normal transition at 4.2°K, 
is indicated on the ordinate 


effect is 7.3X10-" amp. The observed current change 
of 1.7X10~" amp was, within the experimental uncer- 
tainty, equivalent to the thermal effect alone. The 
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failure to detect the energy gap in these experiments, 
although calculation indicates that the effect should 
have been readily observable, suggests at least two 
possibilities. The first is, that the surface region of the 
emitting tip remains in the normal state even at 4.2°K, 
well below the transition temperature characteristic of 
niobium. This does not appear probable since the point 
had been well annealed under ultra-high vacuum condi- 
tions (tube immersed in liquid helium). The second is 
that under the high-field conditions associated with field 
emission, a mechanism exists whereby the effect of the 
superconducting state at the surface is suppressed. It 
has been proposed, for example, that field penetration 
to the extent of about 1A occurs at the surface of a 
metal when field-emission fields are present.’ It has not 
been determined whether such an effect imposed on a 
superconducting surface could account for the suppres- 


sion of the energy gap at the surface, as indicated by 


the present experiments. 
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The growth of the V; band has been studied in x-ray-irradiated KC] at room temperature, by measuring 
the optical absorption as a function of x-ray dose. In the region in which the F band grows linearly with 
time (after the initial “fast coloration”), the V3 band height increases approximately as the square root of 
the time. The V3 band growth rate varies with x-ray intensity and depth in the crystal in the same way as 


that of the F band, however. Although the F band can be optically bleached without affecting the V 
if the F band is optically bleached during the x-ray irradiation, the V 
facts are thought to be consistent with a model of the V; 


3 band, 
; band likewise fails to grow. These 


center in which a Cl;~ molecular ion is located 


at a cation vacancy. The center could be formed by the x-ray production of an anion vacancy-interstitial 
pair and the diffusion of a cation vacancy to the interstitial. 


I. INTRODUCTION 


N F center is formed in an irradiated alkali halide 
crystal when an electron-hole pair is created and 
the electron is trapped at an anion vacancy in the 
lattice. The hole is presumably trapped elsewhere in 
the lattice, and is supposed to give rise to the optical 
absorption in the V bands at shorter wavelengths than 
the F band. Seitz proposed,' by analogy with the elec- 
tron traps, that the holes were trapped at cation 
vacancies or vacancy aggregates. Kinzig and others 
have since discovered, by identification of the electron 
spin paramagnetic resonance spectra of some of the V 
centers,?~> that what was overlooked in the proposed 
structures was the strong tendency for the halogens, 
unlike the alkali metals, to form a molecular bond. Thus, 
although distorted versions of some of Seitz’s structures 
have been confirmed, it proves to be more appropriate 
to regard the V centers as halogen molecules or molec- 
ular ions, which are incorporated into the lattice in 
various ways, perhaps in association with vacancies. 
The approximate wavelengths of V bands which are 
observed*:*$ in pure KC] are listed in Table I. The only 
V band which is produced at 5°K is H. The only ones 
which are stable at 300°K are V3 and Vo, and V3 can 
be produced only near room temperature. At inter- 
mediate temperatures the other bands are produced 
and bleached. The simplest absorption spectra therefore 
are found either at very low temperatures or at high 
temperatures. 
It is seen that the absorption bands fall into two 
groups with respect to wavelength: H, V1, and Vx are 
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close together; and V3, V2, and V4 are somewhat more 
spread out. An important clue to the structure of the 
centers was given by Hersh’s observation’ that halogen 
molecules and molecular ions in solution show corre- 
sponding absorption bands, at wavelengths which do not 
depend strongly on the environment of the molecule. 
For example, the Cl. absorption is at 335 my, and the 
Cl;- at 230 mu. Thus the longer wavelength group of 
absorption bands in the KCI crystal could be expected 
to result from Cls, possibly ionized or associated with 
vacancies, and the other group from Cl;~, again possibly 
further ionized or associated with vacancies. 

The structures which have so far been determined 
with some assurance confirm this expectation. The H 
center‘ is a Cly~ molecular ion which occupies an anion 
vacancy. It has no analog in Seitz’s models, but would 
have been described as a hole trapped at an interstitial 
Cl- to form an interstitial Cl atom. The Vx center?* 
could be formed from an H center with the addition of 
another anion vacancy. Chemically it is the “self- 
trapped hole,” but the trapping occurs by the formation 
of a molecular bond instead of by polarization of the 
lattice. The V; center is not paramagnetic, but it is 
probably an H center which has trapped another hole, 
to form a Cl, molecule occupying an anion vacancy. 
(Another center, similar to the ‘‘antimorph of the F 
center,” has been found" in LiF. It is like an H center 
next to an anion-cation vacancy pair, but its optical 
absorption band has not been identified.) 

A Cl;~ molecular ion would not be paramagnetic, but 
a Cl;~~ center has been found® and tentatively identi- 
fied with the V,. It is a hole trapped on three Cl- ions 
next to a complex of two cation and one anion vacancies, 
and is similar to Seitz’s original model. On the other 

TABLE I. Peak wavelengths (in mu) of V bands 
formed by x rays in pure KCl 


H 
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0 W. Kinzig, Phys. Rev. Letters 4, 117 (1960). 
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hand, the V; center may be a Cl; center. This point 
will be discussed more fully in Sec. IV. 

The mechanism by which the F and V centers are 
produced by the radiation is less well understood. The 
growth rate of the F band has been studied as a function 
of the amount of x-ray irradiation,“~™ and it is con- 
cluded that the irradiation produces new anion vacan- 
cies, in addition to those present in the crystal before 
the irradiation, so that the attainable concentration of 
F centers is not limited to the initial concentration of 
vacancies. At room temperature this vacancy produc- 
tion is structure-sensitive,"** but at 4°K it is not.” 
It should be noted that an F center and an H center 
could combine to give the perfect crystal. This fact is 
therefore additional evidence that at low temperature 
the basic reaction is the production of an F center—H 
center pair from the perfect lattice, and mechanisms for 
the production have been discussed.'*-"” At high tem- 
peratures, however, another reaction may predominate. 
Mechanisms for the production of anion vacancies at 
dislocations have also been considered*'*-"; these in- 
volve the creation of cation vacancies as well as anion 
vacancies. 

The growth rates of the V bands have not previously 
been studied. Our purpose is to determine how one of 
these bands, the V3, grows as a function of the x-ray 
irradiation at room temperature. In KCl, F and V3; are 
essentially the only bands below 6.5 ev which are 
produced at room temperature. (After heavy irradiation 
M and Vz are also observed, but these centers are 
present in smaller numbers.) We have concentrated on 
the region of heavier coloration (not the initial “fast” 
coloration), where new vacancies are being produced by 
the x-rays. Therefore the results should throw new light 
on the production mechanism, as well as on the struc- 
ture of the V; center. 


II. EXPERIMENTAL 


The KCl samples were cleaved from Harshaw single 
crystals, usually to a thickness of about 1 mm. They 
were x-ray irradiated using a Norelco FA-60 tungsten 
target tube. The samples were placed about 3 cm from 
the tube window, with their thin dimension parallel to 
the x-ray beam. Unless otherwise stated, the x rays 
were filtered only by the tube window. Generally the 
tube current and voltage were held constant at 40 ma 

4 R. B. Gordon and A. S. Nowick, Phys. Rev. 101, 977 (1956); 
A. S. Novick, ibid. 111, 16 (1958). 

2H. Rabin and C. C. Klick, Phys. Rev. 117, 1005 (1960). 
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16 R. E. Howard and R. Smoluchowski, Phys. Rev. 116, 314 
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17C. C. Klick, Phys. Rev. 120, 760 (1960). 
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and 50 kv, and the optical absorption of the samples 
was measured after different durations of irradiation. 
The x-ray intensity at the window is stated to be about 
5 000 000 r/hr. 

The optical absorption was measured with a Unicam 
SP 700 recording spectrophometer. The wave-number 
range of this instrument is from 54000 cm™ to 2800 
cm-', i.e., from about 0.35 to 6.7 ev. The sample 
absorption was usually compared with that of a refer- 
ence crystal, and differences between the two were 
corrected by making a run on the uncolored sample 
before the irradiations. (The OH band absorption was 
occasionally measured, however, by comparing the 
uncolored sample with an empty reference compart- 
ment.) The optical path through the sample was in the 
same direction as that of the x-ray beam. All the optical 
absorption measurements were made at room 
temperature. 

Occasionally, when the optical density was off scale, 
we estimated the F-band height by measuring the 
optical density where the band had the known half- 
width. This procedure is dangerous, however, because 
we found that the half-width of the band decreased as 
the height increased. Therefore, we never carried this 
extrapolation very far. 


Ill. RESULTS 
1. Growth of Absorption Bands with Time 


The growth of the absorption bands which are pro- 
duced by x-ray irradiation at room temperature was 
followed up to irradiations of 15-hr duration. The bands 
observed in KCl in the wavelength range 190-2500 my 
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Fic. 1. Absorption spectrum of KCI crystal irradiated for 2 hr 
The sample was 0.110 cm thick and was covered by a KC] filter 
0.045 cm thick. 
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were V3, F, Ri, Ro, M, and N. The R and N bands 
appeared only after heavy irradiations. A typical 
absorption spectrum is shown in Fig. 1, and peak wave- 
lengths, energies, and widths at half-maximum observed 
for the V3, F, and M bands are listed in Table II. The 
measured V;- and F-band absorptions corresponded to 
concentrations up to about 10'* centers/cm*; the M- 
center concentration produced was about 1% of the 
F-center concentration. The R- and N-center absorp- 
tions were even less than the M-center, and these were 
not analyzed in detail. 

The widths of the F and V; bands were actually some- 
what variable. The F band narrowed slightly when it 
was very high. The V; band was wider near the front 
surface of the crystal (i.e., with less filtration), although 
at a given depth the width remained approximately 
constant as the band grew. Most of the widening was 
on the low-energy side of the band, and probably came 
from another unresolved band on the shoulder. This is 
thought to be the V2 band, for reasons which will be 
described in Sec. 5. 

The growth of the V3, F, and M bands as a function 
of time is shown in Fig. 2. Here the absorption constant 


TABLE IT. Energy, wavelength, and width at half-maximum for 
the bands studied in KCl. The widening of the V; band is probably 
due to an unresolved V2 contribution. 


hv (ev) A (mp) W 
830 0.12 
560 0.36 —0.44 
217 0.9(—1.2) 


(ev) 


at the peak of the absorption band is plotted versus the 
time of irradiation with a tungsten target x-ray tube 
operated at 50 kv, 40 ma. This KCl sample was 0.092 
cm thick, and it was covered by a KC] filter 0.075 cm 
thick. 

As has been previously observed,‘ the F band grows 
linearly with time in the region roughly from 20 to 200 
cm! (concentration 10!7— 10'§ cm’). At lower F-center 
concentrations the curve shows some initial curvature, 
in the region of “fast coloration,” which has been 
analyzed previously." In the following discussion, when 
we refer to the rate of F-center production, we mean the 
slope of this linear portion of the growth curve. 

The M-band peak also grows more or less linearly, 
with the F band, although at a rate which is some 20 
times slower than the F band. Since in addition the M 
band is only about } as wide as the F band, the M 
centers form an insignificant fraction of the electron 
centers produced by the x irradiation. 

By contrast, the V3 band does not grow proportion- 
ally to time ¢, but approximately as //: The curve drawn 
in Fig. 2 is a parabola. The points plotted are actually 
three times the V3-band height, but since the V3 band 
is roughly three times wider than the F band, the two 
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Fic. 2, Absorption constant at the band peak for the V3, F, and 
M bands, after successive periods of x-ray irradiation. The values 
for V; are multiplied by 3 for better visibility. 


curves are representative of the relative numbers of 
color centers of the two kinds (assuming that the 
oscillator strengths are about 1). In the early stages of 
coloration, the V;-band height is greater than the F- 
band height, but later the F centers outstrip the V; 


centers. 

The growth was reproducible to within 10% among 
samples cleaved from the same crystal, but varied by 
as much as a factor of 2 or 3 among different crystals. 
The V;-band growth rate was proportionately greater 
in crystals where the F-band growth rate was large. 

Appreciable thermal bleaching, of the order of 5%, 
occurred in the F band when the irradiation was sus- 
pended and the crystal was kept at room temperature 
overnight. A concomitant increase in M-band height 
was observed, since Ff centers are transformed to M 
centers. These changes were fully reversed by a further 
irradiation, however; that is, after the next irradiation 
the point lay on the original F- and M-center growth 
curves. Similar thermal bleaching was seldom observed 
in the V3 band. In fact, sometimes the height of the 
band increased on standing, by as much as 10%. These 
increases were unfortunately not very reproducible, and 
we have not studied them more thoroughly. (See Sec.5, 
however.) 

2. Dependence of Growth Rate on 
X-Ray Intensity 


Growth curves similar to those in Fig. 2 were meas- 
ured at three different x-ray tube currents, with a fixed 
voltage of 50 kv. If the law of growth of absorption 
constant a is expressed as 

ar=kr't, 


1 
ay kyl}, ( ) 





1056 CHRISTY 


9 7) ° 
rs a ro) 


GROWTH RATE k 








Dew 1 | 
02 O04 O6 OB 10 


X-RAY INTENSITY (orb. units) 





Fic. 3. Growth rate of V;- and F-band heights as a function of 
relative x-ray intensity. The growth rate constants & are defined 
by Eq. (1) in the text; the units are cm~! min~ for the F band 
and cm™ min“? for the V3 band. (Sample 0.11 cm thick, KCl 
filter 0.04 cm thick 
for the F and V; bands, respectively, the values found 
for & are plotted in Fig. 3. The values of ky and kr are 
approximately proportional to each other. (Since the 
units are not the same, the near equality of ky and kr 
is accidental. 

The value of kr has previously been reported to be 
proportional to x-ray intensity.“ At the higher dose 
rates used in our experiments, the proportionality does 


not hold strictly, but from Fig. 3 it can be inferred that 
ky depends on intensity in the same way as kr. That is, 
the F-band height increased with the square of x-ray 


intensity, and the }’; band increases with the first power 


of x-ray intensity. 


3. Dependence of Growth Rate on Depth 
in the Crystal 


Since the rate of production of color centers depends 
on the x-ray intensity, the rate 
with depth in the crystal, as the x-ray beam is absorbed 
by upper layers. The x-ray absorption constant depends 
on x-ray energy. In addition, the density of color centers 
produced by an absorbed x-ray photon also depends on 
X-ray energy, since soft x rays produce higher ionization 
densities. Thus, if the x rays are not monochromatic, 
the rate of coloration may be expected to depend in a 


of coloration decreases 


complicated way on depth in the crystal. 

The dependence e for the V3, F, and M bands in KC] 
is shown in Fig. 4. A stack of crystal slabs was exposed 
to x rays from the tungsten-target tube for successive 
periods of time, and growth curves similar to those of 
Fig. 2 were obtained for each slab in the stack. The 
“depth” is taken as the total thickness of the slabs above 
the slab in question, plus one-half the thickness of that 
slab itself, so that the absorption is averaged over the 
slab, of thickness approximately 1 mm. Figure 4 shows 
that the growth rate constants & defined in Eq. (1) for 
the V; and F bands depend on depth in the crystal, and 
therefore also on x-ray photon energy, in approximately 
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the same way (since it has been shown above that ky 
ind kp depend on intensity in the same way). Probably 
the M-band growth rate has a similar dependence, 
although the experimental uncertainty is too large to 
be unequivocal. 

It has, of course, always been realized that coloration 
is much heavier on the surface because of the strong 
absorption of soft x rays, and it is common practice to 
filter the radiation to eliminate the softest component, 
in order to have a more uniform coloration of the 
sample. The flattening out of the curves in Fig. 4 shows 
the value of such filtration. It seemed possible to us 
that, in addition to this depth effect, there could be a 
true surface effect. The rate of coloration is known to 
depend on oxygen and water vapor contamination, and 
ozone is produced by the x-ray beam. We tested the 
possibility that coloration was actually enhanced near 
a free surface of the crystal in two different ways. First, 
the rate of coloration of each of an irradiated stack of 
slabs was compared with that of slabs of equal thickness 
cleaved after irradiation from a solid crystal. In the 
former case all the slabs had two free surfaces during 
irradiation, but not in the latter case. Secondly, the 
coloration of identical crystals was compared when the 
irradiation occurred in air or in dry nitrogen atmos- 
phere. In both experiments the result was negative: The 
results were the same whether or not the sample had a 
free surface in contact with air. 


4. Simultaneous Irradiation with X Rays 
and Visible Light 


When the F band is bleached with white light in a 
crystal containing both F and V; bands, the F band can 
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Fic. 4. Variation of growth rate with depth in the crystal for 
the V3, F, and M bands. The units of & are as in Fig. 3, 
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be completely removed without affecting the V3; band.” 
Since the F band can be bleached indepently of the V; 
band, we expected that if the F band were prevented 
from growing by illuminating the sample with white 
light during the x-ray irradiation, the growth rate of the 
V; band would be unaffected. On the contrary, we found 
that the V3; band was not produced at all when the F 
band was prevented from growing. 

The previous experiments were repeated, with the 
KCI crystals illuminated during the irradiation with the 
light from a 500-w lantern-slide projector, about 25 cm 
away. Under these conditions, for example, in a 1-mm 
thick specimen covered by a 1-mm thick crystal, the 
V;- and F-band heights were both of the order of 1 cm™! 
after a 10-hr irradiation. The illumination caused the 
specimen temperature to rise to about 45°C, but it was 
established that this result was not a thermal effect. 
(See Sec. 6.) 


5. Alternate Irradiation with X Rays 
and Visible Light 


Because the V3 band failed to grow when the F band 
was prevented from growing by simultaneous bleaching 
during the x-ray irradiation, it was also of interest to 
observe the rate of production in a crystal which had 
been irradiated and then bleached. 

These effects are shown in Fig. 5. Curve 1 is the OH 
band at 204 my in the uncolored crystal. This band is 
given only to indicate the purity of the sample, and is 
subtracted from all the other curves. Curve 2 shows the 
V, F, and M bands after 170 min x-ray irradiation. The 
dose rate was comparatively high, and a relatively wide 
V’ band was produced. Curve 3 shows the same sample, 
after 12 hr bleaching (about 9 in. from a 300-w tungsten 
lamp, behind a water filter). The F band is almost com- 
pletely removed, although the sample had a light blue 
color due to colloid and aggregate bands. These were 
absent when the specimen was less heavily colored 
initially. The V; height is very little changed, but the 
long-wavelength shoulder is removed. The difference 
between curves 2 and 3 is plotted as curve 4, whose 
peak at 232 mu corresponds to the V2 band. This is less 
prominent at smaller x-ray intensities. 

The changes in area under these curves as a result of 
the bleaching were compared by arbitrarily assuming 
a boundary between electron and hole absorption at 
3.4 ev. Some of the F centers of curve 2 remain as the 
aggregated electron centers of curve 3 below 3.4 ev. It 
is also assumed that other F-center electrons might 
annihilate the V»2 centers of curve 4. After these areas 
are subtracted from the area under curve 2 below 3.4 ev, 
about 70% of the original F-band area is still un- 
accounted for. That is, there is an integrated electron 
absorption of 14.3 ev cm™! which has disappeared with- 
out a corresponding decrease of absorption in the uv 
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Fic. 5. Absorption spectrum of KCl sample 0.122 cm thick 
irradiated through Al filter 0.106 cm thick. Curve (1): Sample as 
received from Harshaw, showing the OH band (which is sub- 
tracted from the other curves). (2): After 170-min x-ray irradia 
tion; F-band peak is at 55 cm™. (3): After bleaching with white 
light for 12 hr. (4): Curve (2) minus curve (3), showing the V2 
band which was destroyed by the bleaching. (5): Irradiated with 
x-rays for 5 min more; F-band peak 29 cm7, (6): Curve (5) minus 
curve (3), showing the V2 band which is created by the x rays. 


within the range of the spectrophotometer. This missing 
area corresponds to 1.410" F centers cm™ using 
Doyle’s experimental figure”! of 1.0 10'* cm-*/ev cm™. 
Presumably there are compensating absorption changes 
beyond the range of our instrument, above 6.5 ev. 

Curve 5 shows the effect of a further 5 min of x-ray 
irradiation. The F band is largely (61%) recovered. 
The V3 peak goes down somewhat, on the other hand, 
and the V2 band reappears. The total area under the 
combined V bands remains constant, so that some of 
the V3 centers have apparently been converted to V2 
centers. 

These changes are summarized for several cycles of 
x-ray irradiation and optical bleaching in Fig. 6. The F 
band makes a rapid recovery after having been 
bleached, the over-all growth rate being as great as if 
the bleaching had not intervened. The V-band growth 
is similar, except for the initial destruction of the V3; 
band immediately after bleaching. 


6. Temperature Dependence of Growth Rate 

In KCl irradiated at liquid nitrogen temperature, the 
V; band is not produced. Instead, absorption in the uv 
occurs principally in the V; and V2 bands.®? The V, 
band is unstable above — 100°C. Above — 40°C, the V3; 
band begins to appear significantly, and the V2 band 


2 W. T. Doyle, Phys. Rev. 111, 1072 (1958). 
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Fic. 6. Peak heights for V3, V2, and F bands, after successive 
cycles of x-ray irradiation and white-light bleaching. The open 
circles represent the bleached sample. The points at 170 min and 
175 min show the heights of the bands in Fig. 5. 


becomes less prominent.’ The F band, on the other 
hand, forms at all temperatures down to the liquid 
helium range. 

Since the V; band production seems to be favored by 
higher temperatures, we measured the growth rate of 
the V3 and F bands when the crystals were x rayed at 
temperatures of about 50°C. The growth rate of the F 
band at 50°C was about half the rate at room tempera- 
ture. The rate of V;-band production was also smaller 
at the elevated temperature, but the decrease was not 
so great as for the F band. The formation of the V3 
band, therefore, seems to be favored at the elevated 
temperature, but since the interpretation of higher 
temperature measurements is complicated by simul- 
taneous thermal bleaching, these experiments were not 
pursued. The measurement shows, however, that the 
almost total repression of the V; band when the F band 
is optically bleached during the x-ray irradiation, as 
described in Sec. 4, cannot be a thermal effect. 


IV. DISCUSSION 


In the foregoing, we have sought relations between 
the production of V3 centers and F centers. It has been 
shown that the rates of production by x rays for the 
two kinds of centers are closely linked, so that both 
kinds are probably formed in the same elementary 
process. On the other hand, it is by no means true that 
the numbers of the two kinds of centers are always 
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equal, so that their concentrations do not reflect the 
fact that electrons and holes must be created in pairs 
(assuming that the V; center is a hole center). That is, 
in trying to interpret the formation process in terms of 
a mechanism, it must be assumed that other undetected 
absorption changes are also occurring outside our range 
of observation from about 0.5 to 6.5 ev. 

First, the V3 centers cannot be identified with im- 
purities. (The fact that the band peak is at about the 
same wavelength as that of the U band, due to hydro- 
gen, makes this point especially worth noting.) The V3 
centers have been produced in numbers approaching 
10'§ cm~*, whereas impurities would not be expected” 
to be present in numbers greatly exceeding 10'* cm™*. 
In particular, the observed OH band corresponds to 
about this number. In addition, the number of lattice 
sites in the immediate vicinity of dislocation lines should 
normally be of about the same order of magnitude or 
less. Thus the number of V3; centers can be far greater 
than the number of impurities or the number of atoms 
along dislocations. This fact does not mean, however, 
that the production of V3; centers is not somehow 
catalyzed by impurities or dislocations. In fact, that is 
probably the case, since the growth rate of this band, as 
well as that of the F band, has been found to be a 
structure-sensitive property, varying from one crystal 
to another. 

Secondly, the growth rate constant for the V; band 
depends in the same way as that of the F band on all 
the parameters which have been investigated. They 
depend in the same way on x-ray intensity, and also on 
depth in the crystal (and therefore on x-ray energy). 
Crystals which color more rapidly in the F band also 
show a more rapid growth of the V; band. These facts 
suggest that V; centers are produced by the same events 
which produce the F centers, although the possibility 
that the V; centers are produced by a similar mechanism 
but at independent locations cannot be excluded. 

Another indication of the close connection between 
F center and V; center production is the observation 
that the xrays do not produce V; centers if the F 
centers are destroyed by simultaneous optical bleaching. 
The V3; centers are probably formed in the vicinity of 
the F centers, since the release of F center electrons is 
able to prevent the formation of V; centers. 

In spite of these close connections, however, there is 
certainly not a one-one correspondence between F 
centers and V; centers. During the x-ray irradiation, the 
integrated absorption in the F band becomes much 
larger than the V; band absorption, so that F centers 
are formed without the corresponding formation of a V3 
center. That is, some of the holes are trapped elsewhere 
than at a V; center, and these give an absorption which 
is outside our range of observation. Not only can the 
number of F centers be greater than the number of V3 
centers, but also the opposite preponderance can occur. 


2S. Anderson, J. S. Wiley, and L. J. Hendricks, J. Chem. Phys 
32, 949 (1960). 
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The F band can be completely removed by optical 
bleaching with visible light, and yet practically no V; 
centers are destroyed. Thus at least some of the F- 
center electrons must become trapped elsewhere in the 
lattice after bleaching, again giving an absorption out- 
side the range of observation. 

The numbers of F and V3; centers cannot, of course, 
be equal if the F band grows linearly with time while 
the V3; band growth is nonlinear. If the V3 band growth 
is proportional to the square root of irradiation time, 
but the proportionality constant is always related to 
the slope of the F-band growth curve, an inference can 
be made with regard to the growth rates. Letting 7 and 
ny be the numbers of the two kinds of centers per unit 
volume, 

np=crl, ny=cyl, 
where cr and cy are constants which have been found 
to be proportional to each other under all circumstances 
(at a given temperature). Then, since dnp/dt=cr* and 
dny/dt=cy/2t'=cy?/2ny, we have 


dny 


1 dnp 
a 


dt 


where & is a proportionality constant. That is, the V3- 
center growth rate is proportional to that of the F 
centers, but also inversely proportional to the existing 
density of V; centers. This interpretation suggests that 
the V; centers are formed along with the F centers, but 
that their formation depends on another component, for 
which they are competing with each other, so that as 
they are formed this component becomes more scarce. 

Another property of the V3 center which is brought 
out by its growth rate is its stability. Apparently in its 
embryonic stages it is easily destroyed by electrons 
released from F centers by optical bleaching, but once 
it has been stabilized, it is very resistant to bleaching 
(thermal as well as optical). This enhanced stability 
could be merely a matter of distance from the F center, 
but it seems more likely that it is due to the acquisition 
of the additional component posited in the preceding 
paragraph. 

In any case, the V3 center very likely gains its 
stability by the mechanism of diffusion, since higher 
temperatures favor the formation of this center. It is 
not formed at all below —40°C, and becomes increas- 
ingly prominent as the temperature is raised. The 
diffusion involved could be simply in the separation of 
the V3; center from the F center. Because of the all-or- 
none character of the stabilization against optical 
bleaching, however, it probably depends on the diffusion 
of something else to the proto-V3; center, namely the 
additional component suggested above. 

A possible model for the V; center, which is appar- 
ently consistent with what is known about the center, 
is shown in Fig. 7. It is a Cl;~ molecular ion, oriented in 
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molecular ion model for the 
V3 center. The white circles 
are Kt ions, the black 
circles are Cl- ions, and the C) ¢ ® C) 


three gray Cl~ ions share 
two trapped holes. One of 
the gray ions is at a K*t-ion 

site. 

the [001 ] direction, occupying two anion and one cation 
sites. Chemically it is equivalent to an H center plus a 
cation vacancy plus another trapped hole. The diffusion 
of the cation vacancy could be the thermal process 
involved, assuming that production of anion vacancy- 
interstitial pairs is the fundamental reaction in the 
F-center formation. The assumption that the center 
contains a cation vacancy is supported by the observa- 
tion”’4 that ionic conductivity, due to migration of 
cation vacancies, is very much smaller in crystals con- 
taining V3; centers. The center is assumed to contain 
two holes because it is unlikely that it is paramagnetic. 
A search™ revealed no resonance in a sample containing 
over 10'° centers, either before of after bleaching the 
F band. 

The possibility that V3 has the structure shown has 
been raised previously.”> Hayes and Nichols*$ discovered 
a Cle center which gives an absorption at 325 my in 
KCl doped with Cat+. It differs from the other Cle 
centers (H and Vx), however, in that it is aligned in the 
[100] direction instead of the [110]. They suggest that 
it is a Cly- occupying an anion-cation vacancy pair, 
which composition is chemically equivalent to an H 
center plus a cation vacancy. Crawford and Nelson* 
found that this center, which is produced at 195°K, 
disappears above 235°K, and that when it is thermally 
bleached the absorption at 220 my is enhanced. It 
therefore seems that the 325-my center?’ has the struc- 
ture shdwn in Fig. 8. When it loses another electron at 
high temperature, it converts into the Cl;~ center of 
Fig. 7, the two holes now being shared by three chlorine 
ions. (We favor this configuration, rather than a neutral 
Cle, because of the large difference in wavelength 
absorbed by the center with one hole and that with two 
holes.*) A Cls-~ center corresponding to Fig. 7 is appar- 
ently not formed when the Cl;~ gains an electron 


3. R. W. Christy and W. E. Harte, Phys. Rev. 109, 710 (1958). 

24 W. T. Doyle (unpublished). 

25 J. H. Crawford, Jr., and C. M. Nelson, Phys. Rev. Letters 5, 
314 (1960). 

26 W. Hayes and G. M. Nichols, Phys. Rev. 117, 993 (1960). 

27 Hayes and Nichols believe that the center is next to the im- 
purity, whereas Crawford and Nelson disagree. Without commit- 
ting ourselves on this point with regard to the doped crystal at low 
temperatures, we suggest that in the pure crystal at room tempera- 


ture the V; has the structure shown in Fig. 7. 
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Fic. 8. Possible Cl.~ con 
figuration resulting from 
the addition of an electron 
to the center of Fig. 7. One 
trapped hole is shared by 
the two gray CI- ions. The 
other Cl- ion has reverted 
to its normal state. (This 
center may be stable only 
when it is next to a divalent 
cation impurity 


because the chemically equivalent Cl. of Fig. 8 is more 
stable (at least at 195°K or in the vicinity of an 
impurity). 

The V2 center seems to be somehow related to the V3, 
since it is apparently transformed into V3; on warming 
from low temperatures’ and transformed from V3 on 
re-irradiation of an optically bleached sample. It is 


probably not worthwhile to speculate on the structure 


of V2, however, until more is known about it, although 
it is tempting to identify it with the Cl; 


just discussed. 
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V. CONCLUSIONS 

The V3 center is probably formed in the same event 
with some of the F centers and its stabilization involves 
diffusion of ions. Its structure may be a Cl;~ oriented in 
the [100] direction, i.e., an H center plus a cation va- 
cancy (plus another hole). This structure would conform 
to the absorption band groupings suggested by Hersh, 
and would require the diffusion of a cation vacancy to 
the center. It also suggests that the fundamental process 
in the formation of (at least some of) the F centers at 
room temperature is the production by the x-rays of 
anion vacancy-interstitial pairs. The rate of this 
production is structure sensitive, but the total number 
of pairs produced is not limited to the number of im- 
perfections in the crystal. The formation of other F 
centers by a mechanism involving production of anion- 
cation vacancy pairs is not excluded, and in fact this 
mechanism could provide the cation vacancies required 
for the assumed model of the V; center. In any event, 
the numbers of F centers and V; centers are not equal, 
so that some other optical absorption must occur out- 
side our range of observation, probably on the edge on 
the fundamental absorption band. 
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Energy-Dependent Behavior of Intrinsic Close-Pair Defects within Copper* 


RoBert L. CHAPLIN AND PAUL E. SHEARIN 
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The low-temperature substages of high purity copper, which are associated with close-pair Frenkel defects, 
have been measured following 2-Mev electron irradiations. Results are in the region of multiple defect 
production and show that a correlation exists between prior experimental work performed by lower energy 
electron and 10-Mev deuteron bombardments. It is evident that each intrinsic substage possesses a very 


definite dependence upon irradiation energy. 


RRADIATION of metals at very low temperatures, 

and the subsequent anneals, have resulted in defin- 
ing stages whereby the change in a structure-sensitive 
property induced by bombardment is recovered within 
definite temperature intervals. Independent techniques 
of isochronal and isothermal annealing methods have 
shown! identical substages included within the low- 
temperature recovery stage (14-65°K) of high-purity 
copper. These substages for copper have been desig- 
nated as Iu, Ip, etc., and have been identified by 
Corbett ef al.! as due to various vacancy-interstial 
interactions. Results of Corbett and Walker? indicate 
that the fraction of the total damage associated with the 
various substages show definite trends when the electron 
bombardment energy is varied from 0.65 to 1.4 Mev. 
This work, by bombardment at 2 Mev, extends former 
electron studies into the region where secondary dis- 
placements become significant, thereby almost doubling 
the range of bombarding energies studied. 

Copper specimens, 99.999°% pure, were bombarded 
with 2-Mev electrons at temperatures below 14°K. 
Samples were then subjected to isochronal anneals 
according to methods of previous investigators.’ Results 
of resistivity changes are given in Table I. 

Our discussion is limited to the first three substages 
since their intrinsic nature!* enables some degree of 
comparison among results from independent labora- 


TABLE I. Experimental values for the magnitude of damage in 
the low-temperature recovery stage of copper for 2-Mev electron 
irradiation 


Specimens 
2-Mev electrons/cm?(10'*) 3.0 
Total change of 
resistivity (10! ohm-cm) 15.8 4.16 
Average 
3.0; 
12.0 


Recovery stage 
I 4 2.6' 
12.0 
10.0 : 93 
21.5 ’ 24.1 


the U. S. 


* This work was supported by 
Commission. 

'J. W. Corbett, R. B. Smith, and R. M. Walker, Phys. Rev. 
114, 1452 (1959). 

2 J. W. Corbett and R. M. Walker, Phys. Rev. 115, 67 (1959 

3 J. W. Corbett, R. B. Smith, and R. M. Walker, Phys. Rev 
114, 1460 (1959), 
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tories. In the absence of more detailed theory we have 
arbitrarily, and perhaps crudely, chosen the average 
recoil energy as a gauge for comparison. In Fig. 1 we 
have therefore plotted the average recoil energy versus 
the percent of resistivity change which is recovered for 
4, In, and Ig. This figure includes the 10-Mev deuteron 
data of Magnuson ef a/.,‘ electron data of Corbett and 
Walker,” Sosin,® and the average values from Table I. 
It is gratifying that all data fit on smooth curves. 

One notes the following conclusions from Fig. 1: 
(1) Results from this 2-Mev electron irradiation confirm 


—Sosin® 
| Corbett et al.? 
\ Magnuson et al.* 


' Present Paper 


nN 
°o 


Percentage Change of Resistivity 
2 


of 


Average Recoil Energy (ev) 


Fic. 1. Points corresponding to an average recoil energy of 
240 ev indicates data obtained by 10-Mev deuteron irradiation. 
The remaining data was determined by electron irradiation. An 
average recoil energy of 46 ev pertains to average values listed in 
Table I, and values required for determining all other points are 
listed in reference 2 or 5 


and extend the trends suggested by the data of Corbett 
et al. (2) The 10-Mev deuteron data fit the same curves. 
(3) The major variation occurs near the threshold 
energy for displacement. (4) An increasing percentage 
of I, for higher irradiation energies contradicts the 
intuitive behavior expected for close pairs. Any model 
of defect production and/or recovery must account for 
these facts. One such model is suggested by Sosin. 

*G. D. Magnuson, W 


109, 1990 (1958). 
5 A. Sosin (to be published 


Palmer, and J. S. Koehler, Phys. Rev. 
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Anisotropic Broadening of Linewidth in the Paramagnetic Resonance Spectra 
of Magnetically Dilute Crystals 
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The effects of mosaic structure on the anisotropic broadening of the linewidth in paramagnetic resonance 
spectra of dilute crystals is investigated. A general formula for the line shape and the linewidth at half 


maximum is derived. 


The half-width of the spectrum of Gd** in the single crystal of ThO» is measured as a function of the angle 
of the magnetic field with respect to the cubic axes. Good agreement is found with the above theory. The 
average deviation of the crystallites from the symmetry axis is found to be about 0.12°. Small deviations from 
the agreement indicate a compensating defect approximately along the [100] direction which gives rise to a 


small axial distortion. 


INTRODUCTION 


HE linewidth in paramagnetic resonance spectra 
in single crystals is caused by a number of differ- 
ent mechanisms. It is customary to classify these into 
two groups, homogeneously and inhomogeneously 
broadened lines. In homogeneously broadened lines the 
absorbed energy is distributed over all the spins within 
the envelope of the linewidth. Examples of such broad- 
ening are dipole-dipole interactions between like spins, 
and spin-lattice interactions. Examples of inhomogene- 
ous broadening are hyperfine interactions, impurities 
and defects near the paramagnetic ion, and mosaic 
structure in nearly perfect crystals. 

In the description of paramagnetic resonance one 
employs a spin Hamiltonian which describes the ob- 
served resonance spectrum, in a shorthand notation, by 
means of a few experimentally determined parameters. 
It is usually assumed that these parameters have sharp 
values. These parameters are related to other parame- 
ters such as a static crystal field potential, to the spin- 
orbit coupling, and to the Coulomb interaction integrals. 
The presence of various impurities, dislocations, and 
other defects may cause stresses in the crystals. In 
general these stresses will change the point symmetry. 
In some cases these stresses may preserve the point 
symmetry about the paramagnetic ion but may change 
slightly the energy level spacings between the ground 
state and higher excited states. The changes in energy 
level spacing can be traced to variations in the crystal 
field potential, and to a minor degree in the magnitudes 
of the spin-orbit coupling of the Coulomb energy, and in 
changes in the amount of covalent bonding. The effect 
of all this is to give rise to a distribution of values of the 
various parameters in the spin Hamiltonian. In some 
cases, the point symmetry is changed only very slightly 
so that the different lines cannot be resolved. If the 
linewidth is measured when the spectrum is observed 
* Presently at the Bell Telephone Laboratories, Murray Hill, 
New Jersey. 


along the direction of the deviation from the dominant 
point symmetry, it will be found to be broadened. In all 
of the above mechanisms the linewidth is essentially 
independent of whether one observes the spectrum at 
zero magnetic field or at strong magnetic fields. They 
are also a contributory factor in the linewidths observed 
in the optical spectra in paramagnetic crystals. 

Another type of broadening is caused by the presence 
of mosaic structure in a nearly perfect crystal. In such a 
crystal the various crystallites make slightly different 
angles with respect to a fixed direction such as an ex- 
ternally applied magnetic field. These discrete and finite 
changes in the direction of the crystal axes cause a 
broadening in an anisotropic paramagnetic resonance 
spectra where the position of the absorption line is a 
function of the angle of the magnetic field with respect 
to the local crystal field axes. The linewidth at zero 
magnetic field differs from that measured at strong 
magnetic fields. 

In this paper, we present evidence for the existence of 
mosaic structure in one particular crystal and discuss, in 
general, a method of determining aspects of the mosaic 
structure by means of paramagnetic resonance. In the 
cases where this method can be used, it has certain 
advantages from those employed in x rays or in optical 
spectroscopy. Using x rays one encounters difficulties in 
that the penetration depth of x rays in a crystal is 
small. One can, therefore, only explore a small fraction 
of a large single crystal. In highly dilute paramagnetic 
samples, it is exceedingly difficult to find changes in 
lattice distances, since x rays measure the average 
lattice distance in the crystals, and may only indirectly 
give information regarding changes in point symmetry 
near the paramagnetic ion. Optical methods seem to be 
limited to polished transparent doubly refracting crys- 
tals and, when used with paramagnetic substances, to 
highly concentrated samples.! Measurement of the 


1N. Yu. Ikornikova, Doklady Acad. Nauk SSSR 801, 403 
(1951). 
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linewidth of the optical absorption or fluorescence spec- 
tra of very sharp lines which are split into a number of 
Zeeman levels in an external magnetic field could pos- 
sibly be used for the observation of the anisotropy in 
linewidth. This method is very similar, in principle, to 
that to be discussed in this paper but is, however, limited 
to those ions showing the very sharp optical absorption 
lines. 

The crystal chosen for this investigation was a single 
crystal of ThO2, containing a small amount (less than 
0.01%) of Gd*+. The spectrum of Gd*+ in this crystal 
has been previously investigated.” The point symmetry 
about the Gd** ion is cubic. It has the advantage that 
the lines are among the narrowest known in paramag- 
netic resonance of transition ions in single crystals. In 
addition, the Th?” nucleus and the dominant oxygen 
isotope have no nuclear magnetic moments. Therefore, 
the spin-spin interactions do not contribute appreciably 
to the linewidth. The spectrum of gadolinium is com- 
plicated in that each electronic line is split into a number 
of hyperfine lines, since the two isotopes 155 and 157 
each have a spin of 3 and an abundance of about 15% 
each.’* The hyperfine interaction constants A of the 
gadolinium isotopes in ThO, are 4.5 and 5.7 gauss, re- 
spectively. The contributions of the hyperfine lines to 
the linewidth make it difficult to measure accurately the 
half-width at certain angles in which the linewidth be- 
comes an appreciable fraction of this separation. On the 
other hand, since A is isotropic to a high accuracy, the 
hyperfine lines could be used as internal calibration for 
measuring the linewidth. As will be shown below, we 
have good evidence that mosaic structure can explain 
the angular variation of the linewidth. 


THEORY 


Let us assume that the nearly perfect crystal consists 
of a large number of perfect crystallites which differ only 
in that the crystal axes point in slightly different direc- 
tions. Consider that a coordinate system is attached to 
each crystallite, in which the coordinate axes coincide 
with the crystal axes. Let 6, ¢ denote the coordinates in 
such a system, and 69, go the coordinates in a fixed 
system. Let G(@o,¢0; 8,¢) describe the rotation distribu- 
tion function. Then G(@o, go; 6, ¢)d0d ¢ sin@ is the number 
of crystallites in which the crystallite coordinates lying 
within the solid angle @ and 06+d@ and ¢ and ¢+dg, 
coincide with the direction 40, ¢o in the fixed coordinate 
system. The choice of such a distribution function re- 
ferred to a fixed direction has advantages over the 
choice of a distribution function using Eulerian angles. 
The fixed direction in our experiment is the direction of 
the magnetic field. We are interested in the number of 
those crystallites for which the crystal axes will coincide 
with this direction of the magnetic field. Obviously, a 

*W. Low and D. Shaltiel, J. Phys. Chem. Solids 6, 315 (1958) 


W. Low, Phys. Rev. 103, 1309 (1956). 
‘W. Low and D. Shaltiel, Phys. Rev. 115, 424 (1959). 
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rotation of the crystal about the axis along this pre- 
ferred direction does not cause any change in the 
spectrum. 

The frequency of the transition between any two 
paramagnetic levels in an external field H can be 
described by 


v=F(H,6,¢). (1) 


Let vo be the frequency for a given crystallite whose 
symmetry axis coincides with the direction of the mag- 
netic field. Then, since 


Av=vo—v= F (A,9, ¢0) —F (A,9,¢), (2) 


the line shape of the disoriented crystal can be ex- 
pressed as 


g(Av)dy= f [eoens 6,)d6d ¢ sind, (3) 


where & is the solid angle confined between the spheres 
Av=const and Av+dv=const. It has been assumed 
here that the transition probability is equal in all 
directions, an adequate assumption for Aw= +1 transi- 
tions when /y is bigger than the initial splitting. 

In order to evaluate the line shape it is convenient to 
transform: the old coordinate system @, y, r=const toa 
different coordinate system Av(@, ¢), «(9,¢), and r=const. 
In this new coordinate system 1(0,¢) is chosen so that 
the integral can be easily evaluated. In this 
coordinate system, Eq. (3) is given by 


Avt+ds ‘max 
g(Av)dv f f G(90, ¢0; 9, ¢) 
As um 


Xsin@ 
O(u,Arv) 


new 


0(6.¢) 
dud - (4) 


where 0(4,¢)/0(u,Av) is the Jacobian. Similarly, the 
line shape can be found for the case when the frequency 
is kept constant and the magnetic field is varied. In this 
case 


H= f(v,6,¢), (5) 


and 
MPa Aemas 


g(AH) 
JAH v 


min 


G(4o, Lo; G,¢) 


0(6,¢) 
-dw, (6) 
0(w,AH) 


X siné 


where AH = f(v,60, ¢0)- 


similar manner to u. 


f(v,8,¢) and w is chosen in a 


Anisotropic Broadening in Nearly 
Perfect Crystals 


In the preceeding section no restrictive assumptions 
have been made regarding the choice of the distribution 
function. In well-annealed crystals one may assume that 
the misorientation of the various crystallites is small, so 
that the axes of rotation will differ only by a small angle 





1064 D. SHBALTLUEL 
a. We shall also assume that this angle a is distributed 
isotropically about the average value of the direction of 
the crystal axis which should coincide with the direction 
of this axis in a perfect crystal. This last assumption is 
plausible for cubic crystals. For noncubic crystals, or 
crystals having a defect near a paramagnetic ion along 
a preferential direction, a will not be isotropic. 

With these assumptions, we derive (see Appendix) an 
expression for the distribution function: 


P(a)da 


Go)=ce f . 
a= 2a*[1—(/a)* }! 


® is the angle between the directions 00, go and 8, y, and 
@<a; Pla) is the probability that the axis of the 
crystallite is rotated by the angle a. The integral is cut 
off at a maximum angle @max- We assume that the P(a) 
is so constructed that it falls to zero very fast for all 
angles larger than a@max and therefore contributes a 
negligible amount to the integral for large a. 
Since ® is small we can write 


&=[A¢* sin’y+A }!, 
where AO= (@).—6) and Ag= (go— ¢). 


Expanding Eq. (2) in a Taylor’s series and using the 
first term in the expansion, we obtain 


Av= F (Ho, ¢0) —F(H,8,¢) 


OF oF 
Ag+ 
fall Oe 
ad6+bAv¢. (9) 
We set u=® and evaluate the Jac obian by means of 
8) and (9). Substituting the Jacobian as well as 

of Eq. (7) into Eq. (4), we obtain the expression 


@* sind 


c [ 
' bAd—aAg sin*é 


on P(a)da 
x —d®, 
. t a [1—(@ a) | 


r= 


(10) 


Av[_ (8 sin*6+ a” 


zation factor. 


with ®, a’+5*)? |! and C a normali- 


Similarly, when measuring at constant frequency, one 
obtains the line shape function 


max? sind 
g(AH) cf 
rp. bAd—adAg sin’é 


omax P(a)da 
xf d®, 
1=4 o'[1—#* a | 


with ,=,;(AH/Av)(0F/dH). 
In our experiments we chose the measurements made 


(11) 
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in the 
rhe solid line is 
the various points the 


Fic. 1. The paramagnetic resonance spectrum of Gd 
single crystals of ThO, in strong magnetic field 
the calculated spectrum and 
spectrum for the AM =-+1 transitions 


measured 


in a plane where b=0. Equations (8) and (9) simplify to 


#°— Ay?/a?)! 
Ag 


sing 


and Eq. (11) reduces to 

C’ aF wa @ 
g(AH)=- f - 

a oH t \H aF/aH a| & — (Av)-/ (a)- 


mex P(a)da 
xf de. 
r= a? (1—? /a?)3 


In order to evaluate these integrals we need to know 
something about the rotation function P(a). For com- 
putational reasons we shall assume a Gaussian distribu- 
For any other dis- 
tribution, the integral has similarly to be evaluated 
numerically and will give results which differ only by a 
numerical weighting factor from the 
below. 

Using a Gaussian distribution, the half-width at Half 
intensity is given by a simple expression (which could 
have been anticipated) 


(12) 


tion P(a)= (2/rao) exp(—a?/ay?) 


one presented 


AH (a/2)ao/(O0F/0H (13) 


We shall use this expression for the particular case of 
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TABLE I. Linewidth of AM =+1 transition of Gd** in the single 


Direction Soi 3 5 43 
[100] 4840.25 4440.2 3.6402 
[111] 5.8+0.25 4.8+0.2 4.0+0.2 
[1107 5.2+0.25 4540.2 3.840.2 


® Linewidths measured in gauss. 


Gd**+ in ThO.. The ground state of this ion is 8S7)2. In the 
cubic field of ThO, the angular behavior for all strong- 
field AM =-+1 transitions can be expressed by 


hy/g8= H+A>+4+B,/H+C./H?. (14) 


The constants A ;, B;, and C; have been evaluated by 
de Boer and Van Lieshout® and by Lacroix.® These 
constants are functions of the invariants p and q of the 
three direction cosines /, m, and n which the magnetic 
field makes with the cubic axes. p and gq are given 
explicitly by 

p=Pm+ nF +Pr’, 


q=Pmin’*. 


(15) 


The general form of the linewidth at half intensity is 
given in terms of the constants 4, B, C and p, g as 


a E ,Op OA,dqg 1 (— Op OB, ~) 
‘ss 4 + 
2L Op 06 dg 06 H;\ dp 00 dq 06 


1 AC, 0p dC; Aq BB; xy 
1 ( ) \( 1— + ) . (16) 
H Op fala Og 00 H? HH; 


EXPERIMENTAL PROCEDURE 


AH 


The paramagnetic resonance spectrometer was a con- 
ventional 3-cm wavelength spectrometer using a simple 
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Fic. 2. The variation of the half-width AH/ as a function of the 
angle which the magnetic field makes with the cubic axis for the 
indicated one of the seven A.\/ = +1 transitions. The solid lines are 
the calculated variations using Eq. (16) in the text. The dashed 
lines give the experimental anisotropy of A//. 


5 J. de Boer and R. Van Lieshout, Physica 15, 570 (1959), 
® R, Lacroix, Helv, Physica Acta 30, 374 (1957). 
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crystal of ThO: along the [100], [111], and [110] directions.* 


—}o4+} -io-} -fo-} -jo-$ 
2.6+0.15 3.3+0.2 3.8+0.2 5.3+0.25 
2.7+0.15 4.4+0.2 4.2+0.2 5.9+0.25 
2.9+0.15 3.5+0.2 3.9+0.2 5.8+0.25 


magic 7, rectangular cavity, and video detection. The 
single crystal of ThOs, with less than 10~ mole fraction 
of gadolinium, was mounted on the broad side of the 
Hy02 cavity. The crystal could be rotated about a hori- 
zontal axis and the magnet about a vertical axis. By 
rotating both the crystal and the magnet, the crystal 
was adjusted so that the [100] direction was contained 
in a plane perpendicular to the vertical axis. The mag- 
netic field could be rotated in the (110) plane. 

The video detection used a wide-band amplifier with 
pass band of 8—10 000 cycles in order to prevent dis- 
tortion of the line shape. A fixed magnitude of magnetic 
field modulation was used. The peak-to-peak modula- 
tion was about 10 times the linewidth. Care was taken 
that the center of the lines should appear at zero 
magnetic field modulation. All this eliminated, to a 
large extent, the effects of nonlinearity of the field 
modulation. 


EXPERIMENTAL RESULTS 


The measured and calculated paramagnetic resonance 
spectrum for the transitions AM = +1 is shown in Fig. 1. 
The magnetic field was rotated in the (110) plane. 
Table I gives the measured linewidths at half intensity 
at the three directions [100], [111], and [110]. 

The anisotropic line broadening was obtained from 
the total linewidths as follows: 


1. It isassumed that the anisotropic broadening gives 
a negligible contribution to the total linewidth along the 
[100 ] direction (this is justified below). 
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Fic. 3. The variation of the half-width AH as a function of the 
angle which the magnetic field makes with the cubic axis for the 
indicated one of the seven A./ = +1 transitions. The solid lines are 
the calculated variations using Eq. (16) in the text. The dashed 
lines give the experimental anisotropy of A//, 
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2. Additivity of linewidths caused by different 
broadening mechanisms is assumed. 

We then subtract the linewidth as observed along the 
[100] direction from that observed along other angles 
and obtain a residual linewidth. In Figs. 2-8, we have 
plotted this residual linewidth for all M — M—1 transi- 
tions (dashed lines) as a function of the angle 6. The 
theoretical anisotropy is calculated in the (110) plane 
from Eq. (16) using 


p=1/4(142 cos*@—3 cos*‘9), 
and 
g= 1/4(cos*@—2 cos'é+ cos"). 


It should be noticed that the first term A, would give 
linewidths of equal magnitudes for the M;—> M ,;—1and 
M_;— M_,+I transitions. Theterms B;/H;andC,;/H? 
have to be added to account for the asymmetry. The 
curves are normalized so to give a best fit to the ex- 
perimental data by choosing ap=0.12°+0.02. The good 
agreement between the experimental and theoretical 
curve shows that the the ry as developed above is a good 
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Fic. 4. The variation of the half-width AH as a function of the 
angle which the magnetic field makes with the cubic axis for the 
indicated one of the seven A. = +1 transitions. The solid lines are 
the calculated variations using Eq. (16) in the text. The dashed 
ive the experimental anisotropy of A//. 


nes give 


first approximation. The value of aj=0.12° is reasonable 
for the average misorientation of the various crystallites. 
If a distribution other than a Gaussian were used, ap 
would have a different value but probably of the same 
order of magnitude. 

The small deviations found for the } > —} transi- 
tions suggest that there is another mechanism which is 
responsible in part for the anisotropic broadening. This 
is also seen from the fact that the theoretical anisotropic 
broadening should be zero to first order for the [100], 
[111], and [110] directions. Second-order effects con- 
tribute only a negligible amount. However, the experi- 
mental curves show that there is some residual broaden- 
ing along these directions. Spin-lattice relaxation or 
cross-relaxation effects seem to be ruled out since the 
linewidth for the }—» —} transition decreases only 
slightly (about 0.4 gauss along the [100] direction) as 
the temperature is lowered from room to liquid nitrogen 
temperature. 
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Fic. 5. The variation of the half-width AW as a function of the 
angle which the magnetic field makes with the cubic axis for the 
indicated one of the seven AM = +1 transitions. The solid lines are 
the calculated variations using Eq. (16) in the text. The dashed 
lines give the experimental anisotropy of A//. 


Some indication as to the causes of this additional 
broadening is found from the ratio of the linewidth of the 
various +M << +M-+1 transitions. The observed ratio 
of the +3 +3, +3$<> +3, and +$< +} transitions 
is 10:7:3.5. If the cause were a random distribution of 
the cubic zero field splitting, one would expect a ratio 
of 10:5:6. 

A partial explanation can be given by assuming an 
additional small axial field along the principal cubic 
axes. An additional parameter to the spin Hamiltonian 
of the form DS would give rise to line shifts in the ratio 
of 10:6.7:3.3. Assuming, therefore, a distribution of 
values of D centered around D=0 one can explain this 
residual linewidth. Such an axial field can be caused by 
some compensating positive ion, or by the absence of 
some oxygen ions at large distances. Some support for 
this conjecture is found in the fact that well-annealed 
crystals show some reduction in linewidth. 

Asseen from Table I the linewidth of the M,—> M,—1 
and M_;— M_,*+1 transitions in the three principal 
directions, contrary to expectation, are not equal. Al- 
though this may be attributed to the errors in measure- 
ment which are close to the differences, we nevertheless 
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Fic. 6. The variation of the half-width AH/ as a function of the 
angle which the magnetic field makes with the cubic axis for the 
indicated one of the seven A. = +1 transitions. The solid lines are 
the calculated variations using Eq. (16) in the text. The dashed 
lines give the experimental anisotropy of A// 
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Fic. 7. The variation of the half-width AH as a function of the 
angle which the magnetic field makes with the cubic axis for the 
indicated one of the seven A.V = +1 transitions. The solid lines are 
the calculated variations using Eq. (16) in the text. The dashed 
lines give the experimental anisotropy of AH. 


think that the differences are real but their origins have 
not yet been clearly understood. 


DISCUSSION 


In the preceding, we have shown that the angular 
dependence of the linewidth can be explained by 
crystallites having slightly different orientation. The 
analysis in this particular case gave the average angle 
which the crystallites make with the symmetry axes. If 
the line shape were carefully measured as a function of 
the angle one could possibly get some information re- 
garding the distribution function. 

The anisotropic linewidth is probably present in most 
crystals. In some crystals, the symmetry axis changes 
the direction in some manner along the crystal. Ruby is 
well known to show such an effect. The crystal axis may 
show a curvature along the boule; the deviation across a 
crystal of about one inch may be several degrees. The 
angular behavior of the +3 — +} transition of Cr** in 
Al,O3; is given by hv=g8H+D(3cos’@—1). Then, 
AH = (D/g8)3 sin20A@ which would show a maximum 
linewidth for 9=45°. At this angle, and for an angular 
spread of A@=0.5°, we find AH ~50 gauss. This is larger 
than the spin-spin interactions for all Cr*+ with concen- 
tration less than 0.2 mole percent of Cr*+. The misalign- 
ment of the axial symmetry axis in ruby is probably one 
of the causes of the wide lines in the paramagnetic 
resonance spectra, and one of the main contributing 
effects to the linewidths if the spectrum is observed 
along a direction other than the C axis. This method 
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Fic. 8. The variation of the half-width AH as a function of the 
angle which the magnetic field makes with the cubic axis for the 
indicated one of the seven AM = +1 transitions. The solid lines are 
the calculated variations using Eq. (16) in the text. The dashed 
lines give the experimental anisotropy of AH. 
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would, therefore, be used for the investigation of how 
perfectly the C axis in ruby is orientated. 


APPENDIX 
Calculation of the Rotation Distribution Function 


We shall assume that the various crystallites are 
disoriented with respect to a given axis in an isotropic 
manner. We mean by this that the axes of rotation, 
through which the crystallites are rotated, are iso- 
tropically distributed. In Fig. 9 the z axis was chosen for 
convenience as the direction in which the distribution 
function is calculated. Let a crystallite be rotated about 
an axis making an angle 6 with the z axis of the crystal. 


Fic. 9. Calculation of the rotation distribution function. 


The angle between the new 2’ axis and the old axis will 
be ®. For small angles of rotation 


(A1) 


®=a sind. 


The number of crystallites whose z axis is rotated be- 
tween ® and +d®, because of a rotation by a, is 
proportional to sinéd#@. Therefore (see Fig. 9) 


Pp d® ; 
sinédé (A2) 
a (1-—- 


If P(a) is the distribution function for rotating the angle 
by a, we get the rotation distribution function 


a=max Pl(a)da 
G@)=ce f 
p a? (1—?/a?)! 


(A3) 


where ® has the restriction that ®<a. 





























PHYSICAL REVIEW 


phorus-doped silicon, gi—gi= (1.04+0.04) x 107%. 


I. INTRODUCTION 


HE substitutional donors phosphorus, arsenic, 
and antimony in silicon have one extra unpaired 
electron which at low temperatures is bound to the 
donor nucleus. The paramagnetic resonance spectrum 
of this bound electron has been the subject of several 
previous investigations’ which helped to elucidate the 
ground-state electronic structure of these so-called 
‘shallow donors.” 

The present work is concerned with the exciled states 
of the localized donor electrons and the effect of ad- 
mixing these excited states into the ground state by 
applying a uniaxial stress. 

The excited states in question arise in the following 
way. In the effective mass approximation the donor 
ground state in silicon is sixfold degenerate—a 
sequence of the multivalley nature of the conduction 
band.® This degeneracy is lifted by the valley-orbit 
interaction which splits the six levels into a singlet 
ground state and a doubly- and triply-degenerate set 
of excited states. These excited states are important in 
determining many of the low-temperature properties 
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he excited states of the antimony, phosphorus, and arsenic impurities in silicon have been investigated 
by subjecting samples to a uniaxial stress and observing the change in the electron spin resonance spectrum 
The experiments were performed at 1.25°K and ~9000 Mc/sec on silicon samples subjected to strains up 
to 10°*. From the reduction in the hyperfine splitting and the observed g anisotropy under strain the follow 
ing results were deduced: For a deformation potential of 11 ev, the valley-orbit splitting (i-e.,singlet-doublet 
spacing) for phosphorus was found to be 0.015 ev, for arsenic 0.023 ev, and for antimony 0.013 ev. For the 
difference in g values with H parallel (gi;) and H perpendicular (g;) to the valley axis we obtained for phos 


The observed g shifts with strains along different crystallographic directions revealed the presence of two 
distinct spin-lattice relaxation (7,) mechanisms. These were verified and compared with the theory of Roth 
and Hasegawa. The effect of applied strains on the mutual electron-nuclear spin flip rate (7.) has 
demonstrated. The importance of strain experiments in unravelling relaxation mechanisms is discussed 


been 


of silicon. In particular, as we shall see later, they play 
a dominant role in the interaction of lattice phonons 
with the donor electron spin system. 

Since the optical transitions from the ground state 
to these excited states is forbidden, it is difficult to 
obtain their position directly from optical spectra. 
However, it is possible to determine the position of the 
excited states by subjecting the silicon lattice to a shear 
strain which destroys the equivalence of the six con- 
duction-band valleys.*? This has the effect of admixing 
the doublet state into the singlet ground state. The 
magnitude of the admixture introduced by the strain 
was measured in our experiments by observing the cor- 
responding changes in the resonance spectrum. 

Experimentally we have observed changes both in 
the hyperfine splitting and also in the center of gravity 
of the lines; 
changes we have determined the:splitting of the excited 


the latter we term a g shift. From these 
states (i.e., the singlet-doublet separation), the mag- 
nitude of the deformation potential for shear, and the 
nature of the g tensor for an electron in a single valley. 

The g shifts due to the applied strain were correlated 
with the observed spin-lattice relaxation times and 
compared with the theory of Roth* and Hasegawa.’ 
Good agreement was obtained between the observed 
relaxation rate and their theoretical prediction.” The 
presence of an additional relaxation mechanism was 
revealed by the strain experiments and compared with 

6 P. J. Price, Phys. Rev. 104, 1223 (1956). See in particular foot 
note 55 of this reference relating to the reduction of the hyperfine 
interaction by strain. 

7G. Weinreich and H. G 
(1960). 

8 L. Roth, Phys. Rev. 118, 1534 (1960 

*H. Hasegawa, Phys. Rev. 118, 1523 (1960 

10 A preliminary account of this work was given by G. Feher, 
E. Gere, and D. K. Wilson, Bull. Am. Phys. Soc. 5, 264 (1960). 
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the theory of Roth.'' It should be noted that this general 
approach of correlating strain experiments with relaxa- 
tion times should be applicable to other paramagnetic 
systems” since in essence one simulates the time- 
varying effects of a phonon by statically straining the 
lattice. 


II. NATURE OF THE DONOR STATES 
A. In the Absence of Strain 


The theory of shallow donors has been developed by 
Kohn and Luttinger.2° They considered the donor 
electron as moving with an appropriate effective mass 
m* in the Coulombic potential of the donor atom im- 
bedded in a dielectric medium. The result of this treat- 
ment shows that the Bloch functions, which describe 
the conduction electrons, are modulated by an envelope 
function which is the solution of the associated hydro- 
gen-like Schrédinger equation. (The amplitudes for 
these modulated Bloch functions in a [110] direction 
are shown in Fig. 6 of reference 3.) Since the appro- 
priate Bloch functions can be taken from any one of 
the conduction-band minima, the complete wave 
function must consist of an algebraic sum of Bloch 
functions from the different minima. Thus they arrive 
at the following wave function for the donor states: 

6 


V(r)= ¥ aY FP? (ru (r) exp(tky™ -1r), (1) 


where u(r) exp(iko-r) is the Bloch function at the 
jth minimum and F(r) is the effective-mass envelope 
function. The a are coefficients which 
describe the relative contribution from each of the dif- 
ferent minima or valleys and thereby form different 
combinations of the wave functions. 

Since the effective mass m* is different for motion of 
the electrons parallel or perpendicular to the valley, 
the envelope function is not spherically symmetric. In 


numerical 


the case of silicon the wave functions for each of the 
valleys resemble pancakes with the axis pointing along 
the direction of the appropriate valley. The Kohn- 
Luttinger theory of the donor states has essentially 
been confirmed by both optical absorption and spin 
resonance studies.° 

From symmetry considerations the ground state, 
which would be sixfold degenerate, splits into .a sym- 
metric singlet a doublet and a triplet. Only the singlet, 
which is composed of equal admixtures from each of the 
valleys, gives rise to a finite probability for the donor 
electron to be at the donor nucleus. In this region, close 
to the donor nucleus, the effective-mass approximation 
breaks down. We therefore expect the doublet and 


''L.. Roth, Massachusetts Institute of Technology Lincoln 
Laboratory Reports, April, 1960 (unpublished). 

2 f>. S. Rosenvasser and G. Feher, Columbia Radiation Labo 
ratory Report, August, 1960 (unpublished) describe the effect of 
strain on the electron spin resonance pattern of Fe*+ and Mn 
in MgO. 
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triplet states (whose wave function vanish at the 
nucleus) to be approximately degenerate and their 
energy to agree with the effective-mass theory. On the 
other hand, the simple effective-mass theory will repre- 
sent a rather poor approximation for the singlet state 
which has a large probability |¥(0)|? at the donor 
nucleus. As a consequence of this, the symmetric singlet 
will be split off from the asymmetric doublet and triplet 
states. This splitting, which will vary with the donor 


’ 


species is called the ‘“‘valley-orbit splitting” or the 
“chemical shift.” 

Since the hyperfine interaction of the bound donor 
electron with the donor nucleus depends on |W(0)|?, 
one expects an appreciable hyperfine interaction for the 
singlet but none for the doublet and triplet. It is from 
the observed hyperfine interaction for phosphorus, 
arsenic, and antimony that one concludes that the 
ground state in silicon is the singlet for each of these. 


B. In the Presence of Strain 


If the lattice is now deformed by the application of a 
uniaxial compressive or tensile stress, the symmetry of 
the crystal is altered and the equivalence of the valleys 
is destroyed. Some of the valleys are raised in energy 
and others are lowered; the magnitude by which they 
are raised or lowered is of the order =,s’==,7/C’, 
where =, is the deformation potential for pure shear, 
T, is the stress, and the appropriate elastic constants 
appear as C’=$(Ci;-C). As a result of the energy dif- 
ference between the valleys, the ground state will no 
longer be a pure singlet®? and the relative valley popu- 
lations will no longer be equal. This “valley repepulat- 
ing effect” is achieved by admixing some of the excited 
states. The degree to which these states are admixed 
depends on the ratio =,s5’/ £2, where /y2 is the splitting 
between the singlet and the doublet. The triplet is not 
admixed in these static strain experiments because 
opposite pairs of valleys will move together. The shift 
in energy of the singlet, doublet and triplet for a stress 
in a [100] direction is shown in Fig. 1. 

The quantitative relation between the energy shifts 
at different strains is worked out in Appendices A, B, 
and C. The doublet-triplet degeneracy was lifted in the 
figure by a small amount £2; which, as explained before, 
is expected to be much smaller than £4». 


1. Effect of Strain on the Hyperfine Interaction 

As mentioned in the preceding section the wave 
function of the doublet vanishes at the donor nucleus 
and consequently does not exhibit a hyperfine inter- 
action. Any admixture of this “hyperfineless” state into 
the singlet ground state will therefore reduce the ob- 
served hyperfine splitting. If one assumes that the only 
effect of the strain is to alter the valley populations, 
one can solve the associated Hamiltonian exactly. This 
has been done in Appendix D for an arbitrary stress in 
the [100] direction. The result for the ratio of the 
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Fic. 1. Energy of the various 1s-like donor levels in silicon 
with respect to the energy center of gravity) versus the “‘valley 
strain” =,s’/E:2 with an uniaxial stress applied in the [100] 
direction. Energies are expressed in units of A-=} the singlet- 
doublet splitting E:2. The doublet triplet splitting E23; is assumed 
small in comparison to E,2. The numbers in parenthesis indicate 
the degeneracy of the level. The analytical expression of the energy 
levels versus strain are derived in Appendix C. 


hyperfine splitting with strain (hfs), to the unstrained 
value (hfs)o is given by 


(hfs),/(hfs)o= 3{1+ (1+2/6)(1+2%/3+.27/4)-}}, 


where x is called the “‘valley strain” and is given by 


x=Z,8'/ E>. (3) 

At very small strains (x1) this result shows the 
change in hyperfine splitting with strain to be quad- 
ratic. This is easily seen from perturbation theory since 
the doublet state which is admixed by the strain 
vanishes at the donor nucleus and therefore, one would 
not expect a first-order change in the ground-state wave 
functions at the origin.’ (The hfs with the Si®® nuclei 
would of course exhibit a first order change with strain.) 
In our experiments the strains are rather large and the 
observed changes in the hyperfine splitting are appre- 
ciable. For extremely large strains one can define two 
limiting cases*: Under uniaxial compression, the strain 
is negative and since =,, is a positive quantity, expres- 
sion (2) will reach a limiting value of 3; this corresponds 
to the donor electrons spending all of their time in the 
two depressed valleys as compared to the six original 
ones. Under uniaxial extension, the strain is positive 
and a limiting value of 3 is reached; i.e., only four of 
the six valleys are occupied. Although we did no actual 
experiments of the second type, they were in essence 
simulated by compressive stresses applied in the [110] 


AND G. 
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direction. This also depresses four of the valleys and 
raises the other two. Our largest [100] compressions, 
with strains of the order of 10~*, correspond to the 
electrons spending 60% of their time in the two de- 
pressed valleys. 

2. Effect of Strain on the g Shift 


5S 


In addition to the hyperfine splitting, the electron 
spin-resonance spectrum is also characterized by the 
position of its center of gravity which is determined by 
the g value of the electron. The field at resonance is 
given by 


hy= guoH, (4) 


where yo is the magnetic moment of the electron, H is 
the magnetic field, v is the applied microwave frequency, 
and g is the electronic g factor which in general may 
depend on the orientation of the magnetic field H. 

In order to understand the effect of strain on the ob- 
served g value, let us consider the hypothetical case of 
having all the electrons in one valley. Since the g is a 
measure of the spin-orbit interaction and the orbit of 
an electron in a valley is different whether it moves 
parallel or perpendicular to the valley axis one would 
expect to observe an anisotropic g value. It can be easily 
shown" that for this case the electronic g value is given 
by the relation 


(9) 


g’=g1, cos*6+ g,’ sin’6, 


where @ is the angle between the applied field and the 
valley axis and g;,; and g, are the g values with the mag- 
netic field pointing parallel and perpendicular to the 
valley axes. 

If one wants to calculate the g value for a real case, 
i.e., for an electron in a given donor state, one has to 
take a suitable average of the above expression over 
the different valleys. For the singlet, one finds that the 
average g is isotropic and is given by® (see Appendix E) 


(6) 


7 lfg \t2(g) 
£o= 3\£i) 13 \h1)- 


a. g shift due to valley repopulation. Under the appli- 
cation of a uniaxial stress the six valleys will not be 
equally populated and averaging expression (5) over 
all the valleys will not result in an isotropic g value. 
This is just a consequence of the fact that the doublet 
state which the strain admixes into the ground state is 
not isotropic. In Appendix F we derive the expression 
for the g shift due to this valley repopulation effect with 
the stress applied along the [100 | direction. 


gi) (1—$ sin’@) 
X[1— (1432/2) (1+% 


8—go=8 (gu— 
3+22/4)-4], (7) 
where g is the observed g value under strain, go is the 
unstrained value, @ is the angle between the stress axis 
and the magnetic field, and x is the “valley strain” as 
defined before. Thus by fitting the experimentally ob- 


13 See for instance: W. Low, Paramagnetic Resonance in Solids 
(Academic Press, Inc., New York, 1960), p. 53 
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SILICON SAMPLE M4 

Fic. 2. Microwave cavity assembly with silicon sample. The 
load is applied to the hemispheres (see Fig. 3) and is shared by 
the sample and the Teflon strip which surrounds the coupling 
hole. The silicon samples are slightly longer than the inside di 
mension of the cavity. The quartz light pipe provides illumination 
for the sample which reduces the relaxation times. 


served g values at different strains with expression (7) 
one obtains the parameters g,, and g,. (See IV, B). 

b. g shift within one valley. The values of g,, and g, 
can be calculated from the momentum matrix elements 
and spin-orbit splittings of the nearby energy bands. 
The nearest band to the conduction-band minima is the 
A.’ band; however its matrix elements vanish in the 
absence of strain. In the presence of strain, this band 
will admix and give rise to a g shift which would be ob- 
served even if all the electrons were confined to one 
valley. 

Roth" has shown that such a g shift can arise from an 
interaction H» which has the form 


H.=4Apol €2y(S2zHyt+S,Hz)+cycl. perm.], (8) 


where e€,, is the xy component of the strain tensor and 
A involves the relevant matrix elements as given by 
Roth." 

The interaction H» gives rise to an anisotropic g shift 
which can be expressed by the relation" 


g—go=4A(T/Cas)(1—§ sin’0), (9) 


where g is the observed g value, go is the unstrained 
value, T is the stress applied in the [111] direction, 
C44 is the elastic constant (for silicon,!® C4yy=8 X10" 
dynes/cm?), and @ is the angle between the stress axis 
and the magnetic field H which is rotated in the (110) 
plane. 


4 Y. Yafet (private communication) 
18H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 
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In general both g shifts will be observed simultane- 
ously. However, by choosing a particular stress axis, 


the two effects can be separated out (see Sec. IV, B). 


III. EXPERIMENTAL DETAILS 
A. Experimental Equipment 


The electron spin-resonance spectrometer used in 
these experiments is a balanced bridge type and employs 
a superheterodyne detector.'* The experiments were 
performed at ~9000 Mc/sec and a temperature of 
1.25°K. At these low temperatures and the low donor 
concentrations used," the spin-lattice relaxation times 
become prohibitively long. In order to relax the spin 
system more rapidly, free carriers were introduced by 
flooding the sample with light* guided down the wave- 
guide by means of a quartz rod. All observations were 
made under adiabatic fast passage conditions'* with the 
bridge tuned to the dispersion mode. A 100-cps field 
modulation was used. 

The rectangular microwave cavity operates in the 
T Eo, mode mode and is shown in Fig. 2. It consists of 
two quarter-wave sections molded from Pyrex glass and 
coated with silver paint. Hemispheres are ground on 
the outside faces of the split sections. The silicon 
samples are slightly longer than the inside dimensions 
of the cavity so that a force applied to the hemispheres 
is transferred to the sample. Cardboard or Teflon is 
placed between the sample and the cavity. The card- 
board plastically deforms under the applied stresses and 
distributes the stress uniformly over the cross-section 
of the sample. The spacing between the halves of the 
cavity when the sample is loaded is of the order of 0.5 
mm. Since the slit is parallel to the microwave current 
lines, the Q of the cavity is not affected adversely by 
this spacing. 

The mechanical arrangement for transmitting the 
forces down the Dewar to the cavity is shown in Fig. 3. 
A large adjustable calibrated spring exerts a maximum 
tensile force of 25 kg on a flexible copper wire, which 
is coupled through a vacuum bellows to a pivoted lever 
arm which applies the force to the cavity. The jaws of 
the lever have hemispherical holes slightly larger in 
diameter than the hemispheres on the cavity walls so 
that when the system is assembled, the cavity centers 
itself. This assures that the forces on the cavity and 
hence on the sample are uniaxial. In this arrangement 
the dc magnet field may be rotated to have its direction 
parallel to the applied stress. We call this device the 
“parallel squeezor.” A similar arrangement rotated 
through 90° is used for applying forces perpendicular 
to the magnetic field (the ‘“‘perpendicular squeezor’’). 
It is shown on the right side of Fig. 3. 


16 G. Feher, Bell System Tech. J. 26, 449 (1957). 

17 Donor concentrations of ~10'*/cm* were used. For phos- 
phorus-doped silicon at 1.25°K this results in a spin-lattice re- 
laxation time of about an hour. (See reference 4.) 

18 See Appendix of reference 3. 
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Fic. 3. Mechanical ¢ mbly used to apply stress to silicon 


samples at liquid heli mperatures. The assembly shown 
within the Dewar is cz 1 ‘parallel squeezor”’ since the stress 
can be applied in the direction of the magnetic field. The alternate 
arrangement for compression perpendicular to the field is called 
the “‘perpendicular squeezor” and is illustrated in the lower right 
hand corner 


B. Determination of Strain 


The force on the cavity may be obtained by measur- 
ing the exact dimensions of the lever arms and cali- 
brating the spring with known weights. A more direct 
method which we used for our final stress determination 
was to measure the deformation of calibrated hardened 
steel rings inserted in place of the cavities. In this way 
the two lever arms of the squeezing arrangements were 
found to have mechanical advantages of 4.40 and 2.10, 
respectively. The load necessary to overcome vacuum 
loading of the bellows, binding, and other nonlinear 
effects in the mechanical system introduces an error of 
~ 3%, into the calculation of strain in the sample. 

Within the microwave cavity the load is equally 
shared by the sample and the Teflon spacer at the oppo- 
site end of the cavity. Since the maximum load applied 
by the calibrated spring is 25 kg, the maximum load on 
the sample is 62.5 kg for the “parallel squeezor”’ and 
26 kg for the “perpendicular squeezor.” The elastic 
constants C,, and Cy for silicon at 1.25°K were ex- 
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trapolated from the low-temperature measurements of 
McSkimin. The resultant value for C’ is 0.522 10' 
kg/mm?. 

The silicon samples were cut from Czochralski-grown 
crystals of approximately 10'® V4/cm* and oriented 
with an x-ray goniometer to within 20’ of the appro- 
priate axis. They were cut to dimensions of 0.75 
mmX9 mmX 22 mm and lightly etched.'® The etching 
reduces the surface recombination and thereby increases 
the effectiveness of the light in relaxing the spins. After 
etching, the accurately 
measured. 

The main error in the determination of the strain 
arises from strain gradients within the sample due to a 
nonuniform stress distribution at the ends. We have 
estimated these strain gradients in the following way: 


cross-sectional area was 


We have shown that uniaxial compression produces a 
g shift proportional to strain (provided g,,#g,). If the 
strain varies across the sample, the resonance condition 
will vary from region to region resulting in a broadening 
of the resonance line. The strain gradient can then be 
estimated from the ratio of the strain-broadening of the 
line to the strain shift of the same line. Since these 
quantities are extremely small for silicon, the estimates 
were made using arsenic-doped germanium for which 
the g shifts are three orders of magnitude larger.2°! For 
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Fic. 4. Illustration of the method used for the accurate 
mination of the hfs and the electronic 
spectrum of phosphorus donors in silicon; A 
T=1.25°K v9 kMc/sec. (b) Portion of the m +-4 line which 
is shown encircled in (a). The field marker shown is derived 
a proton sample. The centers of the lines were determined 
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'’ The etch consisted of three parts (by volume) of nitric and 
one part of hydrofluoric acid. The sam; 
temperature for about one minut¢ 
20D. K. Wilson and G. Feher, Bull 
21 1D. K. Wilson and G. Feher Feher in Pro 
ceedings of the International Con nductor Physics, 
Prague, 1960 (Publishing House of the Czechoslovak Academy of 
Sciences, Prague, 1961), p. 579 ‘ 
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most of our runs we found strain gradients of the order 
of 5&%. We estimate the over-all error in the determina- 
tion of the strain to be approximately 6%. 


C. Experimental Procedure 


The basic quantity which had to be measured was 
the shift of the center of the electron spin resonance line 
at different stresses and angles. In order to achieve this, 
a linear magnetic field sweep extending over only a 
small portion of the linewidth was used. (see Fig. 4). 
Superimposed on the linear sweep was the usual 100 
cps field modulation with a peak-to-peak value not 
exceeding 0.1 oe. The centers of the lines were made to 
coincide with magnetic field markers derived from a 
nuclear resonance probe. The de magnetic field and the 
NMR frequency were kept constant throughout an 
experimental run so that changes in the spin spectrum 
were observed as displacements of the peaks from the 
NMR marker. The accuracy of the measurement was 
of the order of 10 millioersteds. Since the hyperfine 
splittings at maximum strains were reduced by several 
oersteds, the accuracy with which changes in the hfs 
could be measured was less than 107. The displacement 
of the lines due to the strain-induced g shifts never 
exceeded a fraction of an oersted, which reduced the 
accuracy of the g-shift determination to about 3°¢. 

In measuring the g shifts as a function of angle, a 
correction for the changing demagnetization of the 
cavity walls had to be applied. These demagnetization 
values varied by about 30 millioersteds and were ob- 
tained by measuring the apparent g shifts in an un- 
strained sample. 
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lic. 5. Ratio of the hyperfine splitting with strain to the un 
strained value as a function of ‘‘valley strain” =,s5’/£)2 for uniaxial 
compression in a [100] direction. The sample is phosphorus- doped 
silicon at 1.25°K and »,=§9 kMc/sec. At the largest valley strains, 
the donor electrons are spending approximately 60% of the time 
in the depressed valleys. The solid curve represents the fit with 
Eq. (2), assuming F12/Z,= 1.32 10-. 
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Fic. 6. “Valley strain” =,,s’/£,2 determined by means of Eq. (2) 
from the changes in the hfs versus elastic strain s’=2(s1;—5)2)T 
for a uniaxial compression in the [100] direction. Temperature 
=1.25°K, v-=9 kMc/sec, Na~10'*/cm*. The lines are drawn for 
the values of Fj2/=, listed in Table I. 


All our measurements were based on the observed 
displacements of the m;=— 3 and m;=+3 lines, and 
in the case of antimony-doped samples only those of 
the Sb’ isotope. The hyperfine splitting is then ob- 
tained directly to second order from the separation of 
these two lines. (See discussion of the Breit-Rabi 
formula in Appendix G.) The g factor is determined 
from the center of gravity of the two lines, subject 
again to the Breit-Rabi correction. 


IV. EXPERIMENTAL RESULTS 


A. Determination of £,, from the Reduction 
in the Hyperfine Splitting 

The reduction in the hyperfine splitting at different 
valley strains =,s’/ jy. is shown in Fig. 5. The results 
were obtained on a phosphorus-doped silicon sample 
subjected to an uniaxial compression in the [100] 
direction. The solid curve represents a fit with the 
theoretical expression [Eq. (2) ] assuming for the ratio 
E\o/=,, a value of 1.32 10™ 

An alternate way of presenting the data is to calcu- 
late by means of Eq. (2) for each point the appropriate 
valley strain x. Figure 6 shows the results of this pro- 
cedure for the three donors; 
and arsenic. 


antimony, phosphorus, 
The experimental results were obtained 
with both the parallel and perpendicular squeezor 
(see Sec. III, B). The straight lines indicate the validity 
of Eq. (2) and provide a strong evidence that the 
changes in |W(0) |? are due to the ‘“‘valley-repopulation 
effect.”” The values for £y./=, obtained from the slopes 
of the lines are presented in Table I. In order to obtain 
the singlet-doublet splitting /,., the deformation po- 
tential =,, has to be known. Unfortunately there are no 
suitable experimental values available at present”; a 
theoretical estimate by Herring” places it in the range 

* Cyclotron resonance experiments under uniaxial stress are 
presently being performed in order to obtain an independent value 
of =, [J. C. Hensel and G. Feher (to be published) ]. 

*3C, Herring, Bull System Tech. J. 34, 237 (1955). 

*4C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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Fic. 7. Energy level scheme for the donor electron with 1s-like 
waye functions in phosphorus-, arsenic-, and antimony-doped 
silicon. Scheme is based on the assumption that doublet is inde- 
pendent of the donor species. This yields for the deformation po- 
tential a value of =,=11 ev. The separation of the doublet and 
triplet is not determined in our experiments and is assumed to be 
small compared to the splitting Fy2. 


between 7 and 11 ev. The positive sign of =,, was verified 
in our experiments by observing a larger change in the 
hfs under a compressive stress in the [100] direction 
than under a similar extensive stress (simulated by a 
compressive stress in the [110] direction). 

Lacking a precise value for the deformation potential, 
we deduced its value from our experimental data in the 
following way: Since the wave function for the doublet 
state vanishes the donor nucleus, its energy level should 
be determined to a good accuracy by the effective-mass 
theory.’ The position of the level will then be inde- 
pendent of the donor species. There is evidence from 
optical absorption measurements that this is the case 
for most of the excited states that similarly vanish at 
the donor nucleus.® On the basis of this assumption one 
can calculate =, from the optical ionization energies®*5 


TaBLe I. The singlet-doublet splitting Ey. for different donors 
obtained from the hyperfine splitting under uniaxial compression. 
Note that in order to get E\2, the deformation potential =, has 
to be known. By assuming the validity of the effective mass theory 
for the doublet state, a value of =,=11 ev was deduced. 


Ionization 
Donor energy® (ev) E\2/Eu Ey2(ev) 
15x 10-3 
22x 10-3 
1210-3 


1 3240.08) x 10 J 
1.98+0.12) x 1073 
1.10+0.07) K 10-3 


Phosphorus 44.6X 10-° 
Arsenic 52.5X 10-3 
Antimony 43X 1073 


* See references 5 and 25 
26N. B. Hannay, Semiconductors (Reinhold Publishing Cor 
poration, New York, 1959), p. 460. 
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of the singlet and our experimental values of Fyo/Zu. 
The average value of the deformation potential obtained 
in this way is Z=,=11+1 ev. This places the doublet 
(30.0+1.0)X10-* ev below the conduction band, in 
very good agreement with the theoretical effective-mass 
value’ of 29X 10 ev. Table I lists the optical ionization 
energies of the singlet level and the singlet-doublet 
splittings Fy. The relative positions of the singlet and 
doublet estimated in this way for all three donors is 
shown in Fig. 7. The value obtained for the splitting in 
phosphorus-doped silicon (15X10~* ev) is consistent 
with that obtained from Hall measurements by Long 
and Myers.” 


B. Electronic g Shifts 


As we have discussed in Sec. I, there are two mecha- 
nisms that give rise to a g shift under strain. One is due 
to the repopulation of the valleys (caused by the ad- 
mixture of the doublet), the other is due to the strain 
dependence of g,, and g, themselves (caused by the 
change in the matrix element which admixes higher 
lying bands). The experimental problem is to measure 
these shifts independently. This is possible by applying 
the stress along two different crystallographic direc- 
tions. Roth has shown" that the “one-valley effect”’ 
arising from the admixture of the A,’ band (see Sec. IIB, 
2b) should be absent when the stress is applied along 
the [100] direction. The “repopulation effect,” on the 
other hand, disappears with stresses applied in the [111 ] 
direction. This is evident from the fact that for this 
stress direction the angles between each of the [100] 
valley axis and the stress axis are equal. As a conse- 
quence all valleys shift by the same amount and no 
repopulation occurs. 

1. g shift due to valley repopulation. In Sec. I1 B we 
presented the relation [Eq. (7) ] between the g shift 
and the applied strain. This expression [Eq. (7) ] 
suggests two possible experimental procedures to 
evaluate g—go. One can either keep the magnetic field 
at a fixed angle and vary the valley strain or alter- 
nately vary the angle @ for a given value of x. In the 
latter procedure one has to make a correction (see 
Sec. IV A) due to the varying demagnetization factor 
but gains a small convenience by not having to evaluate 
the Breit-Rabi correction at each angle. This correction 
has to be reevaluated for each strain value since the 
hyperfine splitting is strain dependent. Having deter- 
mined this dependence (see previous section), it inci- 
dentally provides a convenient strain calibrator. 

We have performed both type of experiments. 
Figure 8 shows the experimental results of g—go vs the 
applied valley strain. They were obtained in the 
“parallel squeezor” with T along the [100] direction 
and H pointing always perpendicular to it. The experi- 
mental points represent averages of three different runs 
taken with H along the [010] direction, along the [001 | 


26). Long and J. Myers, Phys. Rev. 115, 1119 (1959). 
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direction, and at 45° to both the [010] and [001 | 
directions. The full line represents a theoretical fit with 
giu—gi=1.1X10~. Similar results were obtained on 
antimony- and arsenic-doped silicon. Since at large 
values of strain only the valleys in the direction of the 
stress will be occupied, we expect that g under strain 
will approach g,. From the observed decrease in g under 
strain we conclude that gi< gi. 

The g shifts at constant strains versus the angle 6 
were measured in the “parallel squeezor.” The experi- 
mental results on arsenic-doped silicon as well as the 
crystallographic orientation of the sample are shown in 
Fig. 9. As expected from symmetry, the g shifts vanish 
in the [111] direction. 
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Fic. 8. g shift vs the valley strain in phosphorus-doped silicon ; 
T=1.25°K, ve=9 kMc/sec. Uniaxial compression applied in the 
“perpendicular squeezor” along the [100] direction. Points are 
average shift for magnetic field in the [010], [001], and [011] 
crystallographic directions, normal to applied stress. The solid 
curve represents the fit with Eq. (7) assuming a value for 
Ag=gu—g1=1.1X10-. 


The values for g;,—g, obtained from these two sets 
of experiments agree with each other and are listed in 
Table II. 

Roth® has calculated the g values for silicon from the 
known energy-band parameters using a _ two-band 
model. Her calculations indicate g;,;—g, to be approxi- 
mately —3X10- and (g,—2) to be about §(gi1—2). 
This is in contradiction with the experimental values, 
which, as pointed out by Roth and Liu and Phillips,” 
is due to the limitations of the two-band calculation. 
More recently, Liu and Phillips’? have calculated all 
matrix elements for silicon and their value for g;, and 
g, agree with experiment to within ~ 10%. 

2. g shift within one valley. If we apply a stress in the 


7L. Liu and J. C. Phillips (private communication); L. Liu, 
Phys. Rev. Letters 6, 683 (1961). 
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Fic. 9. g shift vs sin’, where @ is the angle between the stress 
axis and the magnetic field for a uniaxial compression in the [100] 
direction for arsenic-doped silicon; T=1.25°K, »e=9 kMc/sec. 
The measurements were made in the “parallel squeezor.” Since 
the microwave magnetic field coincides with the stress axis, the 
electron spin resonance signal decreases rapidly at small values of 
6. Hence observations at angles <45° were not possible. Note that 
the g shift vanishes in the [111] direction. A valley strain of 1.0 
is produced by a stress of 9.3 kg/mm? applied in the [100] 
direction 


[111] direction, no repopulation of the valleys takes 
place and the observed g shift will be due to the one- 
valley effect. The experimental results are shown in 
Fig. 10 where g—go is plotted versus sin’@ for three 
different strains. 

The g shifts were found to be the same for all three 
donors. This indicates that the bands which are mixed 
in by the applied strain are displaced in energy by an 
amount large in comparison to the singlet doublet 
splitting £y2. This is to be expected from Roth’s" theory 
which assumes A,’ to be responsible for this g shift. 

By comparing the experimental results of Fig. 10 
with expression (9) of Sec. I B we obtain for the 


TABLE II. Values of go and gi;—g. for the three donors. The 
error in the go determination is larger than in the (gi;— gi) deter- 
mination because of the uncertainty in the field difference between 
the proton sample and the silicon sample. 


Donor g =4oj+2¢1 gu—g1 
(1.04+0.04) x 107-3 
(1.10+0.05) x 10-3 


(1.13+0.05) x 10-3 


Phosphorus 
\rsenic 
Antimony 





1.988501 10-4 
19983741 10-4 
1.99858+ 1x 10-4 
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Fic. 10. g shift vs sin’, where @ is the angle between the mag 
netic field and the stress axis for a uniaxial compression in the 
[111] crystallographic direction. The measurements were made 
on arsenic-doped silicon at 1.25°K, 9 kMc/sec in the “parallel 
squeezor.” This shift is evidence of a change in the one-valley 
parameters gy; and g, since no changes in valley populations occur. 
Notice that the shift vanishes in a [100] crystallographic direction 


matrix element A the value 


A=0.44+0.04. (10) 


It may seem surprising that the one-valley effect 
should be roughly as large as the valley repopulation 
effect. The two main reasons for this are that the A.’ 
band which is admixed by strain lies quite close to the 
conduction band (~0.5 ev) and that the value of g::— g,, 
which is responsible for the g shift in the valley re- 
population effect, is very small in silicon. 

Before leaving this section a few remarks about some 
other consequences of the g anisotropy under strain 
may be in place. In Part I of this work,’ we presented 
experimental data on the substitutional germanium- 
silicon alloys which at the time were not understood. 
We had found that a small amount of germanium in 
silicon (~1% Ge) produced profound effect on the hf 
interaction, linewidth, and shape and g value. The 
explanation seems now obvious: Because of the differ- 
ence in size between the germanium and silicon atoms, 
a strain field is produced in the vicinity of the ger- 
manium atoms. Donors exposed to these strains will 
then exhibit the effects discussed in the previous 
sections, i.e., a g shift and a reduction in the hyperfine 
splitting. Since the strains are not uniform, a distortion 
of the line shape is to be expected. It is only because of 
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the small value of gii—g, that the resonance is not 
washed out completely in these alloys. For germanium 
giu— g. is three orders of magnitudes larger”’:”' and there 
is very little hope of investigating the alloys from the 
germanium-rich end. This is also exemplified by the 
observation that dislocations in germanium have a 
much more pronounced effect,”* 
than in silicon. 

Another consequence of the smallness of g;,—g, is the 
very long spin-lattice relaxation time observed in silicon 
at low temperature. This topic is dealt with in the next 
section. 


(i.e., line broadening) 


V. SPIN-LATTICE RELAXATION TIMES 


The spin-lattice relaxation time characterizes the 
rate at which the electronic spin system comes to 
thermal equilibrium with the lattice. The results of an 
experimental investigation of several relaxation proc- 
esses in silicon were presented in a previous publication.‘ 
At that time the details of the spin-lattice interaction 
for most of these processes were not understood. In 
this section we wish to discuss how the static strain 
experiments are able to shed light on some of the re- 
laxation mechanisms involved. The connection between 
these two types of experiments is in essence the follow- 
ing: The lattice vibrations represent a time-varying 
strain which produce an effective interaction. By 
measuring the change in the paramagnetic resonance 
spectrum under static strain, one gets a measure of the 
magnitude of these effective fields which cause the elec- 
trons to relax. A detailed analysis of this problem has 
been carried out by Roth* and Hasegawa’ and will be 
compared with our experimental results in a subsequent 
section. 


A. The One-Phonon 7, Process 


In this section we wish to conisder a relaxation process 
in which the electron spin flips (Am 
accompanying nuclear flip (Am;=0). 
commonly designated by 7, and at low temperatures 
(T<2°K) has been found to be proportional*?* to 
H~*T-. By a one-phonon process we mean that each 
spin flip is accompanied by the emission or absorption 
of a single phonon. 


+1) without an 
This process is 


1. Experimental Procedure and Results 


The experiments were performed on a silicon sample 
with 10'° phosphorus donors/cm* at a temperature of 
1.25°K. The sample was cut and placed into the cavity 
in such a manner that the magnetic field could be ro- 
tated in the (110) plane. Since T, at 3000 oe is of the 
order of hours, we found it more convenient to measure 
it at 8000 oe. The experimental procedure adopted in 
all our measurements was as follows. The system was 

28 This may prove to be a convenient tool in studying 


dislocations 


% A. Honig and E. Stupp, Phys. Rev. Letters 1, 275 (1958) 
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first saturated (i.e., the electron spin-resonance signal 
was “erased’’) at 3000 oe by numerous passages through 
the resonance lines. The field was then rotated to the 
appropriate crystallographic direction and raised to 
8000 oe at which value the magnetization was left to 
grow for 5 min. The field was subsequently reduced to 
3000 oe, rotated to coincide with the [100] direction, 
and then swept to observe the amplitude of the reso- 
nance signal. Because of the long relaxation times, the 
time consumed in the intermediate steps did not intro- 
duce a significant error in the measurement. At 8000 oe 
the relaxation time was of the order of 15 min, so that 
after 5 min the observed magnetization M, given by 


M=M,(1-—e-"'»), 


depended almost linearly on 1/7,. The value of Mo 
was accurately determined for the [100], [110], and 
[111] directions by equilibrating the spin system at 
8000 oe for a time which was long compared to 15 min. 
Special precautions were taken to shield the samples 
from incident light. This was accomplished by wrapping 
the cavity with alternate layers of carbon paper and 
aluminum foil, thus avoiding the introduction of free 
carriers which could relax the spin systems. 

The experimental results are presented in Fig. 11 
(see circles) where the relaxation rate 1/T, is plotted 
against the angle that H makes with the [100] direc- 
tion. A marked anisotropy is observed which will be 
compared with the Roth and Hasegawa theories in the 
next section. 


2. Comparison with the Theories of Roth and Hasegawa 


An explanation of the 7, relaxation mechanism was 
given by Roth* and Hasegawa.’ They considered the 
modulation of the singlet-doublet splitting Fy. by the 
lattice vibrations. This represents essentially a time- 
dependent valley repopulation effect (see Sec. II B) 
and therefore results in a modulation of the g tensor. 
The expression for the relaxation rate 1/7, that they 
obtain for this mechanism with H in the [110] plane is 
given [see Eqs. (4.17) and (5.4) of reference 9 | by 


l 1 /gu—-gi\? f Zu\? 
(valley rep.) = a a ) 
rl’, ri go Eis 


1 Lomoll 4 
x(—+ (=) 
pid2® 3pi,° h 


X (kT) sin?6(1+3 cos’@), (11) 


where p is the density of Si (2.33 g cm), #2 is the ve- 
locity of the transverse mode (5.42 10° cm sec~*), 0; is 
the velocity of the longitudinal mode!® (9.33105 cm 
sec*), and @ is the angle that the magnetic field makes 
with the [100] direction. Putting in the experimental 
values for (gi.—g,) and Z,/Fy2 (see Table I and II), 
one obtains for phosphorus-doped silicon at 1.25°K and 
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Fic. 11. Relaxation rate 1/7, vs angle between magnetic field 
and [100] crystallographic direction for phosphorus-doped silicon ; 
T=1.25°K, »e=9 kMc/sec. The theoretical fit was obtained by 
normalizing the theoretical expression for the valley repopulation 
effect [Eq. (11)] and the one-valley effect [Eq. (13)] in such a 
way that their sum fits the experimental points 


8000 oe with H along the [111 ] direction 


1/T, (valley rep.-theory) (111; =0.45 X 10 sec (12) 


Before making a quantitative comparison of Eqs. (11) 
and (12) with experiment, we note that this relaxation 
mechanism cannot explain the experimental 
results since it predicts a zero relaxation rate for H 
along the [100] direction. 


alone 


The second relaxation mechanism was explained by 
Roth."! It arises from a modulation of the g shift within 
one valley, i.e., from the interaction given in Eq. (8). 
By comparing this interaction with Eq. (30) of refer- 
ence (8), it can be easily shown [see also Eqs. (4.15) and 
(5.4) of reference 9] that the resulting relaxation rate 
is given by 


1 1 1\° 
(one valley) = ( ) 
T 202 \ go 
1 2 gooll \ 4 
rad) 
» 3pi,° h 


«K «(kT ) (cos? +3 sin‘@), 
where A =0.44 and is the matrix element which we de- 
termined previously from the one-valley g shift [see 
Section IV B2, Eq. (10) ]. The rest of the symbols 
are defined in Eq. (11). Putting in numerical values, 
we obtain for H along the [111 ] direction 


(13) 


0.16X10-% sec. (14) 


1/T, (one valley-theory) (111) 


We are now finally in a position to compare theory 
with experiment. In Fig. 11 we have plotted separately 
the valley repopulation and one-valley contribution to 
the relaxation rate (see dotted lines) with the angular 
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dependences given by Eqs. (13) and (15). The normal- 
ization of these curves were performed in such a way 
that the sum of these two rates fits the observed re- 
laxation rate. (see full line). Thus for H along the [111] 
direction, we obtain the following values for the two 
relaxation rates: 


(15) 
(16) 


A comparison of Eqs. (15) and (16) with Eqs. (12) 
and (14) shows that the predicted relaxation rates are 
too slow by about a factor of two. In the field of electron- 
spin relaxations this would generally be considered a 
““good”’ agrement. However, in view of the detailed 
knowledge of the donor states one may still wonder 
about the origin of this discrepancy. In this case it may 
be due to the assumption of an isotropic frequency 
spectrum of the lattice vibrations and the way the 
effective transverse acoustical velocity was defined.’ 
This would be consistent with the fact that the ratio of 
the valley repopulation to the single-valley rate is in 
much better agreement with the predicted ratio than 
the absolute value of the individual relaxation rates. 

An additional proof of the correctness of the Roth- 
Hasegawa mechanism is furnished by the experiments 
on germanium.” In this case (g;;—g,) is three orders of 
magnitude” larger and the relaxation rate was found 
to be correspondingly shorter in agreement with 
Eq. (11). By straining the sample, the spacing between 
the ground state and excited state could be altered, 
thereby enabling us to change the relaxation rate by an 
order of magnitude. 


(1/T,) (valley rep.—exp) (11 = 1.110 sec", 


(1/T,) (one valley—exp) (111) =0.3X 10 sec. 


B. Other Relaxation Processes 


1. Comments on the One-Phonon T , Process 


The relaxation process which involves the simul- 
taneous electron nuclear spin flip (Am,= +1, Am;= 1) 
is designated by 7 ,. It has been studied experimentally 
by several groups**-* and has been treated theo- 
reticaliy by Pines, Bardeen, and Slichter* and 
Hasegawa. 

In principle, one should again be able to derive the 
relaxation rate from the observed change in the hf inter- 
action with applied stress. In Sec. IV A we have found 
that the observed change in (0) ? is quadratic in the 
deformation under the application of uniaxial stress 
[see Eq. (2) ]. It can be shown that such a quadratic 
dependence cannot lead to a one-phonon relaxation 
process. However, under the application of an applied 
uniaxial “biasing” stress (or built-in stress due to im- 
perfections), the change in | W(0) |? would be first order 

# A. Abragam and J. Combrisson, Compt. rend. 243, 576 (1956). 
Pees! - W. Culvahouse and F. M. Pipkin, Phys. Rev. 109, 319 

# A. Honig and E. Stupp, Phys. Rev. 117, 69 (1960). 

%T). Pines, Bardeen, and Slichter, Phys. Rev. 106, 489 (1957). 

4H. Hasegawa (to be published). 
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in strain and hence capable of producing a one-phonon 
T, process. The effectiveness of this 7, mechanism will 
thus depend on the magnitude of the applied strain. 

In order to prove the correctness of the above ideas, 
T, was measured in an arsenic-doped sample (~10'* 
As/cm*) subjected to varying amounts of strain. At 
zero applied strain, 7, at 1.2°K and 3000 oe was found 
to be ~ 3X 10° sec. By applying a uniaxial stress (in the 
[100] direction) corresponding to a valley strain of 
x=0.8, the magnitude of T, dropped to ~ 10? sec. 

As a consequence of the strain dependence of T,, 
care has to be taken to avoid built-in strains when in- 
vestigating these processes. The disagreement in the 
literature between the various valuest’-* of T, may 
be the result of varying amounts of built-in strains. The 
ability to increase the effectiveness of T, by applying 
a uniaxial strain should prove important in nuclear 
orientation schemes in which 7, plays a dominant 
role.*.% 

In order to understand the 7, process at zero strain, 
Pines, Bardeen, and Slichter* calculated a one-phonon 
process by assuming a linear change in |¥(0)|? under 
uniform dilation given by the expression 
(17) 


AW(0)!2/| (0) |2=ys, 


where s is the strain and y was estimated by PBS to 
have a value of ~50. Their theory proved to be in fair 
agreement with the experimental values.*~* More 
recently Paul*® has measured the change in the ioniza- 
tion energy and dielectric constant with hydrostatic 
pressure and found d£,/dP=—10-“ ev dyne™ cm? and 
dK/dP=—7X10-" dyne cm*. From these values it 
can be shown that the above estimate of y is about two 
orders of magnitude too large. It seems therefore that 
the agreement of the experimentally measured 
values!**-* of T, with the theoretical estimate of 
PBS is fortuitious. An additional experimental check 
of the value of y was obtained by applying a uniaxial 
stress in the [111] direction (thereby eliminating the 
valley repopulation effect) and looking for the change 
in the hyperfine splitting. From these experiments we 
conclude that y<2 which is consistent with the meas- 
urements of Paul.*® 

The donor electron interacts also with the Si’ nuclei. 
The hfs with these nuclei is Jinear in strain.* We have 
measured the hfs of the Si?* nuclei in the (440) lattice 
positions’ ** in a sample subjected to a uniaxial stress in 
the [100] direction. The value of y obtained for this 
site was 60+5. It can be shown® that because of the 
smallness of the hyperfine interaction, its modulation 
by lattice vibrations also does not result in a significant 
relaxation rate. 


3 W. Paul, J. Phys. Chem. Solids 8, 196 (1959). 

36 In reference 3 we presented a detailed analysis of the hf inter- 
action with the different Si” nuclei and pointed out the difficulties 
encountered in assigning the correct lattice positions to the nuclei. 
The application of a uniaxial stress would have made the identi- 
fication procedure much easier. 
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It seems, therefore, that at zero external strain, one- 
phonon processes are not effective in determining T, 
at the temperatures and fields under consideration. 


2. Raman-Type Processes 


By a Raman-type process we mean a_ two-step 
process in which a phonon of frequency w’ is absorbed 
and a phonon of frequency w” is emitted, such that 
h(w’—w”) = hw, where w is the Larmor frequency of the 
electron spin. 

In the preceding section we pointed out that the 
quadratic dependence of | AW(0)|* precludes a single- 
phonon 7, process. However, Raman processes are 
allowed and, as shown by Honig and Stupp,®” pre- 
dominate above 2.2°K. Below this temperature their 
results are inconclusive. Hasegawa* has calculated the 
Raman-type T, process and obtains a good agreement 
with the experimental results down to 1.2°K. 

From the temperature dependence of the 7, process 
above 2.5°K (i.e., T,c¢T~*) one also concludes that 
Raman processes must be responsible for the observed 
relaxation rate in this temperature region. Roth® has 
calculated this process and predicts, besides the 7~‘ 
dependence, an anisotropy in 7, similar to that for the 
one-phonon process (see Sec. V) and a quadratic field 
dependence. We have checked the field and angular 
dependence of T, in this temperature range and found 
it to be isotropic and independent of H between 3000 
and 8000 oe. This discrepancy between the theory and 
experiment is not understood at present. 


ACKNOWLEDGMENTS 


We would like to thank L. Roth, H. Hasegawa, 
W. Kohn, M. Lax, Y. Yafet, and E. Abrahams for many 
helpful comments and discussions and E. A. Gere for 
his assistance in the measurements. In particular, it is 
a pleasure to acknowledge the stimulation received from 
L. Roth and H. Hasegawa whose theories prompted us 
to look for the anisotropy in T,. One of the authors, 
(D.K.W.), would like to express particular appreciation 
to the Transistor Device Development Group at the 
Bell Telephone Laboratories for their generous en- 
couragement of this work. 


ry 


(1+6)A, 


0 


RESONANCE 


ON DONORS IN Si. III 1079 


APPENDIX 


A. Donor Electron Wave Functions in Silicon 
and the Valley-Orbit Matrix 


The general form of the wave function W(r) for the 
bound donor electrons is of the form, 


6 
V(r)= Ya F (r)u™ (r) exp(iko™-r), (A1) 
7=1 


where «#(r) exp(iko-r) is the conduction-band 
Bloch function at the jth valley, # (r) is the hydrogen- 
like modulating function, and (a |? determines the 
probability of finding the electron in the jth valley. 
Because there are six valleys, there are correspondingly 
six different valley arrangements for any given solution 
of the modulation envelope F(r) including the 1s-like 
ground state. From group theory one finds that the six 
states can be split in a cubic crystal into a singlet, 
doublet, and triplet. 

The valley compositions for the various levels can be 
written in the following tensor form®: 


v6)(1. ft. 4. 3, 
v¥12)(2, 2, —1, 


v4)(0, Q, 1, 1, 


Singlet (ay,)=(1 


Doublet (a2,%)= 


Triplet ¥2)(1, —1, 0, 0, 0, 0), 


V¥2)(0, 0, 1, —1, 0, 0), 


V¥2)(0, 0, 0, 0, 1, —1). 
(A2) 


The electronic wave function of the singlet state 
distinguishes itself from the one associated with the 
doublet and triplet states by having a finite value at 
the donor nucleus. This results in depressing the singlet 
state with respect to the others. The interaction term 
responsible for this depression is called the valley-orbit 
term and appears in the donor electron Hamiltonian in 
in a matrix form similar to that for the spin-orbit for a 
single electron. If we concern ourselves only with the 
splitting of the various levels from the center of gravity, 
then the unstrained valley-orbit (vo) matrix is® 


A A A 


(1+6)A, 
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If we operate with this matrix on the various valley 
tensors (A2) we find the doublet lies £;.=6A, above 
the singlet. We have also introduced the term 6 to 
provide for the fact that the doublet and triplet may be 
displaced by an energy difference 23. In any case, this 
displacement should be very small and amounts to 
F'o3= 264. for the above form of the valley-orbit matrix. 


B. Valley Shifts for Uniaxial Compression 


The form for the strain components resulting from a 
uniaxial compressive stress 7 applied in a [100] direc- 
tion in a cubic crystal is 


Su Siz Sy O 0 0 7 
‘Sic Su Su 0 0 0) 0 
Sic Sa Sn 0 0 0 0 
Mas . (B1) 
0 0 0 4S, 0 0 0 


1S, «0 0 


0 0 0) 0 O 3844 0 


where the S,,’s are the appropriate stiffness coefficients. 
If we apply Herring’s*** deformation potential analysis, 


the energy shift of the jth valley is given by 


E = [EZ bastzuka kg” 


]tas, (B2) 


where the &,” are the components of a unit vector 
pointing from the center of the Brillouin zone to the 
jth valley, and the deformation potentials Zz and =,, 
are defined as follows: =, is the valley shift due to a 
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dilation in the two directions normal to the valley axis, 
and =, is the shift due to a uniaxial shear compounded 
of a stretch along the valley axis and a contraction in 
the two normal directions. 

Solving for the shift in energy of the two valleys in the 
direction of the applied stress, we have 

EM= F=(Ea(Sut2S$12)+2VSulT. (B3) 

The four valleys normal to the stress are shifted 


E?= F‘= F5= F' (B4) 


[=a(Si1 +-2S 19) += 12 i. 
We can readily solve for the shift in energy of the 
center of gravity of the six valleys: 


Eog.= (SE a(Sut+2S12) +2 .(Sut 2S 12) |T - (B5) 

Subtracting this from the previous results, one 
obtains the energy displacement of the conduction 
band valleys from the band edge produced by a [100] 


uniaxial compression : 
E}*—E,. 
k3 4 


(1/3)zus’, 


(B6) 


56k. . = —(1/6)E.S’, (B7) 


where s’= 2(S8);—Sy2)T. 


C. Donor Wave Functions and Valley-Orbit 
Matrix Under Strain 


The energy-shift terms for the various conduction- 
band valleys will appear as diagonal elements of the 
valley-orbit matrix (A3). We will henceforth assume 
that the only effect of the applied strain is to shift the 
valley populations. Then the matrix for the case of a 
[100] uniaxial compression becomes 


—1/3)z.s’ (1+6)A, A. A. A 
1+5)A. (—1/3)z.s’ A. A. A. A. 
A A. (1/6)Z,s’ (1+6)A, A. Ae | 
—H,.= (C1) 
A A. (1+6)A. (1/6)=.5’ A. Ae | 
A A. A. (1/6)E.s’ (14+6)A, 
| 
A A. A. (1+6)A, (1/6)E.5’ 
—2x 1+6 1 1 1 1 where x=2,5'/6A, is the quantity we have called the 


1 1 « 146 1 1 

=A, » } 
1 1 1438 «x 1 1 | 
1 1 1 1 c 146] 
1 1 1 1 146 1 | 


“valley strain.” It is apparent from the form of Hy. 
that the only wave functions intermixed by this strain 
are those characterized by the valley populations ay,“ 
and a2: [see Eq. (A2) ]. This means that the only two 
levels mixed by strain are the singlet and one component 
of the doublet. The two new valley composition arising 
from this mixture may be characterized by dstrain“ 
which must have the form 

(C3) 


( \ 
Qstrain v= (aA,o, 0B, Ap,AR,AR), 
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where a4 and ag are numerical coefficients to be de- 
termined. For the rest of the levels the valley popula- 
tions remain unaltered and are given by equation (A2). 
If we substitute @gtrain”? into the Schrédinger equation 
Hy. (r)= EyoW (r), we get 


4(ap)?—2(a4)?= (344+ 2)asarp. (C4) 
The normalization of the valleys requires that 
4(az)?+2(a,4)?=1. (C5) 


Solving for the valley populations under a [100] 
uniaxial compression, we obtain 


(a4)°= tL1+ (a+?) (a°+44+-4) r], 


is . (C6) 
BLA (w+3) (0?+ $x+4)-?]. 


(ap)?= 
The upper sign describes the ground state (designated 
as €-11,21 in Fig. 1), the lower sign the higher lying state. 
From Eq. (C6) it is seen that for large compressive 
stresses (—2x>>1) an electron in its ground state spends 
all its time in the two depressed valleys. 
Knowing the valley compositions for all the levels 
under strain, it is possible to solve for the energy of the 
various levels. For the two admixed states we find 


Hun=Ad — (2+8)+5x—F (a+ $at4) 4], 


' > er) 
A.[ — (2+6)+ 30+ 3 (a°+ $4+4))], 


€711,21 
where the upper equation refers to the ground state. 
The relation between A, and 6 to the singlet-doublet 
and doublet-triplet splitting is indicated in Fig. 1. The 
energies of the other excited states depend on the valley 
strain as follows: 


€22> Af (1—6)—* ], 
€31:= Af (1+6)+22 ], 


€0= €3= 4 (1+6)—<«]. 


(C8) 


These results are plotted in Fig. 1 for the case where 6 
is assumed to be small and positive. 


D. Hyperfine Splitting under Strain 


There are two terms appearing in the spin Hamil- 
tonian for the donor electrons whose change under 
strain we will consider. The first of these is the Fermi- 
Segré interaction given by 


(8/3)ru.- wn ¥(O)|*, (D1) 


which is the dominant contribution to the hyperfine 
splitting for the 1s-like states under consideration. w, 
is the electron magnetic moment, w, is the magnetic 
moment of the impurity nucleus, and |W(0)|? is the 
square of the electronic wave function at the donor 
nucleus. 

Using the effective-mass expression for the wave 
function [see Eq. (A1) ], we get for the hyperfine split- 
ting (hfs) 


hfs= (8/3)ue-wn| FP (0) |?| 4 (0) [27] Sa {2 (D2) 
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Assuming that the only effect of the strain is to alter 
the valley populations, we obtain for the ratio of the 
hyperfine splitting of a sample under strain (hfs), to 


the hyperfine splitting in an unstrained sample (hfs)o, 


(hfs),/(hfs)o=2 Ya’ (D3) 


6 


For an uniaxial compression in the [100] direction, we 
can substitute the value for a@erai, from (C3) for the 
ground state and find that 


(hfs),/ (hfs)o= 31+ (2+ 3x M}. (D4) 


x?+ 3x+4) 


The above expression shows that the hfs in the limiting 
cases 1S proportional to the number of oc« upied valleys, 
i.e., the ratio of splitting approaches 2/3 for large 
tensile stresses (v>>1) and 1/3 for large compressive 
stresses (—x>>1). For small stresses the result reduces 
to a quadratic expression 


(hfs),/ (hfs)o=1—27/18+--- (D5) 


as previously discussed by Kohn.’ From this we see 
that ‘‘valley strains” of the order of unity should result 
oe 


in changes in the hfs greater than 5%, a readily de- 


tectable change. 


E. Electronic g Value in the Absence of Strain 


The term in the spin Hamiltonian which leads to the 
microwave transition energy (i.e., center of gravity of 
the hyperfine spectrum) is of the form 


S.-H, (E1) 


where S is the spin of the electron, H is the applied 
magnetic field, and ¢ is the tensor form of the electronic 
g. For an electron in a single jth valley we can write it as 


Sit 


where the principal axes of this tensor coincide with the 
axes of the effective-mass tensor. Expression (E2) leads 
to an anisotropic g value given by 


g=g," cos0+¢,? sin’, (E3) 
where @ is the angle between the magnetic field and the 
major valley axis. Because of the multivalley nature of 
silicon we will show that the measured g value is iso- 


tropic. Following Hasegawa,’ we rewrite (E2) as 


gilt (giu—gi)U 











1082 D. EK. WILSON 


The measured electronic g value is obtained from the 
single-valley g tensor by averaging S-g-H over all the 
valleys in accordance with the respective valley popu- 
lations as given by (A2). 
¢-S-H=(S-s° -H).. 
=$-{d (eC (gil+ (gi —g.)U J} -H. 


For the unstrained ground state, all valleys have equal 
populations and Eq. (E5) becomes 


goS-H=S-[¢.4+ (2/6) (g.—g, l-H 


(ES) 


= ($6 t+3g.)S-H; (E6) 

i.e., the measured g is isotropic and is given by 
oie . 2 E7) 
§o= 3811 T 381- (E7) 


F. Electronic g Value in the Presence of Strain 


In order to obtain the electronic g value under the 
application of a compressive stress along the [100] 
direction, we substitute the valley population given by 
(C6) into (ES) 


g.t2(gu—gi) (an)? 
g(S-H)=S. gi t2(gi—g:)(an)* -H (F1) 
git2(gi—gi) (aa)? 
= §.- g.’ H. (F2) 
Bi" 


Comparing the above expression with the single-valley 
result [(E2), (E3) ], we obtain for the measured g value 
under strain 

g’= (g,,')* cos*0+ (g,’)? sin’6, (F3) 
where g,,’ and g,’ are the “effective” g values whose 
magnitude will depend on the valley strain and the 
“real” g,, and g,. Substituting the values for a4 and ag 
[Eq. (C6)] into (F1) and recalling that > ;(a“)?=1, 
we obtain 


; ,| gi £1 
g= 8) 1+ (“tse 1)?(1—} sin*@)+sin’0 ] 


£1 
; Zu £1 * 
+terms in (= ‘) I (F4) 
£1 


Retaining only the first-order terms [since (g,,—g,) 
g~10~ for donors in silicon] and using the relation 
£0= $g::+3g:, we obtain for the shift of the g value from 
its unstrained value 


g— go= (giu—gi)(1—3 sin’@)[2(a4)?—4]. (F5) 
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Substituting the value for (a4)? for the ground state 
under a [100] uniaxial compression [Eq. (C6) ], we 
arrive at the final result 


3 


8—So=$ (gii—gi) (1—§ sin’) 


X[1— (3x+2)(a2+4x+4)-1]. (F6) 

For large compressive stresses (—x>>1), Eq. (F6) 
becomes 

£—g0= 3 (giu—gi) (1—§ sin’#). (F7) 


In this case, for H parallel to the applied stress (i.e., 
along the major valley axis) we have 


= Bot 3 (gu— gi) = 8113 (F8) 
and for H perpendicular to the stress, 
8=80—3(gu—g1) =f. (F9) 


This is to be expected since, for large compressive 
stresses in the [100] direction, one approaches the 
situation in which the electron spends its time’ in two 
opposite valleys. 


G. Breit-Rabi Corrections 


The magnetic interaction of an electron with spin 
S=} and its nucleus with spin J is given by the 
Hamiltonian 


= al-S$+ guoS-H—gwol-H, (G1) 


where a is the hyperfine interaction constant and H the 
applied magnetic field. Since we are only interested in 
changes in g and a under strain, we can neglect the last 
(nuclear) term. The eigenvalues W(F mr) 
by the Breit-Rabi*’ equation 


are given 


W (F mp) = —3A4E/(27+1)4+3A4E 


<(1+Am rx/(27+1)+27]}!, (G2) 


where F=I+}. The positive sign corresponds to I+} 
and the negative to 1—}; mp=m,;+}. The zero-field 
splitting is AE=a(J+}3) and x=guoH/AE. The micro- 
wave field of frequency v will induce transitions between 
levels AF=+1, Amrp=+1 (i.e., Am,=+1; Am,;=0). 
From Eq. (G2) we find the energy of these transitions 
to order (a/guH)?: 


hv=Em p—Em F 1= guoll 
X{14+4(a/guH)*L/I+1)—m?}}+mia, (G3) 
or for the measured magnetic field H 
H = (guo/hv){1—4(a/guoll)*L/ (1+1)—m? ]} —mra. 
(G4) 


Experimentally we measure the two resonance fields 
corresponding to the m;=-+} transitions. From (G4) 
we find that the hyperfine interaction in terms of these 


37 G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
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fields is given by 


a= — guo(Hm;-4— Hm1—+), (G5) 
i.e., NO corrections are necessary. 

From the average of the two fields Hm;—~; and Hm;— 
we can define a measured g value, gm, given by 


hv=}y0gm(Hm—443+ Hm1—_}). (G6) 
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Comparing this expression with (G3), we obtain for 


the true g value 

&=8m{1—}(a/guH)*[T(7+1)—}]}. (G7) 
If we subject the sample to a compressive stress chang- 
ing the hyperfine splitting a, then the differential cor- 
rection to g is given by 


Ag=2(gm—g)(Aa/a). (G8) 
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Electron Spin Resonance Studies in SiC 
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Electron spin resonance studies have been made on boron and nitrogen as impurities in 6// silicon carbide. 
It is concluded that both impurities substitute for carbon and that they occupy the three nonequivalent 
carbon sites with equal probability. Hyperfine structure is well resolved for both species. The pattern for 
boron occupying one site is unusual in that the hyperfine splitting vanishes when the applied field is about 
50° from the hexagonal axis of the crystal. The nitrogen hyperfine structure is interpretable in terms of 
some s character for the unpaired electron, while the boron hyperfine structure indicates predominantly 


p character. 


I, INTRODUCTION 


HE basic arrangement of atoms in Column IV 
semiconductors such as Ge, Si, and SiC is tetra- 

hedral. An atom of a Column V element normally acts 
as a donor in such semiconductors since it has one 
valence electron left over after completing the normal 
tetrahedral bonding. At sufficiently low temperatures 
this electron is localized near the donor atom; at high 
temperatures it can ionize and give rise to n-type con- 
duction. Similarly, an atom of a Column III element 
acts as an acceptor and gives rise to p-type conduction. 

Most semiconductors, including silicon carbide, are 
intrinsically diamagnetic; the perfect crystal has no 
unpaired electrons and does not show spin resonance 
absorption. However, many impurities introduced into 
such semiconductors are paramagnetic and_ result 
in spin resonance absorption. The Column III and 
Column V elements act as such impurities in the 
Column IV semiconductors. The Column V elements, 
P, As, Sb, and Bi, have been extensively studied by 
spin resonance in Si.! Resonance of the first three donors 
has recently been reported in Ge**; the Column V 
element nitrogen has been studied in diamond.‘ 

1G. Feher, Phys. Rev. 114, 1219 (1959). 

2G. Feher, D. K. Wilson, and E. A. Gere, Phys. Rev. Letters 
3, 25 (1959). 

§R. E. Pontinen and T. 
5, 311 (1960). 

4W. V. Smith, P. P. Sorokin, I. 
Phys. Rev. 115, 1546 (1959). 


M. Sanders, Jr., Phys. Rev. Letters 


L. Gelles, and G. J. Lasher, 


Column III elements have recently been observed in 
Si subjected to uniaxial stress.® 

Spin resonance of Column V and Column III ele- 
ments in SiC has been reported by van Wieringen.* He 
attributed a three-line spectrum in n-type material to 
nitrogen and a single-line spectrum in p-type material 
to Column III acceptors. This was the first report of 
resonances due to N and Column III acceptors in a 
Column IV semiconductor. In this paper we report on 
further studies of N- and B-doped SiC. A preliminary 
account of our experiments has already been given.’ 

The spin resonance spectrometer used to study SiC 
operates at a microwave frequency v of about 14 
kMc/sec. Thus the magnetic field H for resonance is of 
order 5000 gauss for systems (including N and B in 
SiC) with g factors near that of the free electron. Some 
measurements were made at 20 kMc/sec with a corre- 
spondingly higher field. The electron-nuclear double 
resonance technique! has also been employed. Details 
of the experimental equipment have been given 
elsewhere.® 

The SiC crystals studied were small hexagonal single 


5G. Feher, J. C. Hensel, and E. A. Gere, Phys. Rev. Letters 
5, 309 (1960). 

6 J. S, van Wieringen, in Semiconductors and Phosphors, edited 
by M. Schén and H. Welker (Interscience Publishers, Inc., New 
York, 1958), p. 367. 

7H. H. Woodbury and G. W. Ludwig, Bull. Am. Phys. Soc. 4, 
144 (1959). 

8 G. W. Ludwig and H. H. Woodbury, Phys. Rev. 113, 1014 
(1959); H. H. Woodbury and G. W. Ludwig, ibid. 117, 102 (1960). 
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crystals believed to be of the high-temperature form, 
6H.® Some crystals containing nitrogen were selected 
from material obtained from the Carborundum Com- 
pany or from the Norton Company. Samples inten- 
tionally doped with nitrogen or boron were grown by 
Scace.” 


Il. THEORY 


A phenomenological spin Hamiltonian will be used 
to describe the observed spectra. The significance of 
some of the interaction constants is discussed in Sec. IV. 

The spin Hamiltonian of an impurity having an elec- 
tron spin S=3, a nuclear magnetic moment, and a 
nuclear electric quadrupole moment is! 


X=88-8-H+S-A-I+I1-P-I—SyI-gy-H. (1) 


The first term describes the direct interaction of the 
applied magnetic field with the electron spin; the 
second term gives the interaction between the electron 
spin and the nuclear spin /; the third term describes 
the interaction of the nuclear quadrupole moment with 
the electric field gradient; and the last term describes 
the interaction of the nuclear spin with the applied 
magnetic field. In general, there will be several different 
nuclei interacting with the electron spin. In SiC, these 
would include Si*® and C™ nuclei of the host lattice as 
well as the nucleus of the impurity atom; here only the 
interaction with the impurity atom is included. 

Each substitutional site in hexagonal SiC has three- 
fold symmetry about the For this 
symmetry 


hexagonal axis. 


1) can be written 


K=8[¢.S.H.4+-¢:(S-H.+-S,H,) | 
+4S.1,+B(S_1,4+-S,l, 
+ PUI 2-—41(1+1)]—y8yH-1. (2) 


Here A and B denote the components of the magnetic 
hyperfine interaction tensor parallel to and perpen- 
dicular to the z (hexagonal) axis, respectively, and other 
parameters are defined similarly. Only one parameter, 
the scalar P, is required to describe the quadrupolar 
interaction. For simplicity we have assumed that the 
effective nuclear g tensor gy is equal to the nuclear g 
factor y times the unit dyadic. Neglecting all hyperfine 
interaction, the M=+1/2 to —1/2 
transition is given by 


spin resonance 


hv= gBH ; 


o-=0 
~ 


g - cos"6-+ g,° sin’4, (3) 


*See H. Jagodzinski and H. Arnold in Silicon Carbide 
by J. R. O’Connor and J. Smiltens (Pergamon Press, New York. 
1960), p. 136, and accompanying articles and references therein 
for a description of the various forms of SiC 

For a description of the furnace used see R. I 
G. A. Slack, J. Chem. Phys. 30, 1551 (1959) 

!! For a discussion of the spin Hamiltonian, the reader is re 

ferred to A. Abragam and M. H. L. Pryce, Proc 

London) 205, 135 (1951). See also W. Low, 
edited by F. Seitz and D. Turnt 
York, 1960), Suppl. 2, Part I 


edited 


Scace and 


Roy. Soc 
in Solid-State Physi: 
ull (Academic Press, Inc., New 
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where @ is the angle between the z axis and the applied 
magnetic field. 

In most resonant systems the magnetic interaction 
between the nucleus and the electron spin is large com- 
pared with the direct interaction between the nucleus 


and the applied field, i.e., | 4,B y8nH |. However, 
yBvH| (~2.3X10-' cm” for B") is somewhat larger 
than A) and |B) for boron in SiC under our experi- 


mental conditions and the usual method of treating the 
hyperfine interactions in (2) does not apply. Ham has 
treated the hyperfine interaction placing no restriction 
on the relative magnitudes of 8yH-gy-I and S-A-I of 
(1). His results are given in the Appendix. Three cases 
of particular interest to SiC are discussed at this point. 
Case A. |A,B\>|\yBvHl,P|. For 1; and B 
sufficiently large the nucleus is quantized along the 
direction of the field of the electron spin. Substituting 
(A3), (A5), (A6), (A8), \12) into (A9), 
assuming S=1/2 and (gy gv)i=y, the 
levels are 


and and 


energy 


W (Mm) = ¢8HM+KMm—y8yHm 
X (Agi, cos’?0+ Bg, sin’6)/Kg 
+ (1/2)Pm[3(Agu/Kg)? cos@—1], (4) 


where 


~ 


A*g,,* cos*0+ B*g,? sin’, 


and g is given by (3). The constant term in P has been 
dropped. 

The allowed (MV=+1/2 to —1/2; Am 
tions are given ‘by 


0) transi- 


hvy=g8H+ Km, ( 


mn 


while the electron-nuclear double resonance transitions 


¥ m —— 
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Fic. 1. Energy levels for the case BvH >' A.B asa function 


of the angle between the applied magnetic field and the axis of 
symmetry, as given by (7). For simplicity, we have chosen 
A= —B=78yH =2 (all in arbitrary units ,and S=/=} 
At an angle such that tan’@= ¢;,;4/g,B, the two allowed transitions 


are equal in energy and no hyperfine splitting is observed 
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TABLE I. Resonance parameters for N-doped SiC. 


A 
gu a (10-4 cm™) 
Larger signal 2.0036 2.0030 11.08 
Smaller signal 2.0040 2.0026 11.20 


(AM =0, Am+1) are 


hf= | KM+(m—1/2)P[3(Agi/Kg)? cos’@—1 ] 
— yB8vH(Agy cos’?@+ Bg, sin*@)/(Kg),, (6) 
where f is the double resonance frequency. 

Case B. |yBvH|>|A,B\;P=0. Here the axis of 
quantization of the nucleus is the applied field rather 
than the field generated at the nucleus by the unpaired 
electrons. Substituting (A3), (A5), and (A13) into 
(A9), and again assuming (gy));= (gv)i=vY, 


W(M,m)= ¢8HM+my6BvnH—Mm 


X[(gu/g)A cos’@+ (gi/g)B sin’@)}. (7) 


The allowed (M 


are given by 


=-+1/2 to —1/2; Am=(O) transitions 


hy- eBH—mlL (gi g)A cos*6+ (gy g)B sin’é |. (8) 


It is noted that at @=0° and 90°, (8) and (5) are identi- 
cal except for an arbitrariness in the sign of m. How- 
ever, (8) and (5) give different results at intermediate 
angles. The difference becomes marked if A and B have 
opposite signs; in particular, if (8) applies the hyperfine 
splitting vanishes at an intermediate angle (see Fig. 1). 

For y8yvH, comparable to A, and B., m is no 
longer a good quantum number and forbidden transi- 
tions occur. If A and B are of opposite signs and com- 
parable in magnitude, (8) is a good first approximation 
as long as y8vH > A 

Case C. P >| A,ByByH'. Vf the quadrupolar 
interaction is large compared to other hyperfine inter- 
action terms, the axis of quantization of the nucleus is 
the s axis regardless of the direction of the applied 
magnetic field. This problem is similar to that of the 
Zeeman splitting in nuclear quadrupole resonance,” 
and to electron spin resonance in the case of a strong 
axial field."* For H along the z axis the normal hyperfine 
pattern is seen, while for H perpendicular to the z axis 
the hyperfine splitting vanishes for m+}. For example, 
if /=} the pattern for H perpendicular to z is composed 
of three lines of intensity 1:2:1. 

For intermediate cases (,4,B) or |y8yH| compara- 
ble to P|) forbidden transitions occur except for H 
parallel to z. An unequal spacing of lines occurs for H 
perpendicular to z. 


2T. P. Das and E. L. Hahn, in Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1958), 
Suppl. 1, pp. 7-11. 

’G. W. Ludwig, H. H. 
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SiC 
III. EXPERIMENTAL RESULTS. N-DOPED SiC 


The spin of the dominant N isotope (N"™) is 1. Thus, 
one normally expects the spectrum of atomically dis- 
persed N to be composed of one or more sets of 3 
equally intense hyperfine lines. Figure 2 shows such a 
spectrum in SiC where two overlapping sets of three 
lines are observed. Both sets can be described by (5) 
and (6); the parameters are summarized in Table I. 
In each case the value for the hyperfine interaction 
parameter was obtained from double resonance meas- 
urements, which also showed the hyperfine interaction 
to be isotropic within the accuracy of the measurements 
(+0.01*10-4 cm). The double resonance measure- 
ments also indicated that the quadrupolar interaction 
constant P<0.01X10-*cm™. A value 0.404+0.003 
was measured for y in agreement with the known 
nuclear g factor for N™. This is definitive evidence that 
the spectrum is produced by N. 

Both the double resonance experiments and the 
spectrum of Fig. 2 indicate that the stronger signal 
arises from about twice as many centers as the weaker 
signal. Attempts to resolve the stronger signal into 
(presumably two) components were unsuccessful. Weak 
double resonance signals, tentatively attributed to Si*, 
were also observed. These were not analyzed because 
of their low intensity. 

The crystal whose spectrum is shown in Fig. 2 was a 
piece weighing 31 mg broken out of a larger mass of 
undoped SiC obtained from the Norton Company. It 
was very slightly colored. From the intensity of the spin 
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Fic. 2. Spectrum of N in SiC at 20.4°K. The derivative of the 
dispersion signal has been recorded. 
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resonance pattern, it estimated to contain 
~ 3X 10'*/cm* uncompensated N. It is noted that most 
samples contained much more N than this. At higher 
concentrations there are interactions between closely 
situated N impurity atoms and additional weak lines 
are observed between the main lines. At sufficiently 
high N concentrations a single broad line is observed.® 


was 


IV. EXPERIMENTAL RESULTS. B-DOPED SiC 


Boron has two stable isotopes, B® and B", having 
nuclear spins of 3 and 3, respectively. Since B"™ is about 
80% abundant, one normally expects a spectrum con- 
sisting of one or more sets of four equally intense lines. 
The B® will produce a background of seven weaker 
lines. Figure 3 shows the spectrum that is observed in 
B-doped SiC when H is along the hexagonal axis. It 
can be resolved into three sets of four lines, designated 
I, II, and Iil in Fig. 3. The sets appear to be equally 
intense although there is a marked difference in line- 
width between I and II or II at the higher temperature. 
Several crystal growing runs were doped with boron 
enriched to 92% or 96% in B®. Crystals from such runs 
showed many poorly resolved lines instead of the 
pattern seen in Fig. 3. The number and position of the 
lines were consistent with the spin and moment of B” 
and the resonance parameters measured in samples 
containing boron of normal isotopic abundance (i.e., 
for B"). 


=— INCREASING H 


— 5.5 gauss 


Fic. 3. Spectrum of B in SiC with H parallel to the hexagonal 
axis and with v=14 kMc/sec. The derivative of the dispersion 
signal has been recorded. 
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The boron spectrum is anisotropic and as H is ro- 
tated away from the hexagonal axis it is less easily 
separated into components. Spectrum I has been traced 
as a function of angle. It consists of four hyperfine lines 
whose spacing is slightly nonuniform at intermediate 
angles. The angular dependence of the average hyper- 
fine splitting is plotted in Fig. 4; it is in good agreement 
with (8), indicating that A and B have opposite signs. 

Except for H parallel to the hexagonal axis, the 
spectra II and III have not been analyzed with com- 
plete success. They consist of more than four hyperfine 
lines; the forbidden transitions presumably arise 
because several hyperfine terms are comparable in 
magnitude. The spectra are isotropic for H in the plane 
perpendicular to the hexagonal axis. 

The boron spectrum as observed at 20 kMc/sec for 
H at angles of 0°, 50°, and 90° with respect to the 
hexagonal axis is shown in Fig. 5. At 50° the I spec- 
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Fic. 4. Plot of the hyperfine splitting of the boron I resonance 
pattern as a function of the direction of the magnetic field with 
respect to the hexagonal axis. The curve represents (8) normalized 
at @=0° and 90 


trum has collapsed into a single intense line as pre- 
dicted by (8). The I spectrum at 90° consists of four 
hyperfine lines (no forbidden transitions) showing that 

P'<«<|B\. The other two spectra are more compli- 
cated at 90°, indicating that | P| =| B . The resolution 
of spectra of different g increases with increasing spec- 
trometer frequency; still higher frequency operation 
would aid in the analysis of spectra II and III. 

With H parallel to the hexagonal axis, additional 
hyperfine lines have been observed. The intensity is 
approximately what one expects if the 4.7% abundant 
isotope Si? is randomly distributed in four equivalent 
positions about each B site. This implies that B sub- 
stitutes for C in SiC, since each C atom has four Si 
nearest neighbors, while each Si atom has twelve Si 
nearest neighbors. 

Table II summarizes the resonance parameters for 
the boron I, II, and III spectra: The Si** hyperfine 
interaction parameter is designated T. 
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The sample whose spectrum is shown in Figs. 3 and 
5 is a dark (but not opaque) platelet weighing 4.2 mg 
grown by Scace. The furnace charge was doped to a 
level of 3X10" B/cm*. However, the intensity of the 
resonant absorption indicates that this sample contains 
only 5X 10'7/cm* uncompensated B. It is believed that 
most of the boron was lost in the furnace and that the 
crystals were not highly compensated. 

Electron-nuclear double resonance was not detected 
for B, presumably because the spin-lattice relaxation 
time was short. It might prove possible to detect double 
resonance using a less heavily doped sample since 
dipole-dipole interactions probably influence the re- 
laxation time at the concentration employed. At still 
higher boron concentrations the hyperfine structure is 
not resolved and a single resonance line of anisotropic 
width is observed, as reported previously by van 
Wieringen.® 


V. DISCUSSION 


The features of the observed spectra that one would 
like to explain can conveniently be divided into two 
parts: the qualitative character and the quantitative 


TABLE IT. Resonance parameters for B-doped SiC. The values 
of gi for spectra II and III are considered tentative. The Si® 
hyperfine interaction (7) was measured for H parallel to the 
hexagonal axis. 


B 7 
eu ray ‘em™!) (10-*em™!) (10°74 cm™~!) 
2.0020 
2.0056 
2.0062 


2.0068 
(2.003) 
(2.005) 


+ 1.30 


values of the parameters. The first gives information 
abdut the geometry of the sites in which the impurity 
is located ; the second pertains to the nature of the wave 
functions which describe the electrons involved in the 
resonance absorption. We will now consider the first of 
these problems. 

A basic characteristic of all forms of SiC is the tetra- 
hedral arrangement of the nearest neighbors, i.e., each 
C is surrounded by a tetrahedron of Si and vice versa. 
However, the tetrahedral arrangement can be built up 
in a variety of ways, leading to a variety of crystalline 
forms which differ in over-all symmetry and in the 
positions of distant neighbors. The form 6H (or a—SiC, 
type II) has over-all hexagonal symmetry. When one 
views a model of the 6H lattice it is apparent that there 
are three distinct and equally abundant sites for both 
C and Si. The C sites, for example, can be distinguished 
by noting the distances to the nearest Si sites along the 
hexagonal axis. One such Si site is always in a nearest 
neighbor position to the C site. If 3d is the nearest 
neighbor distance, then the distance to the other Si site 
along the hexagonal axis is 5d, 9d, or 11d, depending 
upon the type of site from which one starts. 
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Fic. 5. Spectrum of B in 
SiC at 14°K with v=20 
kMc/sec. The boron I pattern 
is seen at the left with @=0°. 
It merges into a single line at 
about @=50°, and moves to 
the right into a four-line pat 
tern at @=90°. 
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The Si” interaction observed on the B spectrum 
indicates that the B is substituting for C. Thus, it would 
appear reasonable to identify the boron I, II, and III 
spectra with the three different C sites. X-ray data 
taken with electrical measurements have indicated that 
N also substitutes for C.'* The N spectrum we observe 
can be explained by assuming that N enters into two 
different sites in a ratio of about 2:1 or equally into 
three sites, two of which give very similar spin resonance 
behavior. The latter seems the more plausible. Thus, 
we conclude that both N. and B substitute uniformly 
into the three C sites in SiC. It also seems reasonable 
that the largest asymmetries occur for an impurity 
occupying the C site with the nearest Si neighbors along 
the hexagonal axis; the other two sites differ in more 
distant neighbor arrangements and show similar prop- 
erties. On this basis the ‘‘smaller’ nitrogen resonance 
pattern and the boron I resonance pattern would corre- 
spond to N and B, respectively, situated in the carbon 
site with the nearest Si neighbors along the hexagonal 
axis. 

The second problem pertains to the character of the 
wave functions describing the impurity. The features 
of the hyperfine interaction give considerable informa- 
tion about this. Consider first the N impurity. The 
isotropic character of the hyperfine interaction indicates 
a predominantly contact (s-electron) interaction of the 


4 J. A. Lely, Ber. deut. keram. Ges. 32, 229 (1955); J. A. Lely 
and F. A. Kréger, in Semiconductors and Phosphors, edited by 
M. Schén and H. Welker (Interscience Publishers, Inc. New York, 
1958), p. 525. 
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usual Fermi-Segré form given by 
a= (16r/3)y8n8B y(0) ?, (9) 


where (0) * is the amplitude of the wave function at 
the N nucleus. Equating (9) to the observed hyperfine 
interaction, one finds that y(0)|?=0.34X10"4 cm~. It 
is noted that this value of (0) ? for N in SiC is com- 
parable to the value! 0.43 104 cm~ for P in Si, but 
much smaller than the value ~ 50 X 1074 cm~ estimated® 
for a 2s electron on a free N atom. The small value of 
¥(0) * is consistent® with a hydrogenic model in which 
in a relatively large 
16 


the wave function is spread out 
orbit about the nitrogen impurity. 

N has been observed by spin resonance in one other 
Column IV semiconductor, diamond.‘ The hyperfine 
structure in diamond is anisotropic, the interaction 
constant being 38.2 10~* cm™ along a N—C bond axis 
and 27.4X10~* cm™ perpendicular to it. The interpre- 
tation given for this anisotropy is that the unpaired 
electron is partially localized in an antibonding orbital. 
The electron is tightly bound and the hydrogenic ap- 
proximation does not apply. 

The situation for B in SiC is quite different from that 
for N. The relatively large ionization energy, 0.25 ev 
as compared with 0.08 ev for the N donor, indicates 
that the hole is bound relatively close to the impurity 
(the hydrogenic model is not a good approximation).!® 
However, the small value for the hyperfine interaction 
constant indicates that the wave function amplitude 
at the nucleus is small. This, as well as the anisotropy, 
can be qualitatively understood by assuming that the 
wave function has predominantly p character.® 

An alternative description of the magnetic hyperfine 
interaction to that in (2) is 


aS -1+-6(35,7.—S-D, (10) 


where 


b= (A—B)/3. (11) 


The first term in (10) is the contact term while the 
second is the dipole-dipole term. One would expect @ to 


be given by (9) and 6 to be given by 
b= $yBni (12) 


From (9) and (12) one anticipates that a and 6 will 
(For B"', y= —1.79). However, 
Table II finds for the boron I 


both have the sign of +. 
from (11) 
spectrum 


and one 


a +0.3% 107* cm b= F1.0K 10 cm 

The fact that a and 6 have opposite signs is not under- 
stood. A reversal of sign for the contact term has been 
observed in other spectra and explained on the basis 


This estimate was made in the manner described by W. Kohn 
and J. M. Luttinger, Phys. Rev. 97, 883 (1955 
16 See, for example, the discussion by R. W Keyes in Silicon 
Carbide, edited by J. R. O'Connor and J. Smiltens (Pergamon 
Press, New York, 1960), p. 395 
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of polarization of inner shells'’; a similar mechanism 
may apply here. 

The shift of the g factor of shallow donors in semi- 
conductors from the free-electron value has been re- 
lated to band parameters by Roth and Lax.'® The small 
g shift for nitrogen in SiC implies a small spin-orbit 
interaction, as expected since N, Si, and C are light 
elements. The small g shift for boron implies that the 
ground state of this acceptor is orbitally nondegenerate. 
Thus, one presumes that the hexagonal field has split 
any degeneracy of the valence band (such as exists in 
Si and Ge) by an amount large compared to the spin- 
orbit interaction. A study of B in cubic SiC would show 
whether the acceptor ground state is degenerate in the 
absence of the hexagonal field. 
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APPENDIX 


The purpose of this Appendix is to derive an ex- 
pression for the angular variation of the hyperfine 
splitting of an ion when the nuclear Zeeman energy is as 
large as the hyperfine interaction, and any nuclear 
quadrupole interaction is small. Thus we consider the 
Hamiltonian" 


K=6[¢,,H.S.+-¢:(HS,+H,S, 
+ DLS 2—4S(S+1)] 
+AS,1.4+-B(S,J,+S,]1,) 
+ PUI2—41(1+1) ] 
—By[L(gn) 1+ (gy). (Hl .+H,1,) ] 


(Al) 


Equation (A1) is somewhat more general than (2) of 
the text: S is no longer assumed equal to 3; a crystalline 
field (D) term is included; and the interaction between 
the nucleus and the applied field is described by an 
effective nuclear g factor having components (gy), 


and (gy), parallel to and perpendicular to the axis of 
7 J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957 
V. Heine, ibid. 107, 1002 (1957) 
18 LL. M. Roth and B. Lax, Phys. Rev 
L, M. Roth, Phys. Rev. 118, 1534 (1960 


Letters 3, 217 (1959); 
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symmetry, respectively. We introduce a new coordinate 
system to diagonalize the ordinary Zeeman interaction 
which is assumed to be larger than other terms in %. 
The part of 5¢ diagonal in the eigenstates of the ordinary. 
Zeeman interaction then provides a sub-Hamiltonian 
Hy(M) for the nuclear levels going with S,’=M. (Off- 
diagonal parts of % have been treated by Bleaney” 
by perturbation theory and will be ignored here.) We 
obtain 


Ky(M)=W(M)+R(M)I,/+S(M)I1,’ 


+ PL(,'cose—I,'sing)?—41(1+1)], (A2) 


where 
W (M)=6gHM+3D[M?(3 cos?g—1) 
+S$(S+1)(sin?g— 2) ], 


g= (gu? cos’8+ g,’ sin*6)}, 


cosy= (g1,/g) cos6, (As 
AO) 


sing= (g./g) sind, 
and @ is the angle between the magnetic field H and the 
axis of symmetry. Also 
R(M)=(A cos?¢+B sin?¢)M 
— (8vH/g)[ (gw) ign cos’6+ (gy)ig sin’6 ], 
(B—A)M sing cos¢g 
+ (SnH QL(gy)ugi— (2N igi | sind cosé. 


S(M ~— 
S(M): 


Making a second coordinate transformation to di- 
agonalize the part of 30y(M) linear in J, we obtain 
Ky (M)=W(M)+(R2(M)+82(M) }47,” 
+ PLI,”*cos?(x+ ¢)+/,”"sin?(x+ ¢) 
— (11, +1,"1,")cos(x+ ¢) sin(x+ ¢) 


—4(I+1)], (A7) 


where 


cosx= R(M)/LR?(M)+S?(M) }}, , 
(A38) 
sinx=$(M)/LR?(M)+S?(M) }}. 
If P is small, the eigenvalues are 
W (M,m)=W(M)+[(R?(M)+.S?(M) ]}m 
+ P{m?[3 cos?(x+ ¢)—3]+47(/+1) 
- X [sin?(w+ ¢)—2 J}. 
9 B. Bleaney, Phil. Mag. 42, 441 (1951). 


(A9) 


RESONANCE 


STUDIES IN Si€ 1089 
This neglects terms of order P?/(R?+.S*)! arising from 
off-diagonal parts of the quadrupole interaction. 


From (A6) we find 


| R?(M )+.S?(M) |= K°M?+ (gy8yH)?—2MBnH 
x 1(zn)1 cos cosg+ B(gy), sind sing |, 


(A10) 
with 
K?= A? cos*¢+ B? sin*¢, 
R bes =o Be (A11) 
£n-= (gn) 1° COS*O+ (gy),° sin’6. 
Usually | gy8vH/KM <1; by expanding (A10) in 
powers of (gy8yH/KM) we obtain the usual result,!*?° 


[R?(M)+.8?(M) ]'= KM—ByH[(A/K) (gy) 1 
Xcosé cose+ (B/K) (gy), sind sing | 
+O((gn8wH)?/K). (A12) 


If, however, |gv8vH/KM)|>1 we expand in (KM 
gnBH) to obtain 


[R2(M)+.S?(M) ]!= gy8H—M{(A (gw) rev J 
Xcosé cose+[B(gy)i/gy | sin8 sing} 


+0O(K°M?/gyByH). (A13) 


“Allowed” electron spin resonance transitions are 
given by 


hv=W(M,m)—W(M—1, m) 
e8H+ D(M—3)(3 cos*g—1) 
+-m{[ R?(M)+.8?(M) }} 


—[R?(M—1)+52(M—1)]}}. (A14) 


Thus for | gy8yH/KM_\ <1 the hyperfine splitting is 
proportional to K and is of the same sign for all angles 
regardless of the relative signs of A and B [see (A12) ]. 
However when | gy8vH/KM_>1 the hyperfine splitting 
as given by (A13) can change sign as a function of angle 
if A(gw) and B(gy), have opposite signs. 

If P/LR?+S*]! is not small the off-diagonal terms in 
P may not be neglected in evaluating the eigenvalues,” 
and the spectrum is distorted from that given by (A14) 
except for @=0. Forbidden lines may occur for 040 
because of the nuclear quadrupole interaction” and also 
because the coordinate transformation leading to (A7) 
is somewhat different for different M. 


20W. Low, in Solid-State Physics, 
D. Turnbull 


edited by F. Seitz and 
Academic Press, New York, 1960), Suppl. 2, p. 61. 
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The optical absorption of M centers in potassium chloride crystals has been studied by observing the 
anisotropy induced in the crystals after bleaching with polarized light. It is found that the M center has 
absorption bands hidden under the F band in addition to an absorption in the 800-my region. The observed 
anisotropy near the F band is the result of the presence of other absorption bands in the F-band region. The 
optical absorptions of R and N centers have also been studied. The change in the location and half-width 
of the F band during bleaching can be accounted for by the presence of secondary centers. 


INTRODUCTION 


INCE Ueta! demonstrated the anisotropic nature of 

the M center by partial bleaching with polarized 
light, several experiments have been reported in recent 
years which deal with symmetry properties of M centers. 
Van Doorn and Haven? have shown that at liquid nitro- 
gen temperature, a reorientation of M centers is in- 
duced by irradiation with polarized F-band light, and 
that both the F and M bands show anisotropy. The 
same type of anisotropy in the F and M bands has been 
observed at room temperature after partial bleaching 
of the M band with polarized light.“ It is also known 
that absorption of polarized light by the F band pro- 
duces polarized luminescence from M centers, if both 
F and M centers are present in the crystal.*~® 

Two alternative interpretations have been proposed 
in order to account for the close relationship between 
F and M centers: (1) The anisotropy in the F-band 
region is the result of transitions to higher excited states 
of the M center which overlap the F-band absorption.‘ 
(2) Energy transfer processes can occur between F and 
M centers, and the observed anisotropy in the F band 
is ascribable to an interaction of F centers with neigh- 
boring M centers.* 

The present work was undertaken to determine the 
optical absorption of M centers, especially in the F-band 
region, by irradiating the crystal with polarized light 
and’ observing the anisotropy induced in the optical 
absorption spectrum. (Since the completion of this 
paper, three papers bearing on the subject matterrelated 
to the optical absorptions and their anisotropic proper- 
ties of the M, R, and V centers have been published by 


* Based on work performed under the auspices of the U. S 
Atomic Energy Commission. 

+ Now at Kyoto University, Kyoto, Japan. 

t Based on a thesis submitted to the Graduate School of Kyoto 
University in partial fulfillment of the requirements for the degree 
of Doctor of Sciences. 

1M. Ueta, J. Phys. Soc. Japan 7, 107 (1952). 

?C. Z. van Doorn and Y. Haven, Phys. Rev. 100, 753 (1955). 

H. Kanzaki, Phys. Rev. 110, 1063 (1958). 
*G. Kuwabara and A. Misu, J. Phys. Soc. Japan 13, 1038 
1958 
_°C. Z. van Doorn and Y. Haven, Philips Research Repts. 11, 
479 (1956); C. Z. van Doorn, Philips Research Repts. 12, 309 
1957 
6 J. Lambe and W. D. Compton, Phys. Rev. 106, 684 (1957). 


others.7® The results of this paper are in substantial 
agreement with theirs.) 


EXPERIMENTAL PROCEDURES 


Single crystals of pure KCl were obtained from the 
Harshaw Chemical Company. Color centers were pro- 
duced in the crystals by heating in potassium vapor 
or by y-ray irradiation from a 4000-curie Co™ source. 
The initial concentration of F centers in the crystals 
ranged from 1X10'* to 4X10"? cm-, while the thickness 
of the crystals varied from 0.3 to 10 mm. 

Polarized light. was obtained by using an Ahrens 
prism which was mounted on the Dewar flask used to 
hold the crystal. Absorption spectra were taken at 
liquid nitrogen temperature on a Cary model 14R 
spectrophotometer in the wavelength range from 400 
to 1700 my using polarized light. The light from the 
monochromator passed through the polarizing prism 
and then through the crystal to the detector. An AH-6 
lamp or a filament lamp with appropriate filters was 
used as a light source in the bleaching experiments. To 
eliminate any temporary change in the optical absorp- 
tion spectrum after the irradiation with light, all spectra 
were taken after allowing the crystals to stand in the 
dark for 5 min. 

Experiments were performed on both additively 
colored KCl and y-irradiated KCl, but no essential 
differences were found. 


EXPERIMENTAL RESULTS 
Experiments with Unpolarized Light 


A crystal containing only F centers was irradiated 
at room temperature with unpolarized F-band light. 
The F band decreased continuously and was ac- 
companied by a slight increase of the absorption in the 
short wavelength tail of the F band. The M band grew 
during the early stages of the exposure and decreased 
after reaching a maximum. R and N bands grew con- 
tinuously until they attained an equilibrium value. 
During the exposure, the F band broadened and the 
absorption maximum shifted first to the red and then 

7H. Pick, Z. Physik 159, 69 (1960 

* T. Tomiki, J. Phys. Soc. Japan 15, 488 (1960 

*K. Fukuda, A. Okuda, and Y. Uchida, J. Phys. Soc 


Japan 
15, 538 (1960). 
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to the violet while M and R bands grew, respectively.” 
The maximum ratio of M center concentration to F 
center concentration was largest in crystals which con- 
tained the highest initial concentration of F centers. 
For initial concentrations less than about 10” cm-, 
the crystals showed a prominent N band and an absorp- 
tion band at about 1460 my. Curve 2 of Fig. 2(a) shows 
the absorption spectrum of a crystal at the stage where 
the M band reached its maximum. 

The crystal which is represented by curve 2 of Fig. 
2(a) was brought to liquid nitrogen temperature and 
irradiated with unpolarized F-band light. As shown by 
curve 3 of Fig. 2(a), the 1460-my band disappeared and 
another absorption band was formed at about 1380 
my. Slight changes also occurred in other regions of the 
absorption spectrum. On warming the crystal to room 
temperature, the 1460-mu band was reformed at the 
expense of the 1380-my band. 


Experiments with Polarized Light 
1. Irradiation with [011] Light 


Curve 3 of Fig. 2(a) shows the absorption spectrum 
taken with either unpolarized, [011], or [011] light 
before irradiation with polarized light. After irradiation 
at liquid nitrogen temperature with [011] F light” 
the absorption became anisotropic and the intensities 
of the spectra taken with [011] and [011] light were 
not equal as shown by curves 4; and 4, of Fig. 2(a). 
If the [011] absorption is subtracted from the [011] 


Fic. 1. The pos 
sible orientations of 
the optical dipole 
moments related to 
the M, band (single 
arrow) and to the VV.’ 
band (double arrow). 








J 


[001] 











fon] foro] on] 


/ 


x 


10 J. D. 
(1957) 

"The term “(011] light” will be used to indicate light with 
electric vector parallel to [011] and with propagation vector paral 
lel to [100], and the term “[1007' light” will be used to indicate 
light with electric vector parallel to [100] and with propagation 
vector parallel to [010]. These directions are related to the crystal 
axes (Fig. 1). 

2 The term “F light” will be used to indicate light from an 
AH-6 lamp in conjunction with a 547-my interference filter and 
Corning filters 3486 and 9788, and the term “M light” will be 
used to indicate light from a filament lamp in conjunction with 
Corning filters 2-2600 and 3384 which have a maximum transmis- 
sion at about 820 mu. 


Konitzer and J. J. Markham, Phys. Rev. 107, 685 
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Fic. 2. The absorption spectra of an additively colored KCl 
crystal 10 mm thick. (a) Curve (1), after quenching from 400°C 
(N r°=1.38X10'* cm=); (2), after 5-min irradiation with un- 
polarized F light at room temperature; (3), plus 1-hr irradiation 
with unpolarized F light at liquid nitrogen temperature measured 
with either unpolarized, [011], or [011] light; and then after 
irradiation with [011] F light at liquid nitrogen temperature for 
2 hr. as measured with [011] light (4:) and [011] light (42). 
(b) Curve (4), the anisotropic absorption obtained by subtraction 
of curve (42) from curve (4;); and (5), the remaining anisotropic 
absorption after warming to room temperature for 10 min. 


absorption, a difference curve is obtained which is 
the anisotropic absorption produced in the crystal 
by the irradiation; this subtraction eliminates all other 
absorptions which do not show anisotropy under these 


‘8 This constitutes a definition of anisotropic absorption as used 
in this paper. 
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Fic. 3. The anisotropic absorption obtained by subtraction of 
the [011] absorption from the [011] absorption after irradiation 


with [0i1] F light at room temperature (1) for 5 min; (2) plus 
5 min; (3) plus 30 min; and (4) plus 2 hr. (Additively colored 
crystal 0.8 mm thick, Vr°=1.74X 10" cm~). 


conditions. Curve 4 of Fig. 2(b) shows the absorption 
obtained by subtraction of curve 42 of Fig. 2(a) from 
curve 4;. Curve 5 shows the anisotropic absorption ob- 
tained after the crystal was warmed to room tempera- 
ture for 10 min in order to eliminate anisotropy in the 
1380-my region. During this annealing process, a small 
anisotropy at 498 my also disappeared. The anisotropic 
absorption at 498 my was obtained by subtraction of 
curve 5 (normalized) of Fig. 2(b) from curve 4 and is 
shown in the same figure. As shown by curve 5, in addi- 
tion to the anisotropies observed at 546 my and 801 my, 
small anisotropic absorptions at 634 my and in the short- 
wavelength tail of the 546-my band were also observed. 
The signs of the main anisotropic absorption bands were 
opposite, to each other. It should be noted that if the 
initial concentration of F centers exceeded 10” cm™, 
irradiation with [011] F light at liquid nitrogen tem- 
perature induced only small anisotropies. 

A crystal containing F and M centers was irradiated 
with [011] M light at O°C. After the irradiation the 
absorption spectra were taken with [011] and [011] 
light. The anisotropic absorption obtained by subtrac- 
tion of the [011] absorption from the [011 ] absorption 
was identical with that shown by curve 5 of Fig. 2(b) 
except for sign reversal. 

An anisotropic growth of M, Ri, Ro, Ni, and VN, 
bands was also studied. A crystal containing only F 
centers was irradiated with [011] F light at room tem- 
perature, and the absorption spectra were taken with 
[011 ] and [011] light in successive stages of the irradia- 
tion. Figure 3 shows the absorption obtained by sub- 
traction of the [011] absorption from the [011] ab- 
sorption. At the beginning of the irradiation, the anisot- 
ropy in the 801-my band increased together with that 
in the 546-my band. Upon further irradiation, both the 
absorption and anisotropy at 801 my decreased and the 


anisotropy in the Rj, Re, Ni, and N2 bands increased. 
At the same time, the anisotropy at 546 my shifted 
to 508 mu. 


2. Irradiation with (010) Light 


A crystal containing F and M centers whose absorp- 
tion spectrum was similar to that shown by curve 3 
of Fig. 2(a), was irradiated with [010] F light at liquid 
nitrogen temperature. After the irradiation the absorp- 
tion spectra were taken with [010] and [001] light. 
The anisotropic absorption obtained by subtraction of 
the [001] absorption from the [010] absorption was 
similar to that shown by curve 2 of Fig. 4(b), which 
was obtained after irradiation with [010] M light at 
0°C. However, the intensity of the anisotropic spectrum 
was much weaker in the irradiation with F light. For 
equal irradiation, the anisotropy induced by irradiation 
with [010] F light was a factor of 10 less than that in- 
duced by irradiation with [011] F light. 
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Fic. 4. The absorption spectra of an additivley colored KCl 
crystal 0.6 mm thick (NVr°=1.74X 10" cm a) After 13-min 
irradiation with F light at 0°C as measured with (1) either un 
yolarized, [001] or [010] light; and then after irradiation with 
Po10} M light at 0°C for 40 min as measured with [001] light 
(2,) and [010] light (22). (b) Curve (2), the anisotropic absorption 
obtained by subtraction of curve (22) from curve (2;); calculated 
anisotropic absorptions of the M. and M; bands (3) and of the 
M,’ and M;’ bands (4). 





OPrTicaL 


A crystal containing Ff and M centers was irradiated 
with [010] M light at 0°C. Curve 1 of Fig. 4(a) shows 
the absorption spectrum taken with either unpolarized, 
[011] or [010] light before the irradiation. After the 
irradiation, the absorption became anisotropic and the 
intensities of the spectra taken with [001] and [010] 
light were not equal as shown by curves 2; and 22 
of Fig. 4(a). Curve 2 of Fig. 4(b) shows the anisotropic 
absorption obtained by subtraction of curve 22 from 
curve 2). The rate of the development of the anisotropy 
was about the same as that induced by the irradiation 
with [011] M light at 0°C, but the location of the band 
maximum in the F-band region was not identical with 
the latter. 

The anisotropic growth of M, Ri, Re, Ni, and N» 
bands was also studied. A crystal containing only F 
centers was irradiated with [010] F light at room tem- 
perature, and, the absorption spectra were taken with 
[001] and [010] light at two stages in the irradiation. 
The results are shown in Fig. 5(a). At the beginning of 
the irradiation, the F band decreased and the M band 
at 801 my increased anisotropically as shown by curves 
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Fic. 5. The absorption spectra of an additively colored KCl 
crystal 0.4 mm thick (Vr°=3.36X 10" cm7’). (a) After irradiation 
with [010] F light at room temperature for 6 min as measured 
with [001 } light (1,) and [010] light (12); plus 30 min more ir 
radiation as measured with [001] light (2:1) and [010] light (22). 
(b) The anisotropic absorptions obtained by subtraction of (1) 
curve (12) from curve (1;), and (2) curve (22) from curve (2;). 
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Fic. 6. The absorption spectra of an additively colored KCl 
crystal 6.6 mm thick (NV r°=1.90X 10" cm~*) after irradiation with 
[011] F light at liquid nitrogen temperature for 3 hr 10 min as 
measured with [011 ] light (1,), [011] light (12), [100]’ light (2,), 
and [001] light (22); anisotropic absorptions obtained by sub- 
traction of (1) curve (12) from curve (1;), and (2) curve (22) from 
(2;); and anisotropic absorptions of (3) the M2 and M; bands and 
of (4) the M.’ and M;’ bands. 


1, and 1,. As shown by curves 2; and 22 upon further 
irradiation both the absorption and anisotropy in the 
F and M band regions decreased and the absorptions in 
the R,, Ro, V;, and V2 band regions increased but showed 
no anisotropy. Curves 1 and 2 of Fig. 5(b) show the 
anisotropic absorptions obtained by subtraction of curve 
1. of Fig. 5(a) from curve 1,, and of curve 2. from curve 
21, respectively. The anisotropic spectra obtained were 
similar to those shown in Fig. 4(b); however, the in- 
tensity of the anisotropic absorption was much smaller. 


3. [011], [011], (100), and [001] Spectra. 


A more detailed study of the anisotropy was made 
by taking the [011], [011], [100]’, and [001] spectra. 
In order to measure the absorption spectra from the 
lateral direction of the crystal, a thick crystal was used. 
The crystal containing F and M centers was irradiated 
with [011] F light at liquid nitrogen temperature. 
Curves 1 and 2 of Fig. 6 show the anisotropic absorption 
obtained by subtraction of the [011] absorption from 
the [011] absorption, and of the [001]’ absorption 
from the [100]’ absorption, respectively. Individual 
spectra in the 800-my region taken with [011], [011], 
[100 ]’, and [001 ]’ light are also shown in the figures. 
The anisotropic spectrum represented by curve 1 is 
identical with that shown by curve 5 of Fig. 2(b), and 
that represented by curve 2 
Fig. 4(b). 


is similar to curve 2 of 
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TABLE I. Characteristics of R- and N-center absorptions. 





\bsorption band i R> 
Orientation (111 (111) 
Band maximum (my 658 730 
Half-width (ev) 0.10 0.06 
Band height O.80hR. hRe 


R; Ry N, N: 
(Qi) t~”:~*«é«CACCST 110 111 
508 434 064 1020 

0.23 ta 


0.78hR2 0.17hR2 0.15hR2 





A short and incomplete study was also made of the 
anisotropic absorptions associated with R, N, and other 
unknown centers in the crystal. In the following ex- 
periments, crystals containing the maximum amount 
of R and N centers were used; in these crystals the 
height of the M band at 801 my was about half of that 
of the R2 band. Figure 7 shows the anisotropic absorp- 
tion obtained by subtraction of the [011] absorption 
from the [011] absorption after irradiation with [011] 
light of wavelength 701 my.“ The R), Re, Ni, and 
N. bands and the F band region showed anisotropy. 
On the other hand, [010] light of wavelength 701 mu 
induced no anisotropy in the R; and R, bands. Figure 
8 shows the anisotropic absorption obtained by subtrac- 
tion of the [011] absorption from the [011] absorption 
after irradiation with [011] light of wavelength 1000 
myu.'® The Ri, Re, Ni, and N~ bands and the F-band 
region showed anisotropy. On the other hand, [010] 
light of wavelength 1000 my induced anisotropy in the 
NV, band and in the F-band region as shown in Fig. 9. 
The anisotropic spectrum in the F-band region was not 
obtained because of the high intensity of the F band. 
[010] light of wavelength 701 my induced anisotropy 
similar to that shown in Fig. 9, but the amount of the 
anisotropy was much smaller. In these experiments the 
M band region at 800 my always showed anisotropy 
but the location of the band maximum shifted to the 
long-wavelength side of the M band. The origin of 


o 


Log (,/1) 
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Fic. 7. The anisotropic absorptions obtained by subtraction 


of the [011] absorption from the [011] absorption after irradiation 
at room temperature with [011] light of wavelength 701 my 

1) for 70 min (y-irradiated crystal 0.5 mm thick, NV p®=1.86X 10" 
cm™~*); and (2) for 2 hr (additively colored crystal 2.3 mm thick, 
Np’ =1.62X 10" cm 


4 Light from a filament lamp in conjunction with a 701-my 
interference filter and Corning filter 3384 

6 Light from a filament lamp in conjunction with Corning 
filters 2-2540 and 3384 which have a maximum transmission at 
about 1000 my 


this band and the other anisotropic bands at about 
600 and 700 my shown in Fig. 9 is not known. A sum- 
mary of the results obtained for R and N centers is 
given in Table I, where the R; and Ry, bands indicate 
the anisotropic absorption bands in the F-band region. 


DISCUSSION 


Two simple experiments are sufficient to determine 
whether the optical dipoles of anisotropic centers are 
oriented parallel to (100), (110), or (111) directions'*: 
(1) If anisotropies are produced in the [011] and [011 ] 
spectra after bleaching with [011] light the optical 
dipoles are not aligned along (100) but may be along 
(111) or (110). (2) If anisotropies are produced in the 
[001] and [010] spectra after bleaching with [010] 
light, the optical dipoles are not aligned along (111), but 
may be along (100) or (110). Consequently, only centers 
with dipole moments oriented parallel to (110) directions 
show anisotropy after irradiation with either [011] or 
[010] light. 

Since the M band at 801 my becomes anisotropic 
after irradiation with either [011] or [010] M light, 
it is concluded that the optical dipole responsible for 
the M band is oriented along (110) directions of the 
crystal. It is very improbable that other absorption 
bands overlap the M band since the location and half- 
width of the band observed in the anisotropic spectrum 
were identical with those of the original M band irrespec- 
tive of the direction of the polarized light used for the 
irradiation. This conclusion is consistent with the results 
obtained in experiments on the polarization of lumines- 
cence from M centers.‘~® 

If a second M band is assumed to overlap the / 
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Fic. 8. The anisotropic absorptions obtained by subtraction 
of the [011] absorption from the [011] absorption after irradiation 
at room temperature with [011] light of wavelength 1000 mu 
(1) for 10 min (y-irradiated crystal 0.4 mm thick, V e°=1.86X 10" 
cm~%); and (2) for 2 hr (additively colored crystal 2.3 mm thick, 
Nr°=1.62X 10" cm). 


16 W. D. Compton and C. C. Klick, Phys. Rev. 110, 349 (1958). 
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TABLE II. Characteristics of M-center absorptions. 

Absorption band M, M: VU; M; M,’ M;’ 
Orientation (110) (110) (110) (110) (100) (100) 
Band maximum (my) 801 546 490 634 538 480 
Half-width (ev) 0.07 0.16 tee see 0.19 see 
Oscillator strength f 1.07 vee vee 1.0f ee 
Band height hm, O.41hay 0.08/41, 0.025hm, 0.73hM, O.17hM, 





band, the F-band region should become anisotropic 
when the M band at 801 my shows anisotropy, and a 
quantitative relation should exist between the amount 
of anisotropy in the F- and the M-band regions. Further, 
the location and half-width of the bands observed in 
the anisotropic absorption should be independent of 
the amount of the anisotropy induced, of the method 
used to induce the anisotropy, and of the concentration 
of F and M centers. According to the experimental 
results, the anisotropies induced by irradiation with 
[011] F light and with [011] M light were identical 
as determined by the conditions mentioned above. 
The second M band is located at 546 mu and the ratio 
of the height of the second M band to that of the M 
band at 801 my was 0.41. The concentration of F and 
M centers used in the experiments varied by more than 
a factor of 20. Therefore, it is concluded that the anisot- 
ropy induced in the F-band region is a result of the 
presence of a second M band overlapping the F band. 
The second M band will be called the Mz band while 
the M band at 801 my will be called the M, band. 

The experiments show that the optical dipole mo- 
ments responsible for the M, band and the Mz band 
are at right angles to each other and oriented along the 
face diagonals of the crystal lattice. The six distinguish- 
able orientations of the dipole moments responsible for 
the M, band are illustrated in Fig. 1. Using this model 
of the M center, one can compute the absorption coeffi- 
cients of the M,; and M, bands in terms of the concentra- 
tion of M centers oriented in the six directions. If M 
centers are equally distributed among the six orienta- 
tions, the absorption coefficients for unpolarized light 
are expressed as Ao’ =2aNo and Ay =28No, for the 
M, and Mz bands, respectively, where a and 8 are 
positive constants, 4“ and A signify the absorption 
coefficients for the M,; and Mz bands, respectively, 
and N, is the concentration of M centers in any of the 
six orientations. Absorption coefficients measured with 
[011] and [011] light after irradiation with"[011] F 
or M light can be computed in the same way and the 
iunisotropic absorption is represented by the difference 
of the two absorption coefficients, that is, 

AAmM,=A (011) —A {011} Y=a@(N,—N>), 
and 
AA Mo=A for) — A [ot ? = 

since V;i%~ NoX~N3=N4=N5=Ne, where JN; is the con- 
centration of M centers whose optical dipole moment 
responsible for the M, band is oriented in the direction 


—B(Ni—N>2), (1) 





(1) in Fig. 1, and A ,o11;" denotes the absorption coeffi- 
cient of the M, band measured with [011] light. In 
Eqs. (1), Vi is smaller than Ne» for the irradiation 
with [011] F light and N, is larger than N¢ for the ir- 
radiation with [011] M light. In either case, the aniso- 
tropic absorption in the F band region (M2 band) is 
expected to have an opposite sign to that of the M, 
band, and the ratio of the peak height, AA m2./AA m, 
will be equal to a constant, 3/a. The constancy of the 
ratio was confirmed experimentally. The weak aniso- 
tropic absorptions in the short-wavelength tail of the 
M>» band and at 634 my have not been reported pre- 
viously,'’ but from the present work they are believed 
to be related to M centers, since the anisotropies were 
always induced at definite wavelengths when the M, 
and M, bands became anisotropic, and the relative 
heights of the absorptions to the M, and M, bands 
were constant. In order to make identification easier 
these bands will be called M; and M, bands, respectively. 
Table II shows the locations of band maxima, half- 
widths, relative oscillator strengths, and relative band 
heights of the My, Mo, M3, and M, bands. 

Absorption coefficients measured with [001] and 
[010] light after irradiation with [010] F or M light 
can be expressed in a similar manner to that described 
previously, and the absorption coefficients obtained 
in the anisotropic absorption will take the form: 


AA M,\=A (001) )— 4 [010] i =a(N3—N)), 
and 


AA M2=A coor) 7 — A (010) 2) =B(N3—N), (2) 


since Ny=No=N5s=NeX#N3=Ns. It is expected that 
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Fic. 9. The anisotropic absorptions obtained by subtraction of 
the [010] absorption from the [001] absorption after irradiation 
at room temperature for 2 hr with [010] light of wavelength 
1000 my (additively colored crystal 2.3 mm thick, V r°=1.62X 10" 
cm 


17 Concurrent to this work, F. Liity also observed similar hands, 
which were shown on a slide at the Color Center Symposium, 
Corvallis, Oregon, 1959. 
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N, will be smaller than .V; for both irradiation with F 
light or with M light, that the anisotropic absorption 
in both M, and M, band regions will have the same sign, 
and that the ratio of the peak height, AA m./AA m,, 
will be equal to that obtained by the irradiation with 
[011] light, ie., 8/a. According to the experimental 
results the sign of the anisotropy is opposite in the 
M, and M, band regions and the location of the band 
maximum of the anisotropic absorption in the F band 
region is displaced to shorter wavelengths by about 
10 mu from that of the M. band. Furthermore, the rate 
of the development of the anisotropy upon irradiation 
with [010] F light is much smaller than that with [011] 
F light, whereas the rates observed in bleaching with 
[010] M light and with [011] M light are almost the 
same. In order to account for the peculiarity observed 
in the irradiation with [010] F light, it is assumed that 
there exists another dipole oriented perpendicular to 
the aforementioned two kinds of dipoles responsible 
for the M, and Mz bands, and that the dipoles are 
oriented parallel to cubic axes of the crystal, i.e., (100) 
directions. In addition, the optical absorption associated 
with the dipoles lies in the F-band region of the spec- 
trum. The absorption band which is assumed to arise 
from the dipoles oriented in the (100) directions will be 
called the M»’ band. The possible orientations of the 
dipoles are denoted by double arrows in Fig. 1. 

First, consider the anisotropy induced by irradiation 
with [010] M light. M light does not affect the dipoles 
oriented along (100) directions since the excitation 
energy is assumed to correspond to the light in the F- 
band region. Therefore, Eqs. (2) will hold for the 
anisotropy induced in the M, and M, bands, but in 
addition, the anisotropy due to the M,’ band must also 
be considered. The absorption coefficient of the M,.’ 
band in the anisotropic absorption will be expressed as 

AAM2=A [001]} ")— 4 (010) °°? = —2y(N3:— 1), (3) 
where 7 is a positive constant for the M,’ band. It 
should be noted that the sign of the anisotropy in 
the M,’ band is opposite to those of the M,; and M, 
bands. Since it is assumed that both M2 and M,’ bands 
are located in the F band region, the apparent ansio- 
tropic absorption in that region will be the sum of the 
anisotropies of the two bands. Equations (2) show that 
the ratio, AA m2/AA mM, is equal to 8/a, which is the 
same as that obtained by irradiation with [011] light, 
and that the anisotropic absorption of the M2 band has 
the same sign as that of the M, band. It is therefore 
possible to calculate the anisotropic absorption of the 
M, band for a known amount of anisotropy in the M, 
band. The anisotropic absorption of the M, band thus 
estimated is given by curve 3 of Fig. 4(b). The anisot- 
ropy of the M,.’ band will be the numerical sum of this 
calculated absorption and the observed anisotropic 
absorption in the F band region, [curve 4 of Fig. 4(b) }. 
As seen in the curve, the M,’ band is accompanied by 
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an absorption on its short-wavelength tail. The absorp- 
tion will be called M;’ band in analogy to the M; band. 
Table II shows the locations of band maxima, half- 
widths, relative oscillator strengths, and relative band 
heights of the M,’ and M;’ bands. 

The presence of dipoles oriented along (100) directions 
may be used to explain the slow development of the 
anisotropy during irradiation with [010] F light. If a 
crystal containing M centers is irradiated with [010] 
F light, the centers in positions 1, 2, 5, and 6 of Fig. 1 
are excited since the dipoles along face diagonals interact 
with [010] F light. On the other hand, the centers in 
positions 3 and 4 are also excited since the dipoles 
parallel to cubic axes will also interact with [010] 
F light. These two processes will compete with each 
other and retard the development of the anisotropy. If 
the crystal is irradiated with [010 ] M light, the develop- 
ment of the anisotropy will be much faster since in this 
case the centers in positions 3 and 4 are not excited. 
If [011] F or M light is used to induce anisotropy, the 
dipoles oriented along (100) directions do not contribute 
to the anisotropic absorption obtained by subtraction 
of the [011] absorption from the [011] absorption 
since they are cancelled by the subtraction. Therefore, 
Eqs. (1) preserve their validity for the measurements 
with [011] and [011] light after irradiation with [011] 
F or M light. If absorption spectra are taken with 
[100 )’ and [001] light after the irradiation, however, 
the dipoles oriented along (100) directions will also 
show anisotropy. The absorption coefficients in the 
anisotropic absorption measured with [110 |’ and [001 |’ 
light will be expressed as 


AA My= A (100)? — A [001]’ I 
AA Mo2>= A [100]’ 2 
and 


= tal 2V3— (Vi+N2) ], 
)—A too1)’ °? = $8[2N3— ( Ni+N:2) |, 


AA M’s=A (1007? »—A roo1y 2? 
=—7[2N3;—(Nit+N2)]. (4) 


These equations show that the ratios, AA m2/AA my 
and AAm’,/AAM, are the same as those obtained in 
Eqs. (2) and (3). Accordingly, the anisotropic absorp- 
tion thus obtained is expected to be similar to -that 
measured with [001] and [010] light after irradiation 
with [010] F or M light. The experimental results are 
consistent with this expectation as shown in Fig. 6, 
where curves 3 and 4 correspond to those in Fig. 4(b). 
The locations of band maxima, half-widths, relative 
oscillator strengths, and relative band heights of the 
M,' and M;’ bands obtained from Fig. 6 agree with 
those given in Table IT within experimental error. 

In summary it is concluded that the M center has 
absorptions bands in the F band region in addition to 
the so-called M band at 801 my and that the observed 
anisotropy in the F-band region is ascribable to the 
M bands hidden under the F band. Although it has been 
assumed that the M,, Ms, and M,’ bands arise from 
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three different transitions, the same results would have 
been obtained if the M, and M,’ bands arose from the 
same transition but have slightly different character- 
istics when excited with (110) or (100) light because of 
differences in local crystal fields in these two directions. 
The characteristics of the M-band absorptions reported 
here are not inconsistent with the present models of the 
M center.®!5 The origins of the M;, M;’, and M, bands 
are unknown except that these bands are closely con- 
nected with the M center, and therefore are probably 
additional absorptions of the M center. 

In the course of the present investigation, it was also 
observed that the absorption of polarized light by the 
R and N bands induces anisotropy in the F band region. 
Therefore, the R and N centers will have an important 
role in the anisotropy induced in the F band region 
if these centers are present in the crystal. As shown in 
Figs. 3 and 5, [011] F light induces anisotropy in the 
R,, Ro, Ni, and N» bands whereas [010] F light induces 
no appreciable anisotropy in these bands except a very 
small one in the N, band. Therefore, it is believed that 
the centers associated with the R;, Ro, Ni, and N» 
bands have other absorption bands under the F band 
and that the dipoles associated with the R, Ro, and N»2 
bands are oriented along (111) directions and those as- 
sociated with the N; band are oriented along (110) 
directions of the crystal.’ The Ri, Re, Ne, and two ab- 
sorption bands in the F-band region are closely related 

18 R. S. Knox, Phys. Rev. Letters 2, 87 (1959). 

9 W. D. Compton and C. C. Klick, Phys. Rev. 112, 1620 (1958). 
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to each other and probably arise from a single center, 
while the NV, band is not related to any of the above 
bands. The results shown in Figs. 7-9 are consistent with 
the above conclusions. 

The results of the present investigation suggest that 
in order to obtain the anisotropic absorption of M 
centers only, caution must be taken to avoid the anisot- 
ropy of other centers such as R and N centers. The 
change in the location and half-width of the F band 
during bleaching of F centers” is explicable by the over- 
lapping of the M» and R; bands with the F band. At 
the beginning of the bleaching of F centers, M centers 
are formed, and upon further bleaching R centers are 
formed, accompanied by a decrease in M centers. Since 
the band maxima of the F, Mo, and R; bands are located 
at 540, 546, and 508 my, respectively, the absorption 
in the F-band region will shift to the long-wavelength 
side of the initial F band and then to the short-wave- 
length side in the course of the formation of the M 
and R centers. There seems to be no direct connection 
between the K band and M and R centers since the 
K band appears even in crystals which do not contain 
M or R centers.'!° However, the presence of M and R 
bands in the F-band region should be taken into con- 
sideration in the study of the K band. 
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Fast-resolution time-pulsed microwave apparatus has been used to measure the spin-spin and spin-lattice 
relaxation in Ce** in lanthanum magnesium nitrate by spin-echo techniques. 7), measured by a three-pulse 
sequence, varies as T;=6X10~" exp(34/T) over a range of four orders of magnitude from 4°K to 1.8°K 
but changes less rapidly below this temperature. 72, measured by the decay of the echo following a two-pulse 
sequence, is approximately 1 wsec at 1.4°K and drops very rapidly above 3°K. 

The accuracy of the numerical values does not seem to be seriously affected by spectra] diffusion within 
the line, but the echo envelope exhibits a striking amplitude modulation which we attribute to surrounding 
nuclear moments which makes accurate determination of T2 quite difficult. 


INTRODUCTION 


HE use of spin-echo techniques as a tool for the 

investigation of electron spin systems has been 
limited by the difficulty of producing very short intense 
microwave pulses and of detecting the resultant rela- 
tively weak induction signals. The conditions which 
must be fulfilled’ are not trivial and it is only recently 
that suitable apparatus for investigating a wide variety 
of paramagnetic systems has been available.?* 

We have observed spin echoes in a large number of 
dilute paramagnets and are reporting measurements 
made in Ce** in lanthanum magnesium nitrate in which 
the spin lattice relaxation takes place by a mechanism 
recently proposed by Finn, Orbach, and Wolf* and 
Orbach.®:* The results which we obtain agree with those 
obtained by Finn et al. using the Casimir—du Pré tech- 
nique over the range of temperatures 1.9° to 3°K and 
those of Leifson and Jeffries’ obtained by observing the 
change in ( of an electron spin resonance cavity 
following a saturating pulse. 

We have also measured a T: which we attribute to 
the width of the homogeneous packet in the inhomo- 
geneously broadened line. It agrees qualitatively with a 
calculation the theory of Kittel and 
Abrahams.*® 

Mims ef al. and Klauder™® have recently proposed 
that spectral diffusion is important in the measurement 
of T,; and T; by spin-echo techniques but, although we 
see evidence of such diffusion in our data, it does not 
appear to affect the results seriously. 


based on 


* Supported by the Office of Naval Research. 

t On leave from Michigan State University, East Lansing, 
Michigan 

1 E. L. Hahn, Phys. Rev. 80, 580 (1950). 
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*D. E. Kaplan, M. E. Browne, and J. A. Cowen (to be 
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EXPERIMENTAL PROCEDURE 


The microwave pulses are produced by a pair of 
Litton L3028B magnetrons driven by hard-tube 
modulators. The modulator-magnetron combination is 
capable of producing 100-watt pulses approximately 
50X10~* sec wide at the half-power points. The micro- 
wave pulses, at 9300 Mc/sec, are coupled through iso- 
lators and attenuators to the two side arms of a hybrid T 
junction, from the H arm through a ferrite circulator to 
the waveguide cavity which contains the sample. The 
echo signals are transmitted back through the circulator, 
to a traveling wave tube amplifier, detected and pre- 
sented on a Tektronix 517 oscilloscope. (See Fig. 1.) 

Since much of the experimental work has been per- 
formed at low temperatures and since the magnetrons 
are essentially fixed-frequency oscillators (9300+20 
Mc/sec), it is necessary to be able to tune the cavity to 
compensate for frequency shifts due to the change in 
both cavity dimensions and sample properties with 
temperature. This has been accomplished by a rack-and- 
pinion gear driven by a stainless-steel tube which inserts 
a 0.2-in. pin into the center of the broad side of the 
cavity wall in a region of high electric field. The cavity 
operates in the T E92 mode but has been narrowed from 
0.400 in. to 0.250 in. in the narrow dimension to allow 
room for the tuning pin in the Dewar. 

The samples have been ground to fit the full cross 
section of the guide 0.2500.900 in., and are approxi- 
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mately 0.06 in. thick, weighing 0.2 to 0.6 g. To insure 
good thermal contact of the samples with the helium 
bath (for measurements made between 4.2°K and 
1.6°K), two small holes have been drilled in the cavity 
wall on either side of the sample which is placed in the 
region of high rf magnetic field. 

The system of trigger pulses allows three types of 
spin-echo measurements: 


(a) A two-pulse (7/2, then w) sequence giving an 
echo decaying in time T»2, the spin-spin relaxation time, 
[ Fig. 2(a) ]. 

(b) A three-pulse sequence (7/2, 6, then r/2) which 
produces, among others, a stimulated echo decaying 
with a time determined by 7; and diffusion [Fig. 2(b) }. 

(c) A three-pulse sequence (7/2, then #/2, x) which 
produces an echo following the second pair of pulses 
whose amplitude represents M, and which, to a good 
approximation, measures 7; as determined by the 
recovery of the spin system following the first 2/2 


pulse [Fig. 2(c) ]. 


The data plotted in Fig. 3 were taken using both 
type (a) and type (c) pulse sequences. At the highest 
temperature where T7;~7T>2, the only quantity which 
could be measured was T>2 as given by the two-pulse 
sequence, and even this lay just within the time resolu- 
tion limits of the apparatus. At lower temperature the 
data were taken using type (c) pulse sequence which 
gives accurate results so long as T,>7, the time be- 
tween the sampling pulses. 

T,’s from 50X10~ sec to 20X10 sec may be deter- 
mined, being limited on the low end by the time resolu- 
tion of the apparatus and on the high end by diffusion 
effects giving rise to cross relaxation. The data were 
taken on crystals nominally containing 0.2% Ce** and 


(a) Two-pulse sequence and echo (sweep rate 0.2 wsec/cm). (b) Three-pulse sequence and stimulated echo 
(1 usec/cm). (c) Echo measuring recovery from 7/2 pulse (1 usec/cm). 


were taken with the applied magnetic field perpendic- 
ular to the ¢ axis. 


DISCUSSION 


In the ideal spin-echo experiment, the pulse width is 
short compared to the reciprocal of the linewidth, 


T: *=1] a AF nnomogeneous) 


and the rf magnetic field, 4, is large compared to the 
linewidth AH;,n.. Under these conditions the entire line 
is saturated and the measured J, and 7; will be deter- 
mined in the usual manner. The inhomogeneous lines 
which we are investigating have widths from 2 to 20 
oersteds, corresponding (at g=2) to 0.2 wsec<T.* 
<0.02 usec. Usually our pulses do not span the line and 
therefore the 7/2 pulse “burns a hole” in the line. This 
gives rise to two phenomena. The free-precession tail 
following the pulse, and consequently the echo shape, 
is determined by the width of the hole rather than the 
real linewidth. More important is the fact that the un- 
sampled portion of the line perturbs the decay of the 
saturated portion. 

This occurs in two ways: (1) The decay of the excited 
‘A” spins proceeds by mutual spin flips with the un- 
excited “‘B” spins as well as by the spin lattice process. 
This manifests itself in the case of long Ty’s by a fast 
initial decay and a slower asymptotic decay. The 
asymptotic value is taken to be 7}. (2) The flipping of 
the B spins shortens the phase memory time of the A 
spins, and therefore the JT; which we measure is per- 
turbed. This would be a very important process if our 
T. data were good enough for accurate measurement. 
As it is, the modulation of the echo envelope by the 
surrounding nuclei makes it possible to obtain only 
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Fic. 3. Temperature dependence of the spin-spin and spin-lattice 
relaxation time in Ce®* in lanthanum magnesium nitrate. 


relative numbers and this diffusion does not seem to be 
critical. Mims has considered the problem in detail and 
has shown that it is very important under the conditions 
of his experiment. Our pulses are considerably stronger 
and it appears that they more nearly approach the 
conditions of an ideal spin-echo experiment. 


THEORY AND RESULTS 


Spin-lattice relaxation in rare-earth salts has been a 
subject of much interest, although until recently the 
relaxation process has been poorly understood. Finn 
et al. and Orbach have postulated a two-step relaxation 
process which applies to cerium in the following way. 

If the J multiplet is split so that the first excited 
crystal field level lies an energy A above the ground 
state, relaxation may take place by a two-step process 
through this real level—each step conserving energy. 
In order for this to occur, phonons of energy A must be 
available, which imposes the condition that A be less 
than the Debye temperature. Orbach’s theory shows 


that there will be a resonance between the phonons of 
every A and the crystalline field levels, so that relatively 
few phonons very effectively carry on the relaxation 
process. This will go on so long as there are some 
phonons of this energy and gives rise to a temperature 
dependence: 


T1=C exp(A/kT). 


When the temperature is lowered to the point where the 
phonon population is depleted, the direct process 
dominates the relaxation. 


an D BD. &. 
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The data which we have taken are best fitted by 
T:=6X10- exp(34/T) 


at the higher temperatures but 7; changes less rapidly 
below 1.8°K where the direct process is taking over. This 
agrees well with the theoretical predictions as well as 
with the data taken by Finn ef a/. using the Casimir 
du Pré technique and by Leifson and Jeffries obtained 
by observing the recovery of an electron spin resonance 
cavity following a saturating pulse. 

The echoes observed as a function of time using both 
the two-pulse sequence and the three-pulse stimulated 
echo sequence exhibit a modulation of the echo envelope 
which we attribute to the nuclei surrounding the para- 
magnetic ion, (Fig. 4). The modulation exhibits a 
double period of 2.3 usec and 1.2 usec at @=90° and is 
strongly anisotropic. There are four nuclei present in 
significant abundance which, at 3650 gauss, at which 
the experiments were performed, would exhibit the 
following nuclear resonance periods: 

Nuclear 
resonance period 
Nucleus (usec ) 


La39 99.9 0.6 
Ni 99.6 ‘3 
H! 100.0 0.08 
Mg* 10.0 1.4 


Percent 
abundance 


There are six nitrate groups surrounding each cerium 
site so that the total modulation may be due solely to 
nonequivalent nitrogen nuclei. This technique should 
prove useful for investigating nuclear-electron coupling. 

The values of spin-spin relaxation time obtained by 
observing the decay of the echo following a two-pulse 


(b) 


Fic. 4. (a) Envelope of two-pulse echo (0.5 wsec/cm 
(b) Envelope of three-pulse echo (1 usec/cm). 
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tion using the equation of Kittel and Abrahams gives 
a few microseconds for 7). As the temperature is in- 
creased, diffusion presumably becomes more important, 
giving the observed temperature dependence of T». 
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Degenerate Germanium. II. Band Gap and Carrier Recombination 
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The data bearing on the band structure of degenerate germanium have been abstracted from the literature 
and intercompared. A variety of effects are described in terms of a voltage characteristic of each. It is found 
that all the voltages have essentially the same value and show a striking independence of the carrier 
concentrations. The conclusion is drawn that this voltage closely represents the band gap of degenerate 
germanium. It is shown that the thermal current at low temperature must be carried by recombination in 
the junction, which gives the proper barrier if the recombination centers lie near the band edge. This model 
of recombination explains the thermal current, the minority carrier lifetime, the excess current, and the 
emission spectrum. The reflectivity peak at 2.2 ev is also consistent if the bands at the [111] edge are 
roughly parallel to each other. The barrier found from the transition capacitance is not understood. The 
recombination centers lie close to the band edge. Assuming they are donors and acceptors, their capture 
cross section at room temperature is about 10~'® cm? per neutral atom. On the basis of this model, the thermal 
gap of highly degenerate germanium is about 30 my less than for the unperturbed lattice. The shrinkage is 


independent of temperature. 


I. INTRODUCTION 


HIS paper studies the change of the band gap of 

germanium doped to degeneracy and the change 
in carrier recombination processes for diodes of de- 
generate germanium by a comparison of information 
contained in several recent publications. It offers an 
interpretation of the effects found and in particular of 
the studies of the forward admittance of germanium 
tunnel diodes by Meyerhofer et al,! to which it is a 
sequel. 

Evidence is accumulating that the onset of de- 
generacy produces important modifications of the 
energy bands of germanium and the recombination 
processes. Reflection measurements by Cardona and 
Sommers? and emission’ and absorption measurements 
by Pankove show that doping to degeneracy has a 
significant effect on the band edges of n-type 
germanium. In forward-biased tunnel diodes, there 
occurs a carrier transport process which is associated 

* Fulbright Lecturer and Guggenheim Fellow, 1960-1961. 

t On leave of absence from the RCA Laboratories, Princeton, 
New Jersey. 

IP. Meyerhof, G. 
published). 

2M. Cardona and H. S. Sommers, Jr., Phys. Rev. 122, 1382 
(1961). 

3 J. I. Pankove, Phys. Rev. Letters 4, 20 (1960). 

4 J. I. Pankove, Phys. Rev. Letters 4, 454 (1960), Ann. Phys. 6, 
331 (1961). 


A. Brown, and H. S. Sommers, Jr. (to be 


with neither the normal Zener effect nor with the 
thermal current.5 Meyerhofer et al.1 found that the 
potential barrier controlling the flow of the thermal 
current in forward-biased tunnel diodes does not change 
with doping in the way predicted by the theory of 
Shockley® which has been so successful in explaining 
the forward current for germanium diodes of non- 
degenerate material. Finally, the injection efficiency 
of the emitter junctions of germanium transistors no 
longer changes with doping and with temperature as 
expected from the treatment of Shockley® when the 
emitter is degenerate.” 

The large number of phenomena whose changes with 
doping in the region of degeneracy seem to be at 
variance with each other and with experience at lower 
dopings has pointed to the need of an analysis of the 
more striking discrepancies. In this paper we compare 
the findings of researches of two types; optical measure- 
ments on tunnel diodes’ or homogeneous materials,” 
and studies of classical conduction!® or tunneling!® in 
junction diodes. 


5 T. Yajima and L., Esaki, J. Phys. Soc. Japan 13, 1281 (1958). 

6 W. Shockley, Bell System Tech. J. 28, 435 (1949). 

7C. W. Mueller (private communication). 

8 A. G. Chynoweth, W. L. Feldman, C. A. Lee, R. A. Logan, 
G. L. Pearson, and P. Aigrain, Phys. Rev. 118, 425 (1960). 

9A. G. Chynoweth, W. L. Feldman, and R. A. Logan, Phys. 
Rev. 121, 684 (1961). 
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Fic. 1. Energy—K 
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are the Fermi levels for 
heavily doped n- and p- 
type materials, respec- 
tively.) After Cardona 
and Sommers.? 











We designate the principal role of the crystal in 
controlling the phenomena by a characteristic potential. 
Intercomparison of the data reveals that to good 
approximation this voltage has the same value for a 
variety of experiments on degenerate germanium, and 
that it is essentially independent of the penetration 
of the Fermi levels into the allowed bands. This result 
further emphasizes that the onset of degeneracy has 
introduced important modifications into the energy 
bands and the behavior of junction diodes. 

Following this we present an energy diagram of the 
band gap of an abrupt junction diode of degenerate 
germanium, including the impurity states involved in 
recombination, and discuss the optical emission and 
carrier transport processes in terms of it. Only a single 
impurity level close to the band edge is needed to 
explain the emission spectrum, the forward conduction 
of tunnel diodes in both the excess and thermal current 
regions, and the insensitivity of the characteristic 
potential to the position of the Fermi level. The analysis 
also indicates why the injection efficiency of the emitter 
junction has a new behavior with temperature and 
doping when the junction becomes degenerate. 

Based on these interpretations, we deduce a value 
for the thermal energy gap and discuss the nature of 
the impurity centers. The forbidden band seems to be 
somewhat less than for pure germanium, but the 
shrinkage is appreciably less than has been suggested.?-4 
The recombination centers are probably the neutral 
donors and acceptors. 


Il. DATA 


In the experiments we are considering, the principal 
role of the crystal can be expressed by a voltage 
parameter V,,. For optical studies, this is the energy 
of the optical transition; for the diode current at large 
forward bias it is the potential barrier opposing the 
thermal current; for transition capacitance it is the 
built-in potential of the space charge in the junction. 

Only four items from the experimental studies give 
an empirical value for V,, which comes directly from 
the instrument readings independently of our assump- 
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tions as to the details of the process. In these cases we 
believe the accuracy of V,, is limited by the measure- 
ment techniques rather than by the interpretation. 
Item 1 is the peak of the emission spectrum measured 
by Pankove’ on a forward-biased tunnel diode at 80°K. 
From his description of the method of fabrication of 
the diode, we deduce that both sides were doped to 
about 10” carriers/cm*. His emission peak at 710 mv 
defines the characteristic potential for optical emission. 

Item 2 is abstracted from the work of Meyerhofer 
et al.! on tunnel diodes. At extreme forward bias, they 
found an increase of current with voltage following the 
relation exp(gV/kT), where V is the forward bias and 
kT/q the temperature in volts. This demonstrated that 
the current was carried by thermal excitation over a 
barrier. At 4°K, the slope of the exponential is so great 
that no thermal current is detectable until the forward 
bias is within a very few millivolts of the value of the 
barrier; hence at 4°K the characteristic potential is 
directly deducible from the measurements. 

Another set which we consider to be fundamental is 
derived from the experiments of Cardona and Sommers,” 
who measured the reflectivity spectrum of a group of 
wafers of single-crystal germanium with various dopings 
and at a number of temperatures. These authors discuss 
the origin of the spectrum and the assignment of the 
reflectivity peak at 2.2 ev to the excitation of an 
electron from L;’ to L, (see Fig. 1). Furthermore they 
point out that the shift in the energy of this peak with 
doping in p-type germanium is the decrease in the direct 
gap at the [111] zone boundary, (Z.—£,’). We see no 
reason to expect a difference in the sign of the change in 
energy of (E,—£,’) from the sign of the change of 
(E.—E,); accordingly we regard the measured shift 
of the reflectivity peak as an upper limit to the shift 
of the energy of the thermal gap (£.—E£,). These 
considerations yield a lower limit to the thermal gap. 
There is a small but definite decrease of the gap of 
p-type germanium with doping. 

The fourth item comes from the transition capaci- 
tance of abrupt junction diodes, which varies with 
voltage as (V,—V)~}, where V is the forward bias. 
Measurement of the capacitance as a function of bias 
thus yields an empirical value of the characteristic 
potential V,,. Item 4 is based on the published values 
for abrupt junction diodes of degenerate germanium, 
which are a single diode studied by Chynoweth, 
Feldman, Lee, Logan, Pearson, and Aigrain® and a 
series studied by Meyerhofer ef a/.! All values are for 
300°K. 

There is one other piece of primary information on 
diodes of degenerate germanium, which refers to the 
recombination processes rather than the potential. 
Item 5 is the minority carrier lifetime deduced from 
the storage capacitance of junction diodes. In the region 
of thermal injection where the conductance increases 
as exp(qV/kT), a ratio of conductance to capacitance 
which is independent of forward bias determines the 
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storage lifetime of the current carriers. Meyerhofer 
el al.' list values for a number of diodes of degenerate 
germanium, both m and # type. All their lifetimes are 
around a nanosecond. 

In spite of the scatter of the data and the variety 
of conditions of the experiments, one conclusion can 
be drawn from a quick inspection of the data; the usual 
theory of minority carrier injection which describes the 
forward characteristic of diodes of low doping is no 
longer valid. According to Shockley,® the potential 
controlling the minority carrier injection increases with 
the position of the Fermi level; when this side becomes 
degenerate, the characteristic potential should exceed 
the band gap by the Fermi-level penetration into the 
allowed band. The characteristic potential from light 
emission is actually slightly less than the band gap 
instead of greater by 30 mv as predicted. The same 
discrepancy exists with the data of Meyerhofer ef al.' 
for the barrier to thermal current at 4°K. 

Our discussions will frequently include measurements 
besides these primary data. The reader is referred to 
the original publications for descriptions of them. 


III. ENERGY BAND DIAGRAM, CONDUCTION 
EQUATIONS, AND RADIATIVE 
TRANSITIONS 


For clarity, we at once introduce our ideas of the 
band model and the recombination processes in an 
ad hoc fashion. Their logical necessity and internal 
consistency will be explored in the rest of the paper. 


A. Energy Band Diagram 


Figure 2 is the diagram of energy vs position for the 
thermal gap and forbidden region near the junction of 
a diode of degenerate germanium under forward bias 
V. It is the simplest model we have found which 
explains the bulk of the observations, in particular all 
the conductance and emission data. 

The thermal gap, which has the same value £,, on 
both sides of the junction, is slightly less than for pure 
germanium. The donor states mp are broadened and 
extend from a position overlapping the conduction 
band to a position gp inside the gap. The acceptor 
states m4 are distributed in a roughly corresponding 
position at the edge of the valence band, penetrating 
into the gap a distance g@4—¢¢p. The two Fermi levels 
lie inside the allowed bands by the energies ¢, and £5, 
respectively. All energies are positive by definition. 

For generality the diode is shown as doped unsym- 
metrically, with mp>>n4. Under these conditions the 
chemical junction is on the » side of the center of the 
depletion layer and the base of the diode is p type. 
Recombination will involve mainly the acceptor states. 
If donor states are concerned, parallel processes occur. 
No other recombination centers are postulated with 
the possible exception of states near the band edge 
introduced by particle radiation or other damage. 
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Fic. 2. Energy—position diagram of a diode of degenerate Ge. 


B. Band-to-Band Tunneling 


Under forward bias, current can be carried by a 
number of different processes, each of which occurs 
under appropriate conditions. At lower forward bias 
than shown in Fig. 2 [bias such that V<(¢,+¢,)/q, 
where g is the fundamental charge | the allowed regions 
overlap in energy, and tunneling from band to band 
occurs along a horizontal path. This band-to-band 
tunneling is approximately described by": 


Jo= Ao exp[—aE,,/(nt)*], (1) 


Jo is the current density due to band to band tunneling, 
Ao is a function of the applied voltage describing the 
Esaki effect,”"% a@ is a constant depending on the 
dielectric constant and effective masses, and n* is the 
reduced doping on the two sides of the junction. The 
band-to-band tunneling is not the subject of this paper; 
it is mentioned because of its relationship to the excess 
current. 


C. Excess Current 


When the bands are uncrossed by an increased for- 
ward bias (the condition shown in Fig. 2), band to band 
tunneling is pinched off; now another current com- 
ponent due to tunneling becomes important, one which 
does not conserve carrier energy. It is called excess 
current. ‘A carrier at the Fermi level passes through 
the diode by tunneling along the path 7, and making 
a vertical transition Rr to an empty impurity state. 
In a good quality diode, this state seems to be a neutral 
doping atom, a neutral acceptor in this case. The 
model has the basic difference from those proposed by 
Chynoweth et al.,° which are illustrated for comparison 
by the process [7.—N(E)—R,], that our impurity 
states are a terminus for the complete process while 
their states N() are an intermediate between the 

10H. S. Sommers, Jr., Proc. Inst. Radio Engrs. 47, 1201 (1959), 

iE. Spenke, Electronic Semiconductors (McGraw-Hill Book 
Company, Inc., New York, 1958). 

2 L.. Esaki, Phys. Rev. 109, 603 (1958) 

8 Evan O. Kane, J. Appl. Phys. 32, 83 (1961). 

4 An equivalent process which may occur simultaneously, an 
electron at the Fermi level on the m side dropping from a neutral 
donor to an empty tunneling state from which it is field-emitted 
to the valence band, is omitted from Fig. 2 for simplicity. 
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Fic. 3. Potential barrier from forward current. 


tunneling and the vertical transitions. That this 
difference is important will be brought out in Sec. IV. 
The excess density J, follows the law® 


J.=Azexpl—a(E,.—qV)/(n*)*]. (2) 


A, is a constant proportional to the density of impurity 
(acceptor) states which terminate Rr but essentially 
independent of applied voltage. 


D. Thermal Current from Minority 
Carrier Injection 


There are also two modes of thermal current flow 
which we will consider. Minority carrier injection and 
diffusion, which gives the total forward current in an 
ideal diode of nondegenerate germanium, follows the 
equation given by Shockley,® 


J = Ayexp[— (E,e+o,—qV)/kT], 
Ai=qN(L/1). (3) 


J; is the current density of injected minority carriers, kT 
the temperature in electron volts, N. the effective 
density of states in the conduction band, and L and + 
the minority carrier diffusion length and lifetime in the 
base. For a degenerate material, ¢, is positive. This 
current (not shown in the diagram) is via minority 
carrier injection into the conduction band of the p 
side of the junction, diffusion away from the junction, 
and recombination with the electrons via the states m4 
(capture by a neutral acceptor). 


E. Thermal Current from Junction 
Recombination 


The second mode of thermal current, recombination 
in the junction, has been described by Sah et al.!® For 
our diode, this follows an array of paths (J;—R,) and 

16 C.-T. Sah, R. N. Noyce, and W. Shockley, Proc. Inst. Radio 
Engrs. 45, 1228 (1957). 


involves the capture in the junction of a thermally 
excited electron by a recombination center m4 (usually 
a neutral acceptor for the path shown or a neutral donor 
for its inverse). As shown in the Appendix, this follows 
the expression 


J;= Aj; expl— (E.-—q¢a—qV)/kT ], 
A<&=qN .(X/r). (4) 


J;is the density of thermal current due to recombination 
in the junction and X is the length of junction in which 
recombination is occurring; it is the distance from the 
chemical junction to the appropriate Fermi level, or 
X, in Fig. 2. 7 is the same lifetime occurring in Eq. (3). 
One of the contributions of this paper is the realization 
of the growing importance of this process as the material 
becomes degenerate, even for ideal diodes. 


F. Optical Emission 


The recombination processes involved in Eqs. (2)—(4) 
may be partially or wholly radiative. Accompanying 
the excess current, we expect emission from the tran- 
sition Rr whose upper limit will be the applied voltage. 
The spectrum from minority carrier injection will peak 
at the energy (£,.+¢,), while radiation from junction 
recombination will peak at (F, 
to the transition R,. 
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IV. COMPARISON OF MODEL WITH EXPERIMENT 
AND EVALUATION OF PARAMETERS 


In this section we study the implications and the 
internal consistency of our model of the band gap and 
recombination processes of degenerate germanium. 


A. Band Gap of Degenerate Germanium, 
n and p Type 


As already stressed in Sec. II, except for the possi- 
bility that a fortuitous cancellation of large terms has 
masked the shrinkage of the band gap with doping, 
the studies of Cardona and Sommers? determine an 
upper limit to the shrinkage with doping of the thermal 
gap of p-type germanium. This upper limit is 30 mv 
for gallium doping of up to 10” holes/cm‘*. 

We can reach nearly as firm a conclusion about the 
band gap of As-doped germanium from the character- 
istic potential for thermal current,' plotted in Fig. 3(A). 
This is a graph of the potential against the doping of 
the less degenerate side of the junction, an appropriate 
way to portray the measurements since the minority 
carriers are injected into the lower-doped side of the 
diode. The solid line is the thermal gap deduced from 
the reflectivity of p-type Ge. In the region of 10” 
carriers/cm* or greater, we find no evidence of a 
systematic difference between the p-type base (circles) 
and the n-type base (crosses). The same comple- 
mentarity is evident in all measurements yet reported. 
Hence we conclude that the change with doping of the 
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thermal gap of arsenic-doped germanium is little 
different from that of the gallium doped. In particular, 
the gap of n-type germanium has not shrunk appreci- 
ably more than that of the p type. 

Actually, Cardona and Sommers found the shift of 
the reflectivity peak with doping was independent of 
the doping atom. Because of the uncertain role of the 
Burstein shift'® in n-type germanium, they could not 
give a unique interpretation of this fact. The further 
comparison shown in Fig. 3 reduces the ambiguity; 
this point will be discussed at the end of Sec. IV. 


B. Thermal Current under Forward Bias and 
the Role of Junction Recombination 


Sah et al.!® have shown that the forward current due 
to recombination in the junction will increase as 
exp(qV/kT) providing the recombination center is 
more than 10 &T from the center of the band. In the 
Appendix we will present an approximate phenomeno- 
logical derivation of the equation governing this type 
of flow, Eq. (4), to permit a simple comparison with 
the case of minority carrier injection and diffusion, 
Eq. (3). 

At 4°K, the thermal current in degenerate diodes is 
carried by recombination in the junction rather than 
minority carrier injection, whatever the nature of the 
recombination center. Because of the similarity of Eqs. 
(3) and (4), it is easy to see that in any short lifetime 
diode the current will certainly proceed via recom- 
bination centers in the junction if the penetration of 
the Fermi level into the allowed band is large enough, 
20 kT for example. At helium temperature, this will 
be the case for germanium with heavier doping than 
10'7/cm*. 

According to Fig. 3, the barrier height at 4°K (the 
circles and crosses) is approximately the thermal band 
gap, shown as the solid line. The theory of junction 
recombination [Eq. (4)] interprets this barrier as the 
vertical distance of the recombination centers (or the 
edge of their impurity band) from the farther band edge 
(distance E,-—q¢a in Fig. 2). This position is sug- 
gestively close to the doping centers; for low-doped 
germanium the gallium and arsenic states lie about 10 
mv from the band edge.!? Considering the scatter of 
the data and the possibility that the interaction of the 
doping atoms may have somewhat spread their energies, 
this agreement seems quite satisfactory.!*9 

In the rest of the analysis, we will assume the re- 
combination centers are neutral donors or acceptors so 
that we can evaluate some of their parameters. The 

16 FE, Burstein, Phys. Rev. 93, 632 (1954). 

17 Semiconductors, edited by N. B. Hannay (Reinhold Pub- 
lishing Corporation, New York, 1959). 

18 F, Stern and R. M. Talley, Phys. Rev. 100, 1638 (1955). 

9 L. V. Keldys, L. S. Vavilov, and K. I. Bricin, Proceedings of 
the International Conference on Semiconductor Physics, Prague, 1960 


(Publishing House, Czechoslovakian Academy of Science, Prague, 
1960), p. 824. 
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edge of the doping band (which must overlap the 
allowed band to prevent freeze-out of carriers at low 
temperature) lies somewhere around 10 mv from the 
edge of the free carrier band. 

There are of course possibilities for the states which 
carry the recombination other than the donors and 
acceptors. They could be localized levels such as the 
interstitials or vacancies found in bombardment 
studies.!” There is a stringent requirement on such 
levels; they must lie near enough to one band edge to 
maintain thermal equilibrium with the corresponding 
carriers.” Otherwise the barrier height to injection 
would be quite different from the band gap, and the 
thermal current would no longer have the voltage 
dependence exp(qgV/kT) found experimentally.° The 
relationship between diffusion and junction recom- 
bination currents! that the recombination 
states are distributed throughout the base and tran- 
sition region. 

We now resort to the model of recombination in the 
junction to analyze the conductance data of Meyerhofer 
et al.! at 80°K. Inserting reasonable numbers in Eqs. 
(3) and (4) shows that conduction via recombination 
in the junction should be favored for a barrier-height 
difference of 4 kT or even less; this requires a doping 
of only slightly over 10'*/cm*. So again we find the 
forward current at extreme bias is carried by junction 
recombination. 


indicates 


The -characteristic potential for junction recom- 
bination, (F,./qg—¢.a) of Eq. (4), is deduced from the 
data of Meyerhofer ef a/.! for T=80°K. To derive the 
barrier from the data we have assumed values for 
the material parameters. For X, which is approximately 
the barrier thickness under bias, we take 30 A; 7, 
which is the minority carrier lifetime, we take as 10-” 
sec, ten percent of the value at room temperature.' An 
error of an order of magnitude in any of these pa- 
rameters will change the barrier height by 2.3 kT, or 
16 mv. 

Figure 3(B) is the plot of the barrier to thermal 
current flow against the carrier concentration of the 
base for 80°K. The solid line is the band gap from the 
reflectivity studies. We find a result similar to that at 
4°K [Fig. 3(A)]; the barrier is about the band gap, 
possibly lower by 10 mv. Also any difference between 
diodes with base p type (circles) and base n type 
(crosses) is masked by the scatter of the data. 

At room temperature normal minority carrier in- 
jection into the base seems to be the favored process 
even for the most heavily doped diodes. Experimentally 
this is demonstrated for the lower-doped diodes by the 
observation of a minority carrier storage time.’ Figure 
3(C) is the barrier to minority carrier injection at room 
temperature, as deduced by Meyerhofer e¢ al.' through 
Eq. (3). Even though there is some direct information 


on all the parameters, the accuracy is low because now 


20 A. Rose, Phys. Rev. 97, 322 (1955). 
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the correction term involving A; is half the total barrier. 
In particular the arbitrary extrapolation of the minority 
carrier lifetime over the range of carrier concentrations 
has introduced some systematic error not present in 
the preceding comparisons. 

The expected value of the thermal barrier, (E,-+¢>) 
of Fig. 2 for p-type base or (£,.+¢,) for m type, is 
shown by the solid lines. The agreement between the 
ideal diode equation and the measurements is probably 
as good as one can expect because at these higher tem- 
peratures the details of the recombination mechanism 
become important. 

To summarize our conclusions about the thermal 
current under forward bias: This current is carried via 
recombination through the doping states in high 
quality diodes. At room temperature the current con- 
sists of minority carrier injection and the recombination 
takes place in a diffusion length. The barrier for thermal 
injection of minority carriers, which exceeds the band 
gap by the penetration of the Fermi level into the 
allowed band, equals (F,.+¢,) of Fig. 2. 

At low temperature the mode is quite different, for 
carrier recombination in the junction carries the thermal 
current; the onset of degeneracy has introduced an 
extra height to the barrier the minority carriers must 
surmount which prevents injection at reduced tem- 
perature. The lower height of the effective barrier for 
junction recombination (F,.—g@a) is decisive even 
though the same recombination process occurs in both 
the diffusion region and the junction. This fact explains 
why the barrier to current flow found at lower tem- 
peratures for degenerate diodes does not exceed the 
thermal gap as well as the anomalously low injection 
efficiencies found at reduced temperatures.’ 


C. Recombination Cross Section 


Before proceeding further with the discussion, we 
want to verify the creditability of the suggestion that 
recombination proceeds via the doping centers. Specifi- 
cally the question is whether the size of the cross section 
needed to give the minority carrier lifetime is plausible 
and whether it will support an appreciable rate of 
recombination in the junction. 


Taste I. Capture cross section per neutral atom, N4=density 
of acceptor states, NV p=density of donor states. 





Cross section 
(cm?) 


Doping 
Na (cm™*) Np (cm~*) 


Temp. 
(°K) 








A. From minority carrier lifetime* (Vp>N a) 


2x10-% 
4X 10-% 
1X10-% 


300 8x10" 
1018 


3X 10" 
From thermal current density* 


195 5x 10"9 +x 10 
80 5x10" 4x 10% 


6X 107% 
3X 10-" 


* See reference 1. 
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Table I lists the values of recombination cross sections 
for five diodes where this can be estimated. In part A, 
the cross section is deduced from the room temperature 
minority carrier lifetimes measured by Meyerhofer 
et al.'! These are all diodes with carrier concentrations 
in the base of around 10'8/cm*. The minority carrier is 
an electron injected into the gallium-doped base. We 
can calculate the recombination cross section if we 
assume the electron is captured by a neutral gallium 
atom. The one other assumption we must make is the 
extent of the ionization of the acceptors; we assume 
90% are ionized, leaving 10% active. This gives a room- 
temperature-capture cross section of around 1075 cm? 
for an electron by a neutral gallium atom.” 

The cross section may be large enough to affect the 
lifetime of germanium with more than 10° Ga/cm‘. 
Alekseyeva et al.,” however, found no recombination 
associated with acceptor states for Ge with 10'7 Ga/cm*. 
Their measured lifetime at this doping was 20 usec, 
which contrasts with the 4 usec estimated from the 
extrapolation of the data of Meyerhofer ef al.'! The 
latter authors are not certain whether or not the 
discrepancy is a real effect. One difference between the 
two experiments is that Meyerhofer et a/. study lifetime 
in diodes where the p layer is saturated with Sn and 
Pb while Alekseyeva ef al. study homogeneous crystals 
doped only with Ga. 

For two other diodes of nearly symmetrical doping, 
we can deduce the cross section from the value of the 
thermal current at a given bias using Eq. (9). One 
diode was measured at 195°K, the other at 80°K. We 
must assume a value for V4, the effective density of 
impurity states. At 80°K we take this as 10% of the 
total doping, as the broadening of the impurity band 
has reduced it appreciably below the doping density. 
It should scale with temperature roughly as does \,, 
or as (T)'*.!7 Since the barrier for thermal injection 
was not measured at 195°K, we evaluated it by extra- 
polation of the low temperature barrier. We use 30 A 
for X,. 

The data and cross sections are shown in Table I(B). 
The cross section at lower temperature may be some- 
what higher than at room temperature. It should be 
emphasized these are all order-of-magnitude calcu- 
lations. The significant fact is that the capture cross 
section per neutral atom measured by minority carrier 
lifetime and by junction recombination current are in 
approximate agreement with each other. This is not 


*1Qur analysis has not included the lifetimes of Meyerhofer 
et al. for very degenerate diodes with arsenic-doped bases. They 
indicate the capture cross section per neutral arsenic is appreciably 
smaller than 10~' cm?; however because of the large errors as 
sociated with all the lifetime measurements and the difficulty of 
estimating the percentage of neutral centers in such degenerate 
materials, we do not feel certain there is a difference between 
arsenic and gallium. Proper analysis requires better data and a 
firmer understanding of the doping centers in degenerate materials 

2. G. Alekseyeva, S. G. Kalashnikov, L. P. Kalnach, I. P 
Karpova, and A. J. Morozov, Soviet Phys. (Tech. Phys.) 2, 1794 
(1957). 
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complete proof that recombination is via the doping 
centers, but it certainly suggests the same recom- 
bination centers are involved whether recombination 
occurs in the transition region or in the diode base. 


D. Excess Current 


In forward biased diodes of degenerate material, 
there is a component called excess current which is 
carried by tunneling through the depletion layer but 
in which carrier energy is not conserved. This fact was 
reported by Yajima and Esaki,’ who proposed the 
transition proceeded via impurity states in the junction. 

(Juantitative studies of the excess current have been 
made by Chynoweth et al. and by Meyerhofer et al.) 
The latter gives a review of the literature. 

The excess current is observed at medium forward 
bias, in the region between the current minimum of the 
Esaki effect” and thermal injection. A striking fact is 
that the current is essentially independent of tempera- 
ture but follows the law exp(cV) over a range of biases 
which may be more than half the band gap.! The 
accepted explanation is that the excess current is due 
to tunneling via impurity states. Not only has o the 
variation with temperature and junction thickness 
associated with tunneling,’ but the current density 
increases linearly with bombardment damage for diodes 
subjected to high energy radiation.®* 

Chynoweth ef al.® have developed a phenomeno- 
logical theory of the excess current which describes it 
quantitatively. Their involves tunneling 
through the junction to an impurity state in thermal 
equilibrium with the majority carriers, along paths 
(T.—R-.) in Fig. 2. The model has been criticized by 
Meyerhofer et al.’ on the basis that it can yield an 
exponential increase of current with voltage over only 
that range of voltages for which N(£) is constant or 
changing exponentially with depth; such an energy 
distribution for localized states extending over half the 
gap seems most improbable, and contrary in particular 
to the present information from bombardment 
damage.” 


process 


The model of recombination in the junction which 
we have discussed leads directly to an explanation of 
the excess current which is free from this objection. 
The process is tunneling through the junction along 
the path 7, followed by capture by an impurity center 
in thermal equilibrium with the other band, the vertical 
transition Rr. 

The important difference between the two models is 
the location of the impurity states (see Fig. 2 and Sec. 
III). Each bias voltage brings into play a new impurity 
level for the models of Chynoweth et al., while but one 
set of impurity centers is involved in our process, 
irrespective of the voltage. Our revision leads to a 
proportionality between current density and _ the 


28T, A. Longo, Bull. Am. Phys. Soc. 5, 160 (1960). 
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product tunneling probability times total impurity 
state density; in theirs the product involves the im- 
purity state density per unit energy at the appropriate 
energy level. It is their dependence on density per unit 
energy which has been criticized. 

The new model removes a second difficulty inherent 
in the earlier one, the requirement that the impurity 
states be spatially localized. If the states overlapped, 
they would introduce a broad allowed band in the 
center of the forbidden gap. Aside from questions as to 
what this would do to normal transport properties and 
the optical spectrum, the tunneling alone would be 
quite different from that observed; the excess current 
would be a form of band-to-band tunneling, which 
displays the Esaki effect.” Yet it seems improbable that 
the heavy impurity concentrations inferred by 
Chynoweth et al. would not form an impurity band, at 
least at lower temperatures. This question does not 
arise on our model because the impurity state is not 
directly involved in the tunneling. 

The objection may be raised that the vertical tran- 
sition from a tunneling to an impurity state is far too 
improbable. Franz*4 has analyzed the transition proba- 
bility for a related process, the shift with applied field 
of the optical absorption edge of a semiconductor due 
to light absorption by carriers which have tunneled a 
short distance into the forbidden region. For insulators 
he finds the effect is small. We believe that our case 
will be considerably more probable because of the 
ability of the impurity center to lift the selection rules 
for step Rr, Fig. 2. Rr may also include a large non- 
radiative component which cannot contribute to the 
optical absorption. The importance of this point is 
demonstrated by the large capture cross section for free 
carriers. 

In summary, the success of Eq. (2), which has been 
formally developed and discussed by Chynoweth et al.® 
in connection with their model of excess current, is 
retained by our process. Our contribution has been 
to put in on a firmer basis and to suggest a relationship 
between the excess and the thermal currents, a 
relationship possibly detected in the measurements of 
Meyerhofer et al.! The basis of the connection is that 
the same recombination center is involved in both 
processes. 


E. Emission Spectrum 


We are now ready to explain the emission spectrum 
of Pankove.* His measurements were one of the first 
strong indications of the inadequacy of the customary 
treatment of processes in degenerate germanium. 

Pankove decomposed the emission spectrum from a 
forward-biased tunnel diode at 80°K into two parts. 
There was a continuous spectrum whose intensity 
increased slowly with frequency toward an emission 


4 W. Franz, Z., Naturforsch. 13A, 484 (1958). 
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edge with energy equal to the forward bias. At higher 
voltages, a strong peak developed at the high frequency 
edge; its position became voltage-independent and its 
intensity a steep function of bias. 

As mentioned in Sec. III, we expect optical emission 
from excess current, from junction recombination, and 
from minority carrier injection, all three processes 
involving vertical transitions to the same recombination 
center. The long wavelength tail of the emission 
spectrum corresponds to excess current; for low bias 
it will cut off at an energy equal to the applied voltage 
because this is effectively the energy available for the 
transition Rr, Fig. 2. At higher voltage, junction re- 
combination dominates, giving a peak at the energy 
of R;; its intensity will be proportional to J;, [Eq. (4) ]. 

The measured position of the emission peak is shown 
by the square in ‘Fig. 3(B). In agreement with our 
expectations, it has the same energy as the barrier to 
thermal current, the and Previous 
speculations on the energy of the peak,’ based on a 
correspondence to recombination radiation following 
minority carrier injection, had led to the suggestion of 
a drastic shrinkage or modification of the thermal gap, 
an idea in conflict with the behavior of III-V com- 
pounds**6 and with later measurements on the re- 
flectivity spectrum of p-type germanium.’ The ex- 
planation of why this peak is less than the thermal gap 
is an important achievement of our approach. 


circles crosses. 


F. Reflection Spectrum and the Band Gap 
at the [111 | Edge 


Cardona and Sommers* discussed their reflection 
spectrum in terms of the energy-k vector diagram of 
the bands of germanium, Fig. 1. The assignment of the 
reflection peak at 2.2 ev to the direct transition at the 
[111] edge seems to be firmly established. 

For p-type germanium the carriers reside at (0,0,0); 
hence the reflection spectrum is not modified by a 
Burstein shift associated with the displacement of the 
Fermi level.’ For m germanium, however, the carriers 
fill the lower levels of the [111] minimum of the con- 
duction band, and one expects the spectrum to be 
shifted to shorter wavelengths by at least the pene- 
tration of the Fermi level into the conduction band. 
They could offer no reason for the failure to observe 
this shift other than a fortuitous cancellation of several 
effects. 

We now propose the lack of an appreciable Burstein 
shift is direct evidence that the valence band at ZL,’ is 
essentially parallel to the conduction band at L;. The 
question of the sign of the curvature at L;’ has not yet 
been settled. The calculation of Herman?’ indicated 
the bands should have the same sign of the curvature as 


6 F. Stern and J. R. Dixon, J. Appl. Phys. 30, 268 (1959). 
26 R. Talley and F. Stern, J. Electronics 1, 186 (1955-1956). 
27 F, Herman, Proc. Inst. Radio Engrs. 43, 1703 (1955). 
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at [111], but this has not yet been generally accepted. 
Our suggestion is that the reflection measurements, 
with the support sited in the present work, is easily 
understandable if there is a parallelism of the bands at 
[111], or at least there is a saddle point at L;’. 


V. TRANSITION CAPACITANCE 


The one group of data which we cannot interpret 
satisfactorily is the values of the built-in potential 
determining the transition capacitance.’ We have 
graphed this data in Fig. 4, which shows the built-in 
potential V,, against the sum of the penetrations of the 
Fermi levels into the allowed bands. According to the 
recent theory of Sah** for abrupt junction diodes of 
degenerate material at low temperature, the built-in 
potential should have the value 


Va mEec g+0.6(¢,+¢>). (5) 


This value is given by the solid line of Fig. 4; the dashed 
line is the band gap alone. 

At all dopings, the measured values of the built-in 
potential are far below the predictions. This holds when 
only one side of the junction is degenerate as well as 
when both are. Chynoweth e¢ a/.§ observed this diffi- 
culty, which they found at both reverse and forward 
bias. In fact, the data on germanium indicate the 
built-in potential equals the band gap at dopings where 
both sides are degenerate. 

We expect, without formal proof, that at very heavy 
doping the factor of 0.6 in the expression of Sah** will 
yield to a smaller factor of the form 0.68, where 8 is 
the ratio of free carriers in the flat band to the total 
impurity density. This type of correction should be 
important for high degeneracy. For diodes of low 
degeneracy we can offer no explanation of the small 
observed value of the built-in potential. As shown by 
Sah,” including the effects of free carriers cannot affect 
the result except for bias far greater than used here. 

This anomalous behavior is very pronounced in 


6 C.-T. Sah (private communication) 
29 C.-T. Sah, Proc. Inst. Radio Engrs. 49, 603 (1961). 
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silicon diodes.’ The question requires further study, 
both experimentally and theoretically. 


VI. SUMMARY 


From an analysis of published data which bear on 
the band structure of degenerate germanium, data on 
optical emission and reflectivity and on the forward 
admittance of diodes for a variety of samples and 
temperatures, we have shown that the effects are 
controlled primarily by the band gap. The positions of 
the Fermi levels in the allowed bands have little effect. 

Analysis of the forward current indicates it will be 
independent of the Fermi level if recombination is 
through appropriate impurity states in the depletion 
region. Comparison of several processes shows these 
states are probably the same ones which determine the 
minority carrier lifetime, and the suggestion is made 
that they are the doping atoms. Extension of the 
analysis of recombination in the junction gives an 
improved understanding of the excess current in tunnel 
diodes. 

The position of the 2.2-ev maximum in the reflectivity 
of p-type germanium should be independent of the 
position of the Fermi level, as found. For n-type 
germanium the similar observed independence can be 
understood if the bands at the [111] edge are parallel 
to each other. 

Our best evidence of the effect of doping on the band 
gap is that the thermal gap has shrunk by about 0.03 
ev for material doped to 4X10" carriers/cm*. We find 
no evidence for a difference between doping with 
gallium and doping with arsenic, either in connection 
with the bands or recombination processes. 

The anomolously small value of the built-in potential 
deduced from the transition capacitance is not 
understood. 
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APPENDIX 


Comparison of Diffusion and Junction 
Recombination Currents 


Shockley® has shown that the forward current of 
electrons injected into the base of a diode in which no 
recombination occurs in the junction is 


Ji:=A;expl—(E,e+£,—qV)/kT], 

A,;=qN.(L/7). (3) 
J; is the diffusion current from minority carrier in- 
jection into the base, g is the fundamental charge, and 


N, the effective density of states in the conduction 
band. Z and 7 are the minority carrier diffusion length 
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and lifetime in the base, /,. the band gap, and ¢, the 
distance of the Fermi level of the base from the band 
edge. It is taken as positive for degenerate material. 
V is the forward bias. 

We present a simple phenomenological derivation of 
the current flow via recombination in the junction,!5 
based on the specific model proposed in Fig. 2, to permit 
ready comparison with the diffusion current. 

Recombination in the junction consists of holes 
recombining with neutral donors on the right of the 
chemical junction, which lies at x=0, and electrons 
with neutral acceptors on the left. Let J, equal the 
electron recombination current density. Formally 


0 


J.= -f qn(x)n4°(x)S,oadx, (6) 


—L 


n(x) and n4°(x) are the densities of free electrons and of 
neutral acceptors, S, is the thermal velocity of electrons, 
and o, the capture cross section of a neutral acceptor 
for an electron. 

Since electrons in the conduction band to the left of 
the chemical junction are nondegenerate, we have 


n=N,expl—(E.—Er,)/kT ], 
where 1, is the effective density of states in the con- 
duction band and Ey, the quasi-Fermi level for 
electrons. Holes in the valence band may be degenerate, 
so in general 

ny=Na4/{1+expl[(Er,— (E.+9¢4))/kT ]} 
= Na {i+exp[(Er.—qV —E.—q¢a) kT }}. 
This follows because the quasi-Fermi levels are dis- 
placed by gV. N4 is the effective density of states of 
acceptor atoms, and (£,+9¢.) 2 E, is their band edge. 
Examine the variation with position of the product 

n(x)it4°(x) 

N.Na exp{—[E-(x)— Ern /AT} 

1+exp{LErn—(qV+qba +E, (x)) J/RT} 


In the region where all the acceptors lie below the hole 
Fermi level, this product becomes 


n(x)n4°(x)=N Na exp[—(Eve—qoa)/kT ] 
Xexp(qV/kT), (8) 


which is independent of position. Moreover, as we pass 
farther to the left where the top of the acceptor states 
lies above Er,, the product m(x)n4°(x) decreases from 
Eq. (8) because now the denominator of Eq. (7) is 
essentially constant while the numerator still drops 
exponentially with distance. Since the point at which 
n(x)n4°(x) begins to decrease is very close to Xp, the 
position where the hole Fermi level cuts the edge of the 
valence band, we need only integrate Eq. (6) from Xp 
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to 0. This gives the result 

J.e=XpqN NaSnoa exp[ — (E,-—qba)/kT ] 
XLexp(qv/kT ], 


J p= XngNNbS pop expl— (Exe— gop) /kT ] 
X[exp(qV /kT ]. 


(9) 


In the last equation the roles of electrons and holes 
and of acceptors and donors have been permuted. 

The similarity between Eq. (9) and Eq. (3) is 
apparent. The drift length has been replaced by the 
portion of the transition region where recombination 
occurs, and the minority carrier lifetime by a formally 
identical term in which the density of active recom- 
bination centers in the bulk has been replaced by their 
effective density in the transition region. Without a 
more rigorous analysis of the quantity Vp, we replace 
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Eq. (9) by the approximate expression for electron 

flow into a p-type base. 

J;= A; exp[—(E,.—qba—qV)/kT ], 
A;=qN.(X/r), 


(4) 


with the identification that J; is the thermal current 
recombining in the junction, X the distance in the 
junction (from the chemical junction to the Fermi 
level) in which recombination is occurring, and 7 is the 
ordinary minority carrier lifetime, which determines 
the drift length in the field-free region. This form 
permits comparison of the relative importance of 
minority carrier injection and junction recombination, 
under the condition that the recombination centers lie 
close to the band edge. We see that for degenerate 
materials, junction recombination is always favored at 
sufficiently low temperature. 
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Relaxation Equations for Two-Magnon and Magnon-Phonon Processes 
in Ferrimagnetic Resonance 


P. E. SEIDEN 
Thomas J. Watson Research Center, International Business Machines Corporation, Yorktown Heights, New York 
(Received June 12, 1961) 


Equations which give the relaxation behavior of the magnetization in the case of ferrimagnetic resonance 
are derived from quantum mechanical rate equations for spin-wave magnons. It is shown that the concept 
of a unique relaxation time for a particular component of magnetization is not in general valid. 


INTRODUCTION 


N a previous paper’ the relationship of linewidths to 

fundamental transition parameters for two-magnon 
and magnon-phonon processes in ferrimagnetic reso- 
nance was calculated by a method using quantum me- 
chanical rate equations for spin-wave magnons, without 
recourse to a phenomenological equation of motion. 
This method allows one to take the fundamental two- 
quantum transitions into account directly instead of 
lumping all loss processes into an extra term in the 
equation of motion without regard to the processes in- 
volved. In addition, the validity of deriving relaxation 
times in analogy with paramagnetic resonance was 
discussed and it was pointed out that the paramagnetic 
resonance analogy is not good and care must be exer- 
cised in its use. The advent of experimental apparatus 
allowing the measurement of times in the musec range 
makes it feasible to do direct relaxation experiments on 
ferrites. It is therefore desirable to investigate more 
fully the relaxation behavior of the magnetization for 
the ferrimagnetic resonance case in order to learn what 
additional information may be obtained from relaxation 
experiments. 


In a typical experiment designed to directly measure 
relaxation times, one may conveniently measure the 
behavior of the component of magnetization parallel 
to the dc magnetic field and the component of magne- 
tization perpendicular to the field. We will calculate 
expressions for these components of the magnetization 
from the quantum mechanical rate equations previously 
derived.'” 


GENERAL RELAXATION EQUATIONS 


The number of spin-waves present in an ellipsoid of 
revolution about the dc magnetic field is given by 


M=M,—>. yhm, 
M,=M—yhno, 


where My is the saturation magnetization, mo is the 
number of uniform precession magnons (k=0), and 1, 
is the number of spin-waves of wave number & where 
k#0. From these two equations we may write 


M,—My=—yhl mot dx nx], (3) 


which gives the behavior of the longitudinal component 


2H. B. Callen, J. Phys. Chem. Solids 4, 256 (1958). 
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of magnetization. The transverse component is ob- 
tained from 


|\M,|°+M2=M?, 


where M, is the circularly polarized component of 
magnetization (M,+iM,). Eliminating M and M, by 
Eqs. (1) and (2), we have 


| M, \?= yhno_2M o—yh(not+ 2°: nx) |. (4) 


The spin-wave occupation numbers mo and , can be 
obtained by solving the rate equations for the occupa- 
tion numbers. These equations have been previously 
derived'* by calculating the transition probabilities 
from the Hamiltonian in the creation and destruction 
operator representation. The rate equations derived in 
reference 1 by this means are® 


Tio= —XooMo— Dt Av“ (Mo— Nx), (5) 

N= Dox(No— Nk) —ArkoMk, (6) 
where Xoo, Aox, and Ax- are the parameters expressing 
the uniform precession-lattice, uniform precession-spin- 
wave, and spin-wave-lattice transitions, respectively. 

These equations may be written in matrix form as 
follows: 
N=AN, 

where V is the column matrix 


| lo 


Nk 


( —Noe— dk Ave ape Nok 
: ‘n, 0 
Nox —dok—Akeo 
: 0 


This equation may be integrated to obtain 
N=e'N®), (8) 


where V is the column matrix for the magnon occu- 
pation numbers at /=0. In order to solve Eq. (8) for 
mo and mn, as explicit functions of the V, we must 
diagonalize the matrix A and obtain NV by a similarity 
transformation from the eigenvectors of the matrix. 


3 These equations have been derived under the following two 
assumptions: A. We consider only linear processes; i.e., terms in 
the rate equations that are linear in spin-wave occupation 
numbers. B. The number of thermal phonons, n,, is neglected in 
comparison with mo and nz because we assume that the sample is 
thermostated by the surroundings and therefore n, is a constant 
and can be accounted for by using the measured saturation mag 
netization at the temperature under consideration. 
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RELAXATION EQUATIONS FOR SMALL 
SPIN-WAVE AMPLITUDES 


The first case we will treat is that of small spin-wave 
amplitudes, mimo. In this case Eq. (5) simplifies to 


tot (Avot dk Ang) MNo=O. (9) 


Equation (9) can be solved in a straightforward manner 
to obtain 


(10) 


no= No explL— (Aor + Dx Aox)e ]. 


If we are to obtain some new information from relaxa- 
tion measurements we must measure a quantity whose 
functional dependence on the transition parameters is 
different from that of the linewidth, a quantity which 
we also measure. To make the appearance of other 
functional dependences obvious we will substitute the 
linewidth into the relaxation equations obtained here. 
From reference 1 we find 


yAH nN o +>°, \ 
and also 
nN; 


so that Eq. (10) becomes 
No= no exp(— yA), 

and from Eq. (6) 

N= No NowAko 'Lexp(— yAHL)— yAHXxo | exp(—Axel) J. 

Substitution into Eqs. (3) and (4) yields 


M .—Mo=—yhno [ (14+d0% Aowdko ! exp(— yA) 


— 


sy ee oe 


aw KS 


(11) 
(12) 


> exp(—Aict) | 


M ,.|?=2yhM ono exp(—vyAH1). 
One can in this case define a transverse relaxation time 
2(yAH)", and from Eq. (11) the longitudinal com- 
ponent of the magnetization will be proportional to 
(yAH)~ unless the summation over & results in making 
> Aok/Ake large even though Axz->Acx. In reference 1 
it is shown that the condition of small spin-wave ampli- 
tudes implies Axe>Aox; therefore, we will have other 
terms in the relaxation equation in addition to that of 
exp(—yAH12) if 3°, 2, is not negligible compared to mo 
even though 2,<a». 


RELAXATION EQUATIONS FOR LARGE 
SPIN-WAVE AMPLITUDES 


We will now consider a system where we allow one 
spin-wave to have a non-negligible amplitude* with 
respect to the number of uniform precession magnons. 
We designate this spin-wave by i and rewrite the 


4 We will not discuss here the conditions under which the finite 
ness of the k#0 spin-wave amplitudes become important. This 
problem has been adequately discussed in reference 1 and in 
H. B. Callen, J. Appl. Phys. 32, 738 (1961). 
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matrix, (7), as 


| —Noo— Dk Nok 


| 
| Nos 


Nox’ 


where &’ refers to all & except k=i. Since Aoxw<Axs we 
will treat all the Aox’’s as a perturbation. Diagonalizing 
the 2X2 matrix for k=O and k=i, we find the 
eigenvalues 

—(A4—B), —(A+B), 


where 
A = (Noe t+AoitAict+ >. k Nok, 
B=} (Noe—Aoi— Ais FL & Ao) [1+ (2doi)?Ave—Aoi—Aie 
+>, ox) 2}. 


The diagonalized matrix is then 
{—(A—B) 
— (A+B) 


—Ax'g 


where we have neglected terms of order (Ao,’)? and the 
solutions for the magnon occupation numbers are 


no= no (2B)-{[ (A+ B)—yAH ] exp[— (A—B)é] 
—[{(A—B)—vyAH ] exp[—(A+B)t}}, 

n= no (2B) "Aoi(oi tie) { (A+B) exp[—(A—B)E] 
—(A—B) exp[—(A+B)t]}}, 

ny = no (2B)—“{doxv (A+ B)—yAH lp (A—B)} 
Xexp[— (A—B)t]—Aow [(A—B)—yAH] 
X [Ae’s— (A+B) | exp[— (A+ B)t] 

+ BGy exp(—Axol)}, 


which result in the following relaxation equations: 


M ,— Mo= —yhn, (2B)-“{C(1+E) exp[—(A—B)t] 
—D(1i+F) exp[ — (A+ B)t] 


+2BY ov Ge exp(—Axot)}, (13) 


M,|?=yhM Bny {C exp[— (A—B)t] 
—Dexp[—(A+B)t)}}—[yhno ?(2B)~ 
x {C2(142E) exp[—2(A—B)t] 
— D*(1+2F) exp[—2(A+B)¢] 
+2CD(E—F) exp(—2Bt)+4CBD.Gy 
Xexp[— (Ane +A—B)t]+4CD>E ve Ge 
Xexpl— (Ar’e + A+B)t]}}, 
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where 
C=(A+B)—yAH, 
D=(A—B)—vyAH, 
E=(A+B)C™oi(AvitAic)™ 
+ ¥ we Now Dee (A—B) PP, 
*= (A—B)D™ oi (Aoi tric) 
+e Noe [Avro (A+B) } 4, 
Gu =Aow Ane {1—[2A —Av— YAH | 
[2A —Axreo—YAMNoi "(A 
VAH = Noo td x Aoer—AoeZ(AoitAie) 


+2iz) ] ¥ 5 


From the two relaxation equations it can be seen that 
there is no unique relaxation time for either component 
and the decay of the magnetization is a sum of many 
exponentials. In general, without making any assump- 
tions about the relative magnitude of the transition 
parameters or about the summations over them, it is 
not possible to say which term is dominant or how many 
terms contribute to the relaxation. If we let Ani<<Aiz 
then Eqs. (13) and (14) reduce to (11) and (12) as ex- 
pected; if in addition °xAox/AreK1 we will have a 
single exponential with the relaxation time of (yAH)"'. 
This is the only approximation that leads to a single 
exponential and thereby a unique relaxation time; 
therefore we should expect to find deviations from a 
single exponential in any material where there is strong 
uniform precession-spin-wave scattering. 

If we now wish to proceed to the general case, the 
diagonalization of Eq. (7), we see immediately that the 
problem is not tractable analytically. However, we can 
establish the form of the solution from the form of the 
matrix as being 


M.—Mo= dx Ax exp(—Azé), 


— 


M,|?=>>, Be exp(—Aud) +> js Cx exp[— (Aj +A.) 2], 


where the \’s are the eigenvalues of the matrix and Ax, 
B,, and C, are functions of the elements of the matrix. 
Therefore in general (M,y—M,) is the sum of K expo- 
nentials, where K is the total number of spin-waves 
(including the uniform precession), and |M,|* is the 
sum of K(K+3)/2 exponentials. 
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Mean Lives of Positrons in Oxidizing Solutions* 
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Mean lives of positrons have been measured in aqueous chloride solutions, in an attempt to detect oxida- 
tion of positronium (Ps) by positive ions. The variation of mean life with concentration and with oxidation 
potential of the positive ion shows that Ps is oxidized by solutions of SnCl, and HgCle, but not by HCI or 
solutions of ions with lower oxidation potentials. These results indicate that the process is quite similar to 


the ordinary chemical oxidation process. 


INTRODUCTION 


INCE the detection by Bell and Graham! of the 
formation of positronium (Ps) in water, positrons 
have been used as a probe to observe ionic processes in 
solutions. The fate of a positron in an aqueous solution 
is summarized in the flow chart in Fig. 1. 

Fast positrons entering water are slowed by inelastic 
collisions until their remaining energy may be in the 
range called the “Ore gap,” in which Ps formation is 
the only possible result of an inelastic collision. But if a 
positron’s last inelastic collision reduces its energy from 
a value above the “Ore gap” to a value below that re- 
quired to capture an electron, it will lose further energy 
by elastic collisions only and will annihilate as a free 
positron, with a mean life of a few times 10~" sec in 
water. The experimental evidence on positron lifetimes 
indicates that the determination whether or not Ps is 
formed must occur very shortly after the positron’s 
creation, in a time of the order of 10" sec. 

Three fourths of the Ps formed is in the triplet state, 
and one fourth is in the singlet state. But the mean 
life of triplet Ps is 1.4 10-7 sec, compared to only 1.25 
xX 10-" sec for singlet Ps. Thus the singlet Ps decays 
mostly by self annihilation, while the triplet Ps decays 
by annihilation with an electron ‘“‘picked off” from the 
surrounding medium. In pure water, the mean life for 
this last process is 1.8X10~° sec. 

The measurement of this long mean life furnished 
proof of the formation of Ps in water.' The presence of 
singlet Ps has also been detected by angular correlation 
measurements of the annihilation gamma rays: When a 
thermalized singlet Ps atom annihilates, the momentum 
of the annihilating pair is smaller than it is when a 
thermal positron annihilates with an electron from the 
surrounding medium, as in the case of either free posi- 
tron or pickoff annihilation. This smaller momentum is 
detected as a “narrow component” in the angular dis- 
tribution of the gamma rays: More pairs of gamma rays 
are emitted at angles close to 180°. 

The flow chart indicates the observable effects of the 
introduction of various kinds of ions into the water. 


* This work was supported by a National Science Foundation 
grant. 

+ Now at Western Reserve University, Cleveland, Ohio. 

1R. E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 

2R. L. deZafra and W. T. Joyner, Phys. Rev. 112, 19 (1958). 


Paramagnetic ions, in which there are one or more 
electrons with unpaired spins, may exchange an elec- 
tron with the Ps atom and thus convert it from triplet 
to singlet or vice versa. The effects of this exchange are 
to shorten the long mean life and to increase the number 
of singlet annihilations from bound Ps, thus increasing 
the number of counts observed in the narrow component 
in an angular correlation measurement. In the limit of 
an infinitely rapid conversion rate and in the absence 
of other processes of annihilation, the mean life would 
be equal to four times the singlet mean life, or 5 10~-" 
sec, since the Ps would spend one fourth of its time in 
the singlet state. The presence of the pickoff mechanism 
reduces this limit to 3.9 10— sec, which has been ob- 
served by Green and Bell.® 

The presence of ions which are good oxidizing agents 
may produce another effect. These ions may simply 
capture the electron from the Ps atom, just as they do 
when they oxidize ordinary elements. This would leave 
a bare positron which would probably have insufficient 
energy to form a new Ps atom and would therefore have 
a shorter life expectancy than it had before. Thus oxi- 
dation would reduce the mean life, just as the conversion 
process does; but since some singlet Ps is also destroyed 
in the process, the number of counts in the narrow 
angular component would be reduced instead of in- 
creased as it is by the conversion process. Oxidation 
would also cause a decrease in the three-quantum an- 
nihilation rate; attempts to detect oxidation by ob- 
serving this decrease have been reported in a previous 
paper. 
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Fic. 1. Flow chart showing the possible reactions of 
positrons in aqueous solutions. 


3R. E. Green and R. E. Bell, Can. J. Phys. 36, 1684 (1958). 
‘J. McGervey and S. DeBenedetti, Phys. Rev. 114, 495 (1959). 
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More recently Trumpy has observed a decrease in 
the narrow component of the annihilation radiation 
from CuCl, solutions.® Since CuCl, is paramagnetic, one 
would expect an increase in this component, as observed 
in other paramagnetic salt solutions. The decrease 
actually observed indicates that the Cu** ion oxidizes 
Ps, and that the decrease in the number of singlet 
annihilations, caused by oxidation, is greater than the 
increase caused by conversion. 

The purpose of this paper is to report a systematic 
study of mean lives of positrons in chloride solutions, 
as a function of oxidation potential and concentration 
of the positive ion. It has been established that oxida- 
tion of Ps occurs in just those solutions which are good 
oxidizers in ordinary chemical processes, and the speed 
of oxidation has been determined in these solutions. 


APPARATUS AND PROCEDURE 


About 5 microcuries of Na”Cl were dissolved directly 
into each of the aqueous solutions to be studied; the 
solutions were sealed in glass vials, 1 cm in diameter and 
3 cm high. This insured that less than 2% of the posi- 
trons emitted by the Na” would annihilate in the walls 
of the container. 

The procedure for measuring the mean lives has 
become fairly standardized. The nucleus used sets the 
zero of the time scale; after emission of the positron, 
the remaining nucleus is an excited state of Ne”, 
which decays within 10~-™ sec by emission of a 1.3- 
Mev gamma ray. One scintillation counter detects 
this gamma ray; a second counter detects the annihila- 
tion gamma ray. A time-to-amplitude converter® puts 
out a pulse whose amplitude is proportional to the time 
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TIME IN MILLIMICROSECONDS 


Fic. 2. Time distribution of positron annihilations in 
aqueous solutions of HgCl. 


5G. Trumpy, Phys. Rev. 118, 668 (1960). 
* J. V. Kane (private communication). 
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difference between pulses in these two counters. This 
output is gated by pulse-height selectors in coincidence 
to insure that the pulse in one counter originates from 
the 1.3-Mev gamma ray and the pulse in the other 
counter comes from the 0.51-Mev annihilation gamma 
ray. The gated output is then fed to a multichannel 
analyzer which records the number of pulses in each 
amplitude range. The correlation between amplitude 
and time is made by delaying the pulse from one 
counter by means of measured cables and observing the 
resulting change in pulse height in the output of the 
converter. 


RESULTS 


Figure 2 shows the time distribution of positron an- 
nihilations in HgCl. solutions of different concentra- 
tions. Each curve shows an exponential decay starting 
at about 3 nsec after the creation of the positron. The 
reciprocal of the decay constant is the observed mean 
life of the positrons which have formed Ps. 

In Table I are shown the mean lives which have been 
determined in this manner for positrons in various 
chloride solutions. The positive ions are listed in order 
of oxidizing power, as roughly indicated by the oxida- 
tion potential. (The oxidation potentials listed in the 
table are for the reaction which seems most appropriate 
to this system; this will be discussed further in the next 
section.) 

Table I shows that the positive ions with oxidation 
potentials of +0.13 or more all have a large effect on 
the mean life, even at relatively small concentrations, 
while those of oxidation potential 0.00 or less all have a 
small effect. The reduction in mean life which is ob- 
served in some of the latter solutions may be attributed 
to the effect of density, which for high concentrations 
may be considerably larger than the density of pure 
water. For example, a two molar solution of AlCl; has 
a density of 1.18, and one would expect a greater pickoff 
annihilation rate than in pure water; the observed re- 
duction of about 10% in positron mean lives could be 
due to this effect. 

The large effects observed only in solutions of SnCl,, 
SbCl;, and HgCle, and the fact that the effect increases 
monotonically with increasing oxidation potential are 
strong evidence that Ps is oxidized in these solutions. 
More evidence is provided by the way in which the 
mean life varies with concentration. If oxidation is the 
process responsible for shortening the mean life, the 
dependence of the observed mean life on concentration 
may be calculated as follows: Since the time, ¢, is always 
measured from the creation of a positron, the situation is 
exactly as if at some initial time, /=0, a certain number, 
No, of triplet Ps atoms were present. The free positrons 
and singlet Ps atoms present at /=0 may be ignored, 
since at the time of observation / was much greater than 
1/A;, where A, is the free positron annihilation proba- 
bility per unit time. At time ¢ the number of Ps atoms 
present is NV, and the number of free positrons (from 





MEAN LIVES OF 


POSITRONS 


IN OXIDIZING SOLUTIONS 


TABLE I. Mean lives of positrons in aqueous solutions, in millimicroseconds. 





Oxidation 
Solute _ potential 
KC] 
AICI; 
CdCl. 
SnCle 
HCl 
SnCl, 
SbCl, 
HgCl. 


1/228 


—1.70 
—0.40 
—0.13 
0.00 
+0.13 
+0.21 
+0.92 


1.76+0.10 


1.51+0.04 1.40+0.04 1.09+0.04 


oxidized Ps) is Ny. The oxidation probability per unit 
time is Ao and the pickoff annihilation probability is 
\,. Then if the self-annihilation probability of triplet 
Ps is ignored, the numbers .V, and .V; obey the equations 
dN s/di= —XsNst+oNyp, (1) 
dN ,/dt= —dpN p—AoN p. (2) 
solution of these equations, with V,=N» and 
=0 at i=0, is 
\ expl — (Ao+A,)E |, 
ho 


{exp[ — (Ao +A,)¢]—exp(—Ayt)}. (4) 
As— (Ao +A >) 


The total number of positrons present thus exhibit 
two decay constants, Ay and Ao+A,. For sufficiently 
large t, the observed decay constant A; will be 

At=Aptrd, AptAnSAyz; 
A=As, ne 


(5) 


The straight lines in Fig. 2 clearly show that a single 
exponential decay was observed. The decay constant is 
\t=Ao+A>, and since A, is known, the observed values 
of \, determine the values of Xo.’ 

In Fig. 3 are shown the observed mean lives in the 
three oxidizing solutions as a function of concentration. 
The solid line is computed from Eq. (5) by assuming 
that Ao is proportional to concentration. The good fit 
of the experimental points to the solid curve is an indi- 
cation that the process is correctly described by an 
oxidation rate which is proportional to concentration. 

The flat part of the solid curve in Fig. 3 shows the 
limiting mean life 1/A;, which should be the mean life 
of free positrons in these solutions. Since the densities 
of these solutions are all only slightly different from that 
of water, it is reasonable to assume that this mean life 
is close to the free positron mean life in water. Therefore 
the same value of 1/A; was used to draw all three curves; 
this value, 0.45X10-® sec, was obtained from the 
average of the three shortest mean lives observed by 
Green and Bell in SbCl. 


7 The density is small enough that the pickoff annihilation rate 
should be the same as in water, so \p=0.56X 10°/sec. 


1.65+0.10 
1.68+0.10 
0.94+0.04 


Concentration, in moles per liter 
1/16 


1/8 1/4 

1.69-+0.07 
1.61+0.10 
1.49+0.07 
1.42+0.10 
1.7540.07 


1.59+0.10 
1.51+0.10 


1.56+0.08 


1.20+0.10 
1.00+0.07 


1.00+0.10 0.70+0.10 


* Values for SbCl; were measured by R. E. Green and R. E. Bell, Can. J. Phys. 36, 1684 (1958). 


Since this limit could not be tested in the other solu- 
tions, the only check on this result is a value for the 
free positron mean life in water, obtained in 1953 by 
Bell and Graham.!' Their value, 0.3010~° sec, is not 
in complete agreement with the present result; one 
would expect the mean life in water to be at least as 
great as, if not greater than, that in SbCl; solutions. 
But the disagreement is not too serious, for many un- 
certainties were necessarily involved in the measure- 
ment of this mean life by Bell and Graham. From the 
time distribution of the positron annihilations in water, 
they had to subtract the counts from the positrons 
annihilating with the long mean life, and then find the 
centroid of the remaining distribution, in order to 
compare its position with the position of the centroid 
of the “prompt” curve obtained from two simultaneous 
gamma rays. The “centroid shift” should be equal to 
the mean life. Thus in addition to uncertainties involved 
in subtracting the long-lived component, the measure- 
ment was subject to the serious systematic errors pos- 
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I'ig. 3. Variation of positron mean lives with positive-ion con- 
centration, compared to variation expected if oxidation rate is 
proportional to concentration (solid curve). 
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sible in the centroid shift method. A further check on 
these results would seem to be needed. 


DISCUSSION 


The correlation of mean life with oxidation potential 
is a strong indication that the process responsible for 
shortening the mean tife is identical to the process of 
chemical oxidation. The chemical oxidation potential 
is, however, only a rough guide to the actual oxidizing 
power of the solution for Ps atoms. For example, the 
oxidation potential for SbCl; was obtained from the 
reaction 

SbO*+3e-+2H;0* — Sb+3H,0. 


The Ps atom can supply only one of the three elec- 
trons needed for this process, and of course the density 
of Ps in the solution is so low that there is no chance of 
two or more Ps atoms taking part in any reaction. To 
take another example, the oxidation potential for 
SnCl, involves the reaction 


Sn**+2e- — Sn**. 


But when Ps is oxidized by this ion, the reaction must 
be 


Sn*++e— — Sn**, 


There is no way of determining the oxidation poten- 
tial for this reaction chemically. However in many of 
the solutions used the oxidation potentials are known 
for reactions involving a single electron. The most sig- 
nificant of these are 
H,O*+e — 3H2+H.O, 
Ca*-+-e" —> Ce’, 


Hgt++e- — 3Hg,++, 


0.00; 


’ 


+0.17; 


’ 


oxidation potential 
oxidation potential 


oxidation potential -+0.92. 


It is tempting to conclude that Ps may be assigned an 
“oxidation potential” whose value is between 0.00 and 
+0.17, because Ps is readily oxidized by the Cu** ion 
and not by the H,O* ion, according to the data on 
CuCl. and HCI solutions. 

But such a conclusion would overlook the fact that 
a chemical reaction always proceeds in both directions. 
The quantity measured in this experiment was a re- 
action rate in only one direction—for example, the rate 
of the reaction 


Ps+Hg** 


> Ps++3Hg,**. 


To determine that the oxidation potential of Ps is 
below —0.92, one would have to know that the speed 
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of the above reaction is greater than the speed of the 
inverse reaction, 

Pst+3Hgt* — Ps+Hg"*, 

under the same conditions of temperature, concentra- 
tion of reactants, etc. But the inverse reaction is never 
observed in the case of Ps, because the product of the 
forward reaction, the bare positron, is removed from the 
solution by annihilation almost as soon as it is produced. 

In the CuCl, solutions it was not even possible to 
obtain the reaction speed in the forward direction, 
because the oxidation effect is mixed up with the ex- 
change effect in a mean-life measurement. Thus the 
only clue to the “oxidation potential” of Ps is the fact 
that the reaction rate in HCI solutions is too small to 
measure, while the rate must be at least 50 times as 
great in CuCl» solutions, as indicated by the fact that 
the oxidation was detected in the angular correlation 
measurement, which is less sensitive to this effect. The 
rate is not much greater than this even in HgCl. solu- 
tions, for which the oxidation potential is 0.75 v higher. 
Therefore the sharp difference in reaction rates between 
HC! and CuCl, solutions may mean that the oxidation 
potential of Ps lies between 0.00 and +0.17, but this is 
far from being established. 

It would be a bit surprising if the oxidation potential, 
and thus the binding energy of Ps in solution, were 
greater than that of hydrogen, because the binding 
energy of free Ps is only one half that of hydrogen. This 
would mean that water reduces the binding energy of 
hydrogen much more than it reduces that of Ps. Further 
study of this possibility may give some insight into the 
nature of solutions. 

Whether or not one is able to assign an oxidation po- 
tential to positronium, the use of positrons as a probe 
may give valuable information about the rates of ionic 
processes in solutions. This information seems to be 
unobtainable by other methods, which usually deter- 
mine only relative reaction rates. Furthermore, because 
of the simplicity of the Ps atom, information concerning 
Ps reaction rates could be theoretical 
importance. 
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Conventional (or restricted) Hartree-Fock wave functions have been obtained for Ga*, Ge* 


, Br-, Rbt, 


and the neutral atoms Zn, Ga, Ge, As, Se, Br, and Kr. Analytic Hartree-Fock methods utilizing a version 
of Nesbet’s symmetry and equivalence restrictions were used to obtain the solutions in analytic form (sums 
of powers of r times exponentials). Results are given in the form of wave functions, one-electron energies, 
and total energies. Comparison is made with the earlier results for Zn and Kr, the only atoms in this group 


for which Hartree-Fock solutions exist. 


I. INTRODUCTION 


T has become increasingly apparent that Hartree- 

Fock wave functions for free atoms and ions can 
play a vital role in providing approximate descriptions 
of molecular and solid state phenomenon. A striking 
example of this, and one which was quite unexpected, 
is the successful use' of free-ion Hartree-Fock wave 
functions to describe the recent data on isomeric shifts 
(i.e., total s-electron density at the nucleus) which have 
been determined by Méssbauer experiments. It goes 
without saying that basic to any such applications is 
not only the existence of such functions but their 
availability in a form suitable for computation. In some 
of our own studies involving the 4p atoms the complete 
lack of H-F wave functions, for this part of the periodic 
table, was only too obvious. In order to overcome this 
difficulty, we have determined Hartree-Fock solutions 
for Gat, Get*, Br-, Rb*, and the neutral atoms Zn, 
Ga, Ge, As, Se, Br, and Kr. Of these, Hartree-Fock 
(H-F) results have been previously available for only 
Zn? and Kr.’ These are conventional or restricted 
Hartree-Fock solutions in that one-electron functions 
of the same shell are constrained to have the same radial 
dependence.‘ 

As we have said, aside from their own inherent interest 
as a description of the electronic structure of free atoms, 
a major purpose of such calculations is to supply a start- 
ing point for further investigations. The spherical ion 
results have been used to obtain the Sternheimer quad- 
rupole antishielding factors® (y,,’s) as these extend our 


* Guests of the Solid State and Molecular Theory Group, 
Massachusetts Institute of Technology. 
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Materials Research Office. 

1L. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev. 
Letters 6, 98 (1961); S. DeBenedetti, G. Lang, and R. Ingalls, 
ibid. 6, 60 (1961). 

2 R. E. Watson, Phys. Rev. 118, 1036 (1960), 

§’B. H. Worsley, Proc. Roy. Soc. (London) A247, 390 (1958). 

* Among recent discussions see: R. E. Watson and A. J. Free 
man, Phys. Rev. 120, 1125 (1960) and R. K. Nesbet, Revs. 
Modern Phys. 33, 28 (1961). 

5R. M. Sternheimer, Phys. Rev. 80, 102 (1950) ; 84, 244 (1951); 
86, 316 (1953) ; and 95, 736 (1954). 


knowledge of theoretical values of y,, to ions for which 
only estimates could be made previously® (except for 
Rb+ for which Hartree calculations exist). The H-F 
results have been utilized in several other investigations. 
Atomic scattering factors have been obtained,’ and the 
Ge results have supplied a starting point in an effort 
to improve on core and valence electron self-consistency 
in orthogonalized calculations’ for 
germanium. 


plane wave 


Analytic H-F methods,’ utilizing a version of Nesbet’s 
symmetry and equivalence restrictions,"” have been used 
to obtain the wave functions. Some details of the method 
are discussed in Sec. II. A fuller discussion has been 
given previously" where H-F results for 3p-shell atoms 
were reported. The H-F results appear in Sec. HI 
along with comparisons of the previously available Zn 
and Kr functions. 


II. DESCRIPTION OF THE CALCULATION 


Six of the eleven atoms and ions, for which H-F results 
will be reported, are closed-shell ions. These can be 


6 R. M. Sternheimer and H. M. Foley, Phys 

1956); E. G. Wikner and T. P. Das, ibid. 109, 360 (1958). 

7A. J. Freeman and R. E. Watson (to be published). 

sf. Que lle (to be published 

®C. A. Coulson [Proc. Cambridge Phil. Soc. 34, 204 (1938) ] 
appears to have been the first to have used an expansion technique 
in a molecular problem, while C. C. J. Roothaan [Revs. Modern 
Phys. 23, 69 (1951)] presented the approach in a particularly 
desirable form for closed-shell molecules. Nesbet, with his sym- 
metry and equivalence restrictions, extended the method to non- 
closed shells and emphasized its use for atomic cases [see reference 
10 and also Quarterly Progress Reports No. 15, January, 1955, 
p. 10; No. 16, April, 1955, p. 38 and p. 41; No. 18, October, 1955, 
p. 4, Solid-State and Molecular Theory Group, Massachusetts 
Institute of Technology, Cambridge, Massachusetts (unpub- 
lished) ]. Recently C. C. J. Roothaan [Revs. Modern Phys. 32, 
179 (1960) ] has extended his formalism to cover the nonclosed 
shell case for the conventional restricted Hartree-Fock method 
where nonzero off-diagonal Lagrange multipliers occur. S$. Huzi- 
naga [Phys. Rev. 120, 866 (1960) ; 122, 131 (1961) ] has extended 
Roothaan’s formalism further. 

1 R, K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 

1 R. E. Watson and A. J. Freeman, Phys. Rev. 123, 521 (1961); 
Sec. II and the Appendix of this paper supply sufficient informa- 
tion for the reader to construct the Hartree-Fock equations solved 
in the present paper. 
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straightforwardly handled,” but the remaining five ions 
with their unfilled 4p and filled 2p and 39 shells raise a 
problem of maintaining orthogonality between p orbi- 
tals. We have discussed this matter at length when re- 
porting" 3p-atom solutions and the reader is referred 
there for a discussion of this. We have utilized the same 
version of Nesbet’s symmetry and equivalence restric- 
tions’ as was used in the 3p-atom investigation." This 
procedure does not yield the best possible H-F results 
but it has been our experience, and that" of investi- 
gators who have used the numerical H-F method, that 
the H-F eigenfunctions are insensitive to the way in 
which the orthogonality “problem” is treated. Because 
of this, application of the symmetry and equivalence 
restrictions yields results which are only negligibly 
inferior to the “best results.’’ The discrepancies intro- 
duced are far smaller than the difference between the 
Hartree-Fock and the ‘true’ many-electron wave func- 
tions. It is our opinion that if one requires superior 
many-electron eigenfunctions or eigenvalues one should 
be prepared to obtain these by going beyond the con- 
ventional Hartree-Fock formalism. 

As already noted, we have utilized the analytic 
Hartree-Fock method to obtain our results. This method 
uses standard matrix techniques to obtain orthonormal 
analytic Hartree-Fock radial orbitals, U’;(r), of the form 


U (r)=>"; CiR;(r). (1) 


Their normalization condition is 


i) U(r) \*dr=1, (2) 


and the basis functions, R;, are of the form 


R(r)=N rr AiVe-Zir (3) 
where / is the one-electron angular momentum quantum 


number appropriate for the one-electron orbital of which 
U’;(r) is the radial part. The \; is a normalization con- 


stant and is expressible in terms of the other 
parameters, i.e., 
V = [(22Z,)?+247+8/ (214-24 j;4+2) !}. (4) 


U;(r)’s of common / value are constructed from a 
common set of R;(r)’s. Given the basis sets, i.e., the 


See D. R. Hartree, The Calculation of Atomic Structures 
John Wiley & Sons, Inc., New York, 1957) for details concerning 
the conventional Hartree-Fock formalism and for the derivation 
of Hartree-Fock equations. 
This observation is based on the work reported in reference 11 
and in R. K. Nesbet and R. E. Watson, Ann. Phys. 9, 260 (1960). 
4 In two cases [D. R. Hartree and W. Hartree, Proc. Roy. Soc. 
London) A193, 299 (1948); W. Hartree, D. R. Hartree, and M. 
Manning, Phys. Rev. 60, 857 (1948)] small “off-diagonal” 
Lagrange multipliers were included for orthogonality; otherwise 
[D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A164, 
167 (1938); D. A. Goodings (to be published); and unpublished 
work of D. F. Mayers (1958) ] the problem was ignored, i.e., the 
multipliers were set equal to zero and orthogonality was reason 
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R;(r)’s, the problem is reduced to solving the Hartree- 
Fock integro-differential equations for the eigenvectors 
(the C,,;’s) and their eigenvalues. This is done by 
straightforward matrix diagonalization and manipula- 
tion and avoids the problems of numerical accuracy 
inherent in the integrations of the numerical H-F 
method. 

Recently*:"'® several workers have overcome the 
problem of numerical integration accuracy. In particu- 
lar, Mayers'® has not only obtained highly accurate 
numerical H-F solutions but he has also accurately 
evaluated (a not easy task) the one- and two-electron 
integrals making up the total energy. This will allow 
detailed comparisons to be made for the first time be- 
tween numerical and analytic results. 

In general the two approaches are complementary ; 
sometimes one and sometimes the other provides (a) the 
more suitable method of computation and/or (b) results 
in a more convenient form. We have found the analytic 
approach to be very useful’? when going beyond the 
conventional free-atom H-F formalism. We have also 
found it convenient to have the resultant wave functions 
in analytic form. 

In using the analytic approach we have replaced the 
problem of accuracy of numerical integration by the 
problem of choosing adequate basis sets. Let us con- 
sider this matter now. First there is the question of the 
size of the set. A small set is desirable because of 
economy in computer time and retains the advantages 
of wave functions of analytic form. These advantages 
come from the ease, accuracy, and convenience with 
which matrix elements can be obtained if the functions 
are in analytic form. Large basis sets allow greater 
accuracy of solution (provided that we maintain sufh- 
cient linear independence among the basis set, otherwise 
errors accumulate during matrix 
Having made the choice of the size of the basis set, there 
is then the problem of choosing the individual R;’s. In 
the present work we have relied heavily on earlier®'* 
H-F investigations for the iron series ions and so we will 
review these briefly. The first investigation'’ involved 
obtaining H-F solutions for iron series ions in 3d” (i.e., 


diagonalization). 


no 4s electrons) configurations. The basis sets were the 
largest that could be fitted onto the computer that was 


15). F. Mayers (to be published) has obtained, among others, 
numerical Hartree-Fock results for Zn, but at the time of writing 
these results were in a preliminary stage and thus were not avail 
able for comparison. 

is D \. Goodings accurate 
numerical ‘‘unrestricted”’ Hartree-Fock solutions for a number ot 
low Z atoms 

7 For example, the analytic method was used to obtain Hartree 
Fock solutions (1) for ions in external ‘‘crystalline’’ fields [R. E 
Watson, Phys. Rev. 117, 742 (1960) and R. E. Watson and A. J 
Freeman, Phys. Rev. 120, 1134 (1960) ]; (2) for a nonmagnetk 
ion in the “exchange field” of neighboring magnetic ions [A. J. 
Freeman and R. E. Watson, Bull. Am. Phys. Soc. 6, 234 (1961) ] 
and (3) to obtain one-electron orbitals which are not separable 
into a product of a radial and an angular function [C. Sonnen 
schein (to be published) }. In (2) and (3) the analytic method has 
several advantages in making the computations possible 

18 R. E. Watson, Phys. Rev. 119, 1934 (1960). 
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HARTREE-FOCK WAVE F 


ranie IV. Kr one-electron energies (in atomic units) for the 
present calculation and as obtained by Worsley.* 


Worsley’s results* Present calculation 


Els —520 — 520.167 
Eo —69.9 — 69,904 
€38 —10.8 — 10.850 
€4s —1.151; — 1.153 
€ —63.1 — 63.011 
rd ~8.33; ~8 332 
€4 -0.53 —0.524 
€3d — 3.80 — 3.826 


® See reierence 3 


established to the number of digits quoted. More ac- 
curate solution of the Hartree-Fock equations (e.g., 
through the use of larger improved basis sets) will affect 
the last one or two digits of these quantities. Note that 
Hartree atomic units have been used (1 a.u.=2 ry). 

The K;,’s, which do not include interelectronic terms, 
offer a sensitive test of wave function behavior. For 
fixed Z, a contraction in a U(r) causes an increase in the 
magnitude of its A;. Inspection of the K,’s of Table III 
shows in general that the U’,’s of any one element con- 
tract when going to a state of higher positive ionization. 
This is, of course, not surprising. Of greater interest is 
the exception to this rule which occurs for the 2p and 
3p orbitals on going from a state with one or more 4p 
orbitals (such as Ga or Ge) to a state with none (such 
as Gat or Get *). The requirements of obtaining three 
simultaneous (hence orthogonal) p-like eigenfunctions 
for the former state and the partial relaxation of this 
for the latter has caused a reverse trend in Ke, and K3p. 
It should be noted that the resultant 2p and 39 orbital 
variations are small. 

Let us now compare the present results with those 
previously available for Kr and Zn. Worsley’s numeri- 
cally obtained? ¢,;’s for Kr appear in Table IV. A,’s and 
the total energy were not obtained by her. We see that 
there is substantial agreement between the two sets of 
results. More detailed comparisons can be made with the 
earlier obtained? analytic Zn results where K;,’s, €;’s, and 
the total energy are available. These appear in Table V. 
Comparison of ¢,;’s show larger discrepancies than were 
seen for Kr. This is due to the previously discussed 
deficiencies in the basis set of the earlier calculation. If 
one chose to inspect the ¢,’s to learn of orbital variation 
as has often been done (out of necessity) in the past, 


UNCTIONS 


FOR 4p-SHELL ATOMS 1123 
TABLE V. Zn one-electron energies (e;), one-electron kinetic 
+nuclear potential energy integrals (A;), sums of one-electron 


ene rgic Ss, and 
Hartree-Fock 


total energies for 


calculations, in 


Earlier 


calculation* 


atomic unit 


the preset 


t and earlier* analytic 


Present 
calculation 


P 353.261 353.299 
€2 44.319 44.358 
€ 5.600 5.635 
€; 0.286 0.291 
€2 38.882 38.921 
€3p 3.804 3.837 
€3d 0.751 -0.780 
Kis 449.849 449.848 
Ko, 110.569 110.571 
K3s 43.136 43.155 
Ris 12.060 12.218 
Ko, 109.912 109.913 
K 10.996 40.981 
K 34.842 34.722 
Potal energy 1777.823 1777.843 
z «¢ 1070.558 —1071.514 


s See reference 2, 


one would conclude that the 4s orbitals have changed 
least (the e€,,’s being in best agreement between calcula- 
tions) and that the 3d orbital of the present calculation 
is the more contracted (since its €3¢ is more negative). 
On the other hand, inspection of the A,’s shows that 
neither conclusion is correct. The 4s orbitals show the 
greatest, not the least, modification and the present 
calculation’s 3d orbital is expanded and not contracted 
relative to the earlier results. In addition to inspecting 
individual ¢,’s, sums” of ¢;’s (which also appear in 
Table V) have in the past been used to estimate the 
variation in total energy. Such sums suggest that there 
has been a 1 a.u. change in total energy when in reality 
a change of one fiftieth that size has occurred. In other 
words the one-electron energies supply an often mis- 
leading “‘yardstick” to wave-function behavior. 
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2 Such a sum counts interelectronic interaction term twice and 
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The magnetic hyperfine constant for the 4532 state of the N“ atom has been calculated from a configu 
ration interaction (CI) function built from the usual Hartree-Fock (HF) representation (where the orbitals 


are linear combinations of analytic functions) plus all singly-excited and some doubly-excited s - 


>$§ Con 


figurations. We have found that the polarization of the s orbitals can be reasonably well represented by a 
basis set consisting of two series of Laguerre polynomials each of which is multiplied by an exponential 
function. If the energy is minimized with respect to the exponents of all s functions, then the calculated 
hyperfine constant appears to be in good agreement with experiment. For six s functions, the magnetic 
constant is found to be 13 Mc/sec (experimental 10.45 Mc/sec). Using seven s basis functions, the constant 
is 11 Mc/sec. We show in this paper that a configuration interaction function built from the usual HF 
representation plus all singly-excited s — s configurations is equivalent, to first order, to what Léwdin has 
called the extended Hartree-Fock representation. In addition, we show that the magnetic constant calcu 
lated from the spin-polarized (or unrestricted Hartree-Fock) function should be relatively close to that 
calculated from the CI function of HF plus singly excited configurations. 


I. INTRODUCTION 


HE isotropic magnetic hyperfine constant a of an 
atom is given by' 


Sr 8,8. 
a=-— V | > 6(r,)s.i| ¥), (1) 
s IJ 


where WV is the wave function for the electrons, 6, and 
8. the nuclear and electronic magnetic moments, J the 
spin of the nucleus, J the total momentum of the 
electrons, and r; the distance from electron 7 to the 
nucleus. This expectation value for certain paramag- 
netic atoms and ions, such as the nitrogen atom in its 
‘S ground state, using the usual Hartree-Fock (HF) 
single-determinant representation, is zero in contra- 
diction to experiment.? There are several different 
kinds of functions which can adequately take into 
account the polarization of the paired orbitals. 

(A) A configuration interaction (CI) function built 
from the usual HF function plus excited s—s con- 
figurations could be used.*-> The most important 
contribution to the contact operator comes from singly- 
excited configurations. This kind of function has the 
decided advantage of being an eigenfunction of S°, 
but in the present state of our computer programs it 
also has the decided disadvantage of being rather 
tedious to obtain. 

(B) A single determinant representation can be used 
where different space orbitals are employed for the 
paired spin orbitals. This kind of function is called the 
unrestricted Hartree-Fock or spin-polarized® (SP) 
function. This representation has the great advantage 


1E. Fermi and E. Segré, Rend. reale accad. naz]. Lincei 4, 18 
(1933); Z. Physik 82, 729 (1933) 

?L. W. Anderson, F. M. Pipkin, and J. C. Baird, Phys. Rev. 
116, 87 (1959) 

7A. Abragam, J. Horowitz, and M. H. L. Pryce, Proc. Roy. 
Soc. (London) A230, 169 (1955). 

4G. F. Koster, Phys. Rev. 86, 148 (1952). 

5 R. K. Nesbet, Phys. Rev. 118, 681 (1960). 

®° R. E. Watson and A. J. Freeman, Phys. Rev. 120, 1125 (1960). 


of being practicable even for large systems but appears 
to have the disadvantage of not being an eigenfunction 
of S*. 

(C) The projection of this spin-polarized function 
can be carried out to obtain the desired spectroscopic 
state. This has been done for Li,’ and it has been found 
that though the spin-polarized function is almost all 
in the doublet state, the value of the magnetic constant 
calculated from the projected function is considerably 
less than that obtained from the unprojected function. 
This large change is due to the fact that now the 
orbitals no longer minimize the energy of the function. 

(D) It would be better to use orbitals which mini- 
mize the energy of the multideterminantal function. 
Léwdin’ has called this kind of function the extended 
Hartree-Fock (EHF) representation. Unfortunately 
the difficulties that would be encountered in its calcu- 
lation are very considerable and, as far as we know, 
such a wave function 
determined. 

In a forthcoming paper by Freeman and Watson’ 
the interest will be concentrated on the results on the 
magnetic hyperfine constant of nitrogen that have been 
obtained from spin-polarized functions of types (B) 
and (C). In this paper we shall be interested in the 
calculation of this the nitrogen atom 
using a CI function of type (A) where the SCF orbitals 
are linear combinations of analytic functions, following 
the method applied by Nesbet? to Li. As it is well known 
that the calculated magnetic varies very 
rapidly as a function of the exponents of the orbitals, 


has never actually been 


constant for 


constant 


we have been most interested in the magnetic constant 
given by the function where all exponents are varied 
to give the minimum energy. 

We shall show that there is a first-order equivalence 
between the extended Hartree-Fock function and a 
CI function built from the usual HF representation 

7L. M. Sachs, Phys. Rev. 117, 1504 (1960 


* P. O. Léwdin, Phys. Rev. 97, 1474 (1955) 
9A. J. Freeman and R. E. Watson (to be published). 
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MAGNETIC HYPERFINE 
plus all the singly-excited functions which are eigen- 
functions of S®. Also we show that the SP function is 
equivalent to first order, to a CI function built from 
the usual HF representation plus all the single-excited 
functions, but these are not eigenfunctions of S*. With 
these equivalences, the magnetic constant calculated 
from the SP function is approximately equal to that 
calculated from the EHF function if (a) first-order 
perturbation theory is used to calculate the wave 
function and (b) certain exchange integrals are neg- 
lected in calculating the energy terms. After this work 
was completed, we were informed of an unpublished 
paper by Marshall!’ along similar lines although our 
formulation is rather different from his. 

As far as we know, the only previous work on the 
calculation of the magnetic constant of nitrogen has 
been (a) that using the formalism of the SP repre- 
sentation"; (b) the work of Das and Mukherjee” in 
which they have used a special variational procedure 
which is not directly comparable to the results presented 
here. 


II. RELATION BETWEEN DIFFERENT 
REPRESENTATIONS 


In order to simplify the demonstration, we will 
assume that the HF function contains doubly-occupied 
orbitals gi---¢, all of the same symmetry species 
(say s) and singly-occupied orbitals Y1- - -W», of another 
symmetry species, say p. Then the HF determinant 
has the form: 

On Srni°*Wml. (2) 


WVur= det | g1¢1°°° 


The corresponding spin-polarized function is 


Vsp=det didi’: ‘ ‘bnOn' Yr" “ ‘Ym \+ (3) 
It can be shown that to first order the orbitals ¥- - -Wm 
are the same in both functions.” 

The ¢,’s are completed by a set of orbitals gn41, 
¢n+2 °** to give a complete set of orthonormal orbitals. 
We can then expand the orbitals on which the spin- 
polarized function is built in terms of the complete set 
as follows: 


di= ¢: +> Nik Pk; 


ki 


di _ git b Aik’ Se 


ki 


(4) 


We assume that the orbitals which minimize the usual 
HF representation are not much different in form from 
those that minimize the SP representation. Thus Aj, 
is small, A,42 can be neglected and the orbitals (4) are 
normalized to first order. Substituting (4) in (3), then 


10 W. Marshall, Proc. Phys. Soc. (London) A78, 113 (1961). 
1S. M. Blinder, Bull. Am. Phys. Soc. 5, 14 (1960). 

2 T, P. Das and A. Mukherjee, J. Chem. Phys. 33, 1808 (1960). 
18 R. Lefebvre, Cahiers phys. 381, 1 (1959). 
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we can express Vsp as 


Vsp=Wart> AnOutrx’Oxx’)+terms in d*, (5) 
ik 

where 

Piss Wel, (6) 


Dk poo Wis Wm!. 


We shall neglect the terms in \*. With a change of 
variable, (5) can be rewritten as 


@,,’=det | $iGi°°° 
and 
0,,= det | giGi°*° 


1 
Vsp=Vurt+>) E (O:%.—O%’) 
ik v2 


1 
+Bix 


v2 


= VurtDix (aicA ce +BixBix). 


(ut+0w)| 


(7) 
It is easy to show that, as the orbitals 9; are solutions 
of the Hartree-Fock equations, then from first-order 
perturbation theory 8;,=0." In any case, considering 
the form of the Fermi contact operator (1) the con- 
tributions to the magnetic constant from 0, and 0,’ 
will cancel one another and thus the contribution from 
By, will be zero. 

If the coefficients a; are calculated from first-order 
perturbation theory, then the magnetic constant which 
is obtained from the SP function is given by the 
formula: 

(Wud jx) 
dsp=2)> — 
ik Eun— Eur 


(Vur » 8 6(7;)S- |A ix), (8) 
where 3 is the Hamiltonian consisting only of kinetic 
and electrostatic interaction terms 


Ein= {A ixdCA ix), 


Enr=(VuriV up). 


It should be noted that the functions Ay not 


eigenfunctions of S*. 
The coefficients A; in Eq. (4), obtained from the 
formula 


are 


(9) 


V2aik, 


can be considered as giving the corrections of the first 
iteration to the HF orbitals y; which make it possible 
to calculate the SP orbitals ¢;.!* Later on we shall give 
a numerical example to show that this has a rather 
important influence on the calculation of the magnetic 
constant. 

A similar treatment can be made for the extended 
Hartree-Fock function: 


WVenr=2 det |g1°d1 ++ -Gn'Gn° Pie * "Wm, — (10) 


where 2 is the projection operator of Léwdin™ and 
where the superscript e emphasizes the fact that the 
minimization has been done after the projection. In a 
similar way, the orbitals ¢;° can be expanded in the set 


4 P.O. Léwdin, Phys. Rev. 97, 1509 (1955). 
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¢Gi''' Gn Sngit**, and after some elementary rear- 


rangement one finds: 


Venr=Vurt+>, (ax? ProjAyt6y°By.)+---, (11) 


uk 


where ProjA,;;=k'QA,;, Rk being a normalization con- 
stant. Note that the projection of B;; is B,;; and con- 
sequently 8;;*=0. Thus, within the present approxi- 
mation, the EHF function is the same as a configuration 
interaction function between Vue and all singly-excited 
functions. Then if, as above, the a,,°’s are calculated 
by first-order perturbation theory the magnetic con- 
stant that would be calculated from Veur is given by 
the expression: 


WVupa ProjA xx) 
deyF=2)- ; ; 
&  Eprojik— Eur 


(12) 
X(Vur ; 6(r,) Se; ProjA k) 


Eprojik=(ProjA x5 ProjA xx). 


If we assume that Eprojic~E x, ie., certain exchange 
integrals are neglected, then to first order 


dEHF—~<dsp (13) 


(see Appendix I). Evidently, the equivalence of spin 
density calculated by the two types of functions is 
valid for all points in space. We shall give some nu- 
merical examples of this equivalence for the nitrogen 
atom in Sec. IV. 


Ill. CALCULATIONS 


We have used a program written by Nesbet and 
Watson for the IBM-704 computer to calculate SCF 
orbitals for atoms where the radial parts are linear 
combinations of analytic functions of the type 
Xn4i=r"e*". In this program, m can be any integer 
and a can have any value. In choosing the values of the 
exponents, considerable care must be taken to avoid 
the maxima of different functions coming too close 
together; otherwise the SCF orbitals have a tendency 
not to be linearly independent." 

From these calculations a configuration interaction 
function was built either (a) by using first-order 
perturbation theory (FOP) or (b) by diagonalizing a 
matrix (DM). If function was of type (a), only singly 
excited functions were used the Fermi 
contact operator is a sum of one-electron operators. 
For functions of type (b), the important doubly-excited 
functions were also included. Excited configurations 
are of course built using the virtual SCF orbitals. 


16 R. E. Watson, Phys. Rev. 119, 170 (1960). 

‘6 For the 4S state of nitrogen single ss excitation gives 
a configuration where five electrons are associated with five dif- 
ferent orbitals. These give rise to two independent 4S functions 
one of which (B,, function) has zero matrix element with the 
ground state but the other function (ProjA;,) has a small but 
nonzero matrix element with the ground state. 


5S-—?$ 


since 
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The contribution to the magnetic constant of the type 
of excitation ¢25— ¢ns iS positive while that of 
Vis — Yns IS negative. The resultant constant is the 
small difference between two large numbers. It is not 
surprising then that the results are somewhat sensitive 
to the method used to calculate the CI function. 


IV. RESULTS 


The simplest basis set of s functions, which can be 
used in the CI method to calculate the magnetic 
hyperfine constant of the nitrogen atom, is that which 
1s-like, one 2s-like and one 3s-like 
function (and, of course, one 2 function). If Slater’s 
rules are used for the exponents, then as two of us have 


consists of one 


previously shown" the calculated value of a is 7.5 


Mc/sec, in good agreement with the experimental 
value a= 10.45 Mc/sec.? However these exponents do 
not minimize the energy of the “S ground state of the 
atom for this basis set. A triple minimization is too 
tedious to carry out exactly. However, among several 
trial functions, the one which gives the lowest energy 
(— 54.296 atomic units) (numerical HF, — 54.40; a.u.)!® 
corresponds tq a value of the magnetic constant in 
worse agreemept with experiment (18 Mc/sec). 

We have then considered more elaborate kinds of 
functions and, in particular, the fit that Léwdin™ has 
made to the numerical HF function using analytical 
orbitals. For nitrogen he used five s functions (two 
1s-like, three 2s-like) three 2p-like functions. 
Using the exponents given,” we have found from our 
(FOP) function a=5 Mc/sec. A fivefold minimization 
of the corresponding CI function would be extremely 
tedious indeed. Thus, even though for nitrogen the fit 
of Léwdin gives good results, this could perhaps be a 
coincidence. The fit made to'the numerical function 
by series of analytical expressions is not, unfortunately, 
unequivocal. The particular choice will have a larger 
effect on the calculation of 
because the virtual 
constant are much more sensitive to the 
parameters than the occ upied orbitals. 

We have also used a representation for the s orbitals 
which is analogous to that used by Nesbet® for the 
magnetic constant of Li, that is, more functions of the 
type 1s (three) which do not vanish at t 
than functions e! the type 2s (one). Only negative 
values of the were found and 
variation of the exponents did not seem to improve 
the results. 

We then turned to the use of two series of Laguerre 
polynomials, each series multiplied by rather different 
exponential function to represent the ¢,, functions. 


and 


the magnet 
which 


constant 
the 


choice of 


orbitals determine 


he nucleus 


magnetic constant 


17 N. Bessis and H. Lefebvre, Compt. rend. 251, 648 (1960). In 
this article the sign of the contribution ¢1,— ¢ns was given 
incorrectly. 

18D. Myers (private communication). 

1? P. O. Léwdin, Phys. Rev. 90, 120 (1953). 








MAGNETIC HYPERFINE 


The orbitals have the form: 


Pns= (Gintbinrt+einr?+: : em" 


+ (don tdonrt+conr?+---)e~@". (14) 


This kind of function has already been used to study 
polarization effects in atoms” and magnetic constants 
of atoms,”! though a study of the results of a wide 
variation of parameters appears not to have been made. 
This type of calculation is particularly attractive since 
it is relatively easy to carry out a double interpolation. 
In addition two 2 functions are used. The results for 
both (FOP) and (DM) types of CI function are col- 
lected in Table I. The comparison with experiment 
seems satisfactory for both six and seven basis functions 
and it is better with seven than six. The seven basis 
functions are divided, three for the larger parameter 
and four for the smaller. In the (DM) calculation not 
only are the singly s— s configurations included, but 
also the double excitations of the type (gas)? — (On;)" 
(which does not have an entirely negligible effect on 
the magnetic constant) and (Wo)? —> (W3p)? (which is 
added mainly because of its important effect in the 
energy). It is not possible to consider the small number 
of Laguerre functions used here as a complete set. 
Each time the number of functions is changed it is 
necessary to search again for a minimum. 

In one case [six gn, functions Eq. (14) ax=7, a2=1.5 | 
the value of the magnetic constant has been calculated 
from perturbation equations (8) and (12), (FOP) as 
well as from the corresponding complete CI calculation 
(DM). Also the values have been calculated for the 
same basis directly from the SP function.” Table II 
gives the results. 

Using the perturbation formulas amounts, as we have 
said, to making the first iteration on ¢;(HF) to calcu- 
late either ¢;(SP) or ¢;*(EHF). The difference of values 
given in column 2 and column 5 of Table II is due to 
the fact that the difference between the value at the 
nucleus of functions ¢; and ¢,’ associated with @ spin 
and @ spin, respectively, is far greater when the iter- 
ations have converged (i.e., SP function calculated by 
program) than after the first iteration (i.e., perturbation 


TABLE I. Magnetic hfs constant of N found from CI functions. 





Six gns functions* Seven ¢ns functions* 





FOP DM FOP DM 
6.89 6.93 7.85 8 
1.58 1.62 2 1.9 
St —54.4001 —54.4105 —54.4007 —54.4108 
ot — one (Mc/sec) 54 58 54 58 
@ie — one (Mc/sec) —46 —46 —49 —47 
a (Mc/sec)> 8 13 5 11 


* As given in Eq. (14). 

b The numerical constant (82/3) (8.8-/JJ) =215.187a0 Mc/sec. 

20. G. Wikner and T. P. Das, Phys. Rev. 107, 497 (1957) 

21M. H. Cohen, D. A. Goodings, and W. Heine, Proc. 
Soc. (London) A73, 811 (1959). 

22 The program of Nesbet and Watson can be used to calculate 
either the usual HF orbitals or SP orbitals. 
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TaBLe II. Comparison of magnetic constants calculated by dif- 
ferent methods [six gn, functions of Eq. (14), a1=7.0, a2=1.5]. 


Complete 
Perturbation calculations calculations 
@EHF® dgp” @PprojsP° apM dgp4 
2s contribution 54 61 37 61 108 
1s contribution —46 —46 —28 —45 —75 
a (Mc/sec) 8 15 9 16 33 


* Taken from Eq. (12). 

b Taken from Eq. (8). 

© Taken from Eq. (21). 

4 Calculated from SP orbitals obtained from program of Nesbet and 
Watson. 


equations). In addition we have indicated in Table II 
the value of the constants obtained from the projection 
of the SP function. It can be shown (cf. Appendix IT) 
that for 4Sy,. state of nitrogen aprojsp~2asp. We should 
emphasize that in our view the use of the projected 
SP function seems not to be adequate because the 
orbitals now no longer are found from a minimization 
process. The value of 9 Mc/sec for the magnetic con- 
stant can be considered to be fortuitous. 
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APPENDIX I 


This is to demonstrate that from a first-order 
perturbation argument plus some additional restrictions 
there should be an approximate equality between the 
magnetic constants calculated from the SP and the 
EHF functions. 


There are the relations”: 
Proj yA + Every] 
=kiQA 


(15) 
iis (16) 


where © is the projection operator defined by Léwdin, 
k is a normalization constant, and A,,;” is a determinant 
belonging to the”same configuration as A;;. As Aj 
differs from Vur by two spin orbitals, the matrix 
element of a one-electron operator between these 
be zero. The matrix elements of the 
Fermi-contact operator are given by the formula [for 
the EHF functions (15) ]: 


functions will 


(War! >; 4(r,)s2;| ProjAi;) 
=k Ui >: 6(r;)s2i| A ) 


tj/* 


(17) 


Also as 2 commutes with the Hamiltonian 3C and as 
OVir=WVur we have the following relation (16): 


(Wipse Proj 1,,)=kXVypICA,)). (18) 


23R. K. Nesbet, Ann. Phys. (N.Y.) 3, 397 (1958). 
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Fic. 1 


Variation of energy of CI function 
of magnetic hfs constant (lower curves) of nitrogen as function of 
Six basis functions are used. The arrows 
indicate the values of the parameters which give the minimum of 
energy 


(upper curves) and 


exponents a; and az. 


The numerators in the expressions for asp of Eq. (8) 
and deur of Eq. (12) are thus the same. As the de- 
nominators only differ by a few exchange integrals, one 


» LEFEBVRE-BRION, 
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then has the relation: 


dsp~dEHF- 


APPENDIX II 
The projected function of the SP function can be 


written as 


OVsp=Q(Vurt+>, a jA ij) 


ij 


=Wart> a,QA 4; 


P| 


(19) 


where aj;; is determined from the SP function (7). This 
can be written (16): 


OVsp=Vurt+>d. a ik (20) 


— 


! ProjA,,. 


Then the magnetic constant obtained from the pro- 
jected function will be given by the formula: 


Aprojsp= 2 >. ajk-\Wur| > 4(r,)s2n| ProjA,;). (21) 


a 
ij n 


If we substitute in this formula the value of matrix 
elements of the Fermi contact operator given in (17), 
it is easy to see that 


(22) 


3 ~k lagp. 22 


@Proj8P 


For nitrogen k=5/3; thus @projsp™8 dsp. 
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Fast-Neutron-Induced Fission Cross Sections of Pu’! and Am** 


DANIEL K. BuTLER AND RutH K. SJoBLom 
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The cross sections for neutron-induced fission of Pu! for neutrons of energies from 0.02 to 1.80 Mev and 
of Am* for neutrons of energies from 0.3 to 1.7 Mev have been determined. The determination was made by 
measuring the ratio of each cross section to that of U"** using a back-to-back gas scintillation counter. 


INTRODUCTION 


HE neutron-induced fission cross sections of heavy 
elements in the plateau region above about 1.5 
Mev have been found to have systematic dependences 
on the nuclear parameters of charge Z and mass A.‘ 
The thresholds for fission show analogous behavior.‘ In 
order to test the universality of the dependences, the 
cross sections of Pu*' and Am*** were measured. Pu" 
was chosen because in addition to providing a test of the 
systematic behavior, its cross section was needed for use 
in the development of fast nuclear reactors. Am** was 
chosen so that its threshold and plateau cross section 
could be compared to those of Am*"', the only isotope of 
americium studied prior to this work. The results ob- 
tained were found to be consistent with several of the 
systematic schemes, but not compatible, within experi- 
mental error, with some results obtained by other 
workers.°'6 
The fission cross sections of Pu* and Am** were 
determined by measuring the ratio of the cross sections 
to that of U**®. Published values!’ for U*> were then 
used to obtain the absolute cross sections. 


APPARATUS AND EXPERIMENTAL METHOD 


The experimental technique was essentially that used 
in the previous measurement of the Pu®® fission cross 
section.’ Therefore, only a general outline of the tech- 
nique will be given here, together with details of some 
recent modifications. The same back-to-back gas scin- 
tillation counter was used as in the Pu* measurements, 
the only change being the use of xenon instead of an 
argon-nitrogen mixture as the scintillating gas. This 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1D. W. Allen and R. L. Henkel, Progress in NuclearEnergy. 
Series I—Physics and Mathematics (Pergamon Press, New York, 
1958), Vol. II, Chap. 1, p. 28. 

2 J. R. Huizenga, Phys. Rev. 109, 484 (1958). 

> Yu. S. Zamyatnin, Atomnaya Energia, Suppl. No. 1, p. 27 
(1957), translated in Physics of Fission, Suppl. No. 1, Soviet J. 
Atomic Energy (Consultants Bureau, Inc., New York, 1957), 
Chap. 2, p. 21. 

# J. D. Jackson, Atomic Energy of Canada Limited, Chalk River 
Project Report CRP-642-A, 1956 (unpublished), p. 125. 

5 Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), 2nd ed. 

®°M. E. Kazarinova, Yu. S. Zamyatnin, and V. M. Gorbachef, 
Atomnaya Energia 8, 139 (1960). 

7D. K. Butler, Phys. Rev. 117, 1305 (1960). 


change was made in an effort to reduce the background 
of small scintillations which appeared at high neutron 
energies. It was assumed that some of these scintillations 
came from protons from N'(n,p)C™ reactions occurring 
near the photomultiplier where the light collection 
efficiency was high. On changing to xenon the back- 
ground diminished. A small background remained, per- 
haps from an (7,p) or (,«) reaction of very small cross 
section in the stainless steel sample supports. The xenon 
had an additional advantage in that it maintained high 
scintillation efficiency over a longer time, possibly be- 
cause it was less influenced by contaminants in the 
counter. 

A gas scintillation counter rather than a conventional 
ionization chamber was used for these measurements 
because of the shorter duration of the scintillator’s out- 
put pulses. The shortness of the pulses was utilized to 
prevent pile-ups which would otherwise have resulted 
from the intense a@ activity of the Pu and Am** 
samples. A simple back-biased diode was placed at the 
output of the photomultiplier with the bias set to elimi- 
nate most of the a pulses. In this way it was possible to 
obtain good fission pulse spectra with conventional 
electronic equipment. The spectrum obtained from the 
Pu*! sample, taken with the back-biased diode in opera- 
tion, is shown in Fig. 1. The Am** sample showed even 
greater separation between the a particles and fissions, 
indicating that the Pu*' sample was relatively thick to 
the fission fragments. The thickness sets a limit on the 
accuracy with which the fission rates of the Pu* and 
U5 could be compared, the limit being about +5%. 
This is one of the larger sources of error in the Pu*! 
fission cross-section measurements. The greater separa- 
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Fic. 1. Fission pulse spectrum from Pu counter. 
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tion of @ particles and fissions in the Am** counter 
resulted in a probable error in the Am? measurements 
of +2.5%. 

The neutrons for the measurements were produced by 
the Li’(,)Be’ reaction using protons from an electro- 
static generator. The proton energy was determined 
using an electrostatic analyzer on the H,* beam, and the 
neutron energy computed from the proton energy. The 
only change in the use of the neutron source from that 
described previously’ was made for the low-energy 
measurements with the Pu™! sample. In order to avoid 
the second geometric group of neutrons below 120-kev 
neutron energy, the fission counter was placed at 115.5° 
with respect to the proton beam. At this angle, because 
of physical limitations, the counter had to be located 
twice as far from the neutron source as at 0° (18.0 cm at 
115.5°, 8.9 cm at 0°). The increased distance together 
with the low yield from the target at 115.5° reduced the 
count rate almost a factor of ten. 

At 18.0 cm from the target, the background count 
caused by low-energy neutrons scattered back by the 
surroundings became appreciable. In order to esti- 
mate this background a check of the dependence of 
count rate on distance from the neutron source was 
made with a BF; filled proportional counter. The 
departure of the dependence from 1/R? indicated that 
20% of the B® count rate at 18.0 cm was due to scat- 
tered neutrons. 80% of the scattered neutrons had 
energies below the cadmium cutoff. Assuming that the 
background is actually moderated to thermal energies 
by the surroundings, and that the 0.26-v resonance® in 
Pu*" may overlap as much as a quarter of it, the effect 
on the fission ratio would be 5%. This must be con- 
sidered as a possible systematic error as large as 5% in 
the Pu*" fission cross section below 150 kev. For all the 
data above 150 kev, which was taken at 0°, the error 
would be. only 1%. The error in the Am* measurements, 
where only the U™® was thermally fissionable, would be 
about 3%. 


TABLE I. Composition of the fissionable samples. 


Half-life* Mass 


(mg) 


Abundance” 
Sample Isotope (atom %) 

0.904+0.009 
93.263+0.05 
0.424+0.004 
5.405+-0.05 


0.046 
4.725 
0.022 
0.277 


[35 "RH 


0.018 
0.036 
1.434 
0.003 
0.067 


2.44 104 

6.59X 108 
13.22+0.16 

3.76X 10° 
458 +2 


1.16 +0.02 
2.32 +0.03 
92.04 +0.03 
0.19 

4.31>+0.02 
7.95 103 100 


+0.5 0.237 


*D. Str ger, 
Phys. 30, 817-82 

> Abundance ermined by ass spectrographic 
m™! which was determined by a counting. 


and G. T. Seaborg, Revs. Modern 
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The correction for absorption of neutrons in the foil 
backings was made by rotating the counter around the 
center of the foils, maintaining the cylindrical axis of the 
counter in the plane including the neutron source. The 
neutrons were thus successively incident on the counter 
at the four directions corresponding to 30° angles be- 
tween the incident neutrons and the plane of the samples. 
This procedure also helped compensate for nonuni- 
formity of the fissionable deposits. The Pu*' and U** 
samples were uniform to within a few percent except for 
+-cm diameter circles at their centers. The Am** sample 
was less uniform, but not sufficiently so to cause a 
measurable change in fission rate as the sample was 
rotated around its center. 

The fissionable samples were all oxide deposits on 
platinum foil. The isotopic composition and masses of 
the samples are shown in Table I. The masses of the 
Pu*" and Am** samples were determined by a counting 
with a low-geometry solid-state counter. The counter 
gave a resolution of 2% for 5-Mev a particles. The 
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Fic. 2. Fission cross sections of Pu™! and Am*% 


counter efficiency was determined using the U** a’s 
from the U** sample. The intensity of these a’s in turn 
was determined from the mass spectrum and the mass 
of the U*® sample. The Pu sample was prepared by 
electrodeposition.* The Am** sample was prepared by 
evaporation of an ethylene glyco] solution of the nitrate. 
Both a mass-spectrum analysis and an a-pulse analysis 
showed it to be essentially pure Am**, The U**® sample 
was prepared by quantitative electrodeposition of a 
uranyl sulfate solution. 


RESULTS 


The results of the fission cross section measurements 
are given in Table II and shown in Fig. 2. The results 
have been corrected for the second group of neutrons 
from the Li’(p,7)Be™ reaction above 600 kev using the 
data of Smith® and Bevington ef al.” The total energy 

8 The sample was prepared at the Hanford Laboratories for B. 
R. Leonard, to whom the authors are indebted for its loan. 

9A. B. Smith (private communication ) 


1° PR, Bevington, W. W. Rolland, and H. W 
121, 871 (1961). 


Lewis, Phys. Rev. 





FISSION 


spread of the neutrons due to geometry and target 
thickness was maintained less than 70 kev for the Am? 
measurements, and less than 60 kev in the Pu**! meas- 
urements above 200-kev neutron energy. Below 200 kev 
it tapered down to 17 kev spread at 21-kev incident 
energy. 

Statistical errors are shown in Fig. 2 for the Am?" 
section above 1.0 Mev. Below 1.0 Mev the 
statistical errors were too small in absolute size to be 
shown in the figure, but the percent error increased in 
proportion to o~? reaching 30% at 0.3 Mev. For the 
Pu" cross section above 150-kev neutron energy, the 
statistical errors are about the size of the data points, 
while below 150 kev, where the counting rate was low, 
the statistical errors were large enough to produce the 
scatter of points shown. In addition to the statistical 
errors it is necessary to consider systematic errors in the 
normalization of the curves. These arise primarily in the 
determination of the sample masses and in the correc- 
tion for fissions causing pulses not large enough to be 
seen above the a pulses. No truly quantitative measure 
of these normalization errors is possible, but they can be 
estimated to be 6% for the Am? measurements and 7% 
for the Pu’ measurements above 150 kev. For Pu** 
below 150 kev, where the counter was farther from the 
neutron source, the low-energy air- and room-scattered 
neutrons may have caused an additional 5% systematic 


Cross 


error. 
DISCUSSION 


The only published measurement of the Pu fission 
cross section is that of Kazarinova ef al.® at 2.5 Mev 
giving 1.2+0.2 b. This value is lower than a reasonable 
extrapolation of the present data. No published meas- 
urement of the Am? cross section exists. However, 
three systematic empirical relationships between the 
fission cross sections in the region 2.5 to 3.0 Mev and 
other nuclear data have been observed. The plot! of the 
3.0-Mev cross section against Z'/A, and the plots sug- 


gested by Zamyatnin’® and Huizenga,’ both essentially of 
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TABLE IL. Fission cross sections of Pu! and Am?’ in barns. 


o ¢(Am*49) 


E, (kev) 





(Pu) 


v2 


20 
40 
60 
80 
100 
130 
160 
200 
250 
300 
400 
500 
600 
700 
800 
900 
1000 
1100 
1200 
1300 
1400 
1500 
1600 
1700 
1800 


— UI Ge 


— 


Yr fh fet fe fet fe fh ph fh fh fh fh fh ph eh emt ND ND KD ND Gd Gd oe 
. ? on ’ 1D 


the cross sections against Z*/A, predict that in this en- 
ergy region the Am cross section should be about 25% 


smaller than that of Am*'. This would imply that extra- 
polation of the present data give better agreement with 
the Am*"' cross section value obtained by Kazarinova et 
al.® than with that obtained at Los Alamos.> However, 
the scheme of Jackson‘ relating the 3-Mev cross section 
to the threshold energy, indicates that the present Am** 
data are more consistent with the Los Alamos measure- 
ments. It is interesting to note also that neither ameri- 
cium cross section fits the plot against Z'/A well, but 
they both fit the theoretically preferable semiempirical 
plot against Z*/A. Improved measurements of the Pu*” 
and Am" cross sections as well as of those other heavy 
isotopes would help to determine which plot has the 
more general validity. 
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The expressions of the relativistic Z shell photoeffect differential and total cross sections, for the case of 
light elements, are established. Coulomb wave functions are used for the description of the electron states 
in the calculation of the matrix elements, but it is shown how the results should be corrected so as to take 
screening effects into consideration. For the final continuum state wave function of the ejected electron, 
whose exact analytic form is not known, the Born approximation is used. In the case of L1 subshell the cal 
culation runs similarly to the one performed previously by the author for the K shell. For the other two 
subshells new tedious trace evaluations have to be carried out. Thus, for the Zr subshell, cross sections 
correct to first order in aZ (inclusive) are determined, whereas in the case of the Li; and L111 subshells, only 
their zero-order approximation is calculated. The cross sections are discussed and compared. It is shown that 
they reduce in the nonrelativistic and extreme relativistic limits to results established by other means 


1, INTRODUCTION 


HE nonrelativistic aspect of the photoeffect from 

the L shell was successfully studied a long time 

ago.' Thus, by means of a method devised together with 
Sommerfeld, Schur* has calculated the differential cross 
sections of the Zy; and Ly+Z subshells, including 
retardation approximately. Equivalent results were 
obtained by another method for the total cross sections 
by Stobbe.* The exact integration of the nonrelativistic 
matrix elements was carried out separately by Fischer, 
Sauter, and Sommerfeld. In these works Coulomb 
wave functions were used to describe the initial and 
final states of the electron; screening effects were taken 
into account by appropriately modifying the nuclear 
charge. The formulas obtained for the cross sections 
are in rather good agreement with the (not very 
accurate) experiments performed so far at low energies." 
However, concerning the relativistic aspect of the 
problem only a few remarks have been made.® This has 
been largely due to the lack of precision of the experi- 
mental results at high energies, qualitative estimates 
being sufficient for their interpretation. Recently, owing 
to the continuous beta spectrometry, 
important progress has been made also in the study of 
the high-energy photoeffect from the L shell.® Interest 
has been thus stimulated for a more detailed theo- 
retical analysis. As for the K shell, the relativistic study 
is extremely involved, because no analytic expression 
in closed form can be given for the final-state spinor of 
the ejected electron and because of difficulties en- 


advances in 


‘See H. Bethe and E. Salpeter, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 35, Part I; and H. Hall, 
Revs. Modern Phys. 8, 358 (1936). 

2G. Schur, Ann. Physik 4, 433 (1930 

3M. Stobbe, Ann. Physik 7, 661 (1930). 

* J. Fischer, Ann. Physik 8, 821 (1931); F. Sauter, Ann. Physik 
9, 217 (1931), and A. Sommerfeld, Atombau und S pektrallinien 
(Friedrich Vieweg und Sohn, Braunschweig, 1939), Chap. 6, 
Sec. 6. 

§M. Phillips, Phys. Rev. 45, 132 (1934); H. 
Rarita, Phys. Rev. 46, 143 (1934). 

°S. Hultberg, Arkiv Fysik 15, 307 (1959). E. P. Grigoryev and 
A. V. Zolotavin, J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 393 
(1959) (translation: Soviet Phys.—JETP 9, 272 (1959)]. Z. Suj- 
kowski (private communication). 
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countered in the integration of the matrix elements. 
This prevents an exact analytic evaluation of the cross 
sections, in their dependence on energy and Z. 

In the following, we set out to determine the approxi- 
mate forms of the differential and total cross sections 
for the limiting case of light elements. The final state 
of the photoelectron will be described by means of the 
Born approximation.’ This method was used previously 
by the author in the case of the A shell.* For the Ly 
subshell, cross sections correct to first order in aZ 
(inclusive) will be established. For the Zyr and Lin 
subshells, whose contributions to absorption are of 
order (aZ)? smaller in the high-energy region, only the 
zero-order approximation will be determined. The 
polarization of the ejected photoelectrons will not be 
discussed here. 

Concomitantly with the present work, Pratt’ has 
approached the same problem from a different point 
of view. He has succeeded in calculating the exact aZ 
dependence of the extreme relativistic form of the total 
cross sections. The results presented here on the energy 
dependence of the cross sections, combined with those 
of Pratt on their Z dependence, should lead to a better 
understanding of the high-energy photoeffect from the 
L shell. 


The ejection of a photoelectron from an atom is in 
principle an involved problem of a many-electron 
system. However, a very good degree of accuracy could 
be attained under the assumption of the atom consisting 
of independent electrons under the influence of a central 
self-consistent field. In this case the differential cross 
section of one of the L subshells can be written 


(27r)*a 
do,;= : is 


K mo 


M \*dw, i=I, Il, Il, (1) 


where the summation is to be carried out over all the 


7 Similar results could be obtained by describing the final state 
in terms of the Sommerfeld-Maue wave function or by using an 
expansion in partial waves. 

8M. Gavrila, Phys. Rev. 113, 514 (1959); hereafter referred to 
as (K). 

°R. H. Pratt, Phys. Rev. 119, 1619 (1960) 
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electrons of the considered subshell (index m) and the 
two spin directions of the final state (index co). The 
matrix element M, pertaining to a definite transition, 
performed under the influence of linearly polarized 
radiation, is given in momentum space by 


bo 
—S 


M= f a(p)sin(p—wep, ( 


the notations used being the same as in (K).! Here 
and #2 should represent the initial and final wave 
functions of the electron in the self-consistent field of 
the atom. However, such a procedure would lead to the 
necessity of evaluating the matrix element numerically. 
Instead of this, we will use in the following calculations 
unscreened Coulomb spinors #; and #, for which an 
analytic (approximate) evaluation is possible. The 
screening corrections to be expected will be examined 
in Sec. 5C. 

In the equations which connect the parameters of 
the initial and final states of the electron we can neglect 
the binding energy of the LZ shell. Indeed, this con- 
tributes to the matrix elements and to the cross sections 
with terms of order (aZ)? which we do not take into 
consideration. Hence, in our approximation we have, 
as in (K), 

E=m-+k, (3) 


k++? = E?, R+e=2Ex. (4) 


k?—x?=2mx, 


2. Ly; SUBSHELL 


The calculations for the Ly subshell are to a great 
extent similar to those for the K shell, since the same 
spectral type (.S;) is involved. As in (K), we want to 
determine here the L; matrix elements and cross sections 
correct to first order in aZ. 

The two bound-state spinors of the Ly subshell (of 
quantum numbers n=2, 1=0, j=3, m=+}) may be 
written as 


1 Pp 
u,(p)= [ 600) +P ver a (5) 
(4rr)3 p 


where X; is one of the constant spinors (1,0,0,0) or 
(0,1,0,0) according to whether we consider the state of 
magnetic quantum number m=} or m= —}. The form 
of the functions G(p) and F(), correct to first order in 
aZ (whatever the ratio p/n), is" 


taZ p 1 
G(p)=—( =n (1+ - )-*] 
8 m (p° +n°)* 


2 p p-T 
F(p)=—(2n)\— —— 
nr 2m (p?+7 )" 


‘© Thus, * and k denote the photon and electron momenta, 
respectively, s the polarization vector (x-s=0, s?=1). Natural 
units are used. 

The functions G(p) and F(p) have been obtained by calcu- 


0) 
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where we have put n=aZm/2. It is convenient to 


introduce the following notation 


U1(p) = U10(p)+11(p) +212(p) ; 


Pa 
Uyo= N,'— Xi, 
(p?+n*)* 
+ p-r 
u;= Ny’— Roe px, (7) 
2m (p?+n*)* 
TaZ p P 
y.= N,;’/—— —- Xi. 
8 m (p?+n’)8 
where 
(2n)3 aZm X 
Vi=—, 9=—=-. (8) 
va 2 2 


For the description of the final state of the electron 


the second-order Born approximation will be used. 
This may be put into the form 
to( Pp) = Heo (p)+ Mo1(p)+ Ho2(p), (9) 


where the three terms #2;, corresponding to the suc- 
cessive Born approximations, are given by (K.15). 

The matrix element of Eq. (2) may thus be itself 
split into three terms M,, representing the contribution 
of the successive Born approximations #2; : 


M=M,+Mi4+M:2. (10) 


The integration in Mis immediate. Taking into account 
the fact that at relativistic velocities 8 the ratio 
n’/(k—x)* is of order (aZ)* and hence negligible, Mo 
becomes 





yay: (K—*) 


2m 


1 
M\= N,'N,*- iss| 1+ 
( 


k— x)! 
raZ |k—x| 
See, ay 


8 m 


This expression has the same form as the one given in 
Eq. (K.17), but with a different value of the coefficient 
N,’." With a view toward analyzing the other terms of 
Eq. (10) we will introduce the notation 


My= f ax(p)suy(p—wep, (12) 


The form of the matrix elements Mj, Mi, and May is 
given by Eqs. (K.19), (K.20), and (K.23), with the 
integrals 7(A), J(A), and K(A) of Eqs. (K.21), (K.22), 
(K.24), replaced by I’, J’, K’, respectively, and the 


lating the exact Fourier transform of the position space spinor 
and by subsequently retaining only the indicated order of 
magnitude. 

2 Tn Eq. (K.17), raZ\|k— x! 


8m should correctly stand.in the 
place of aZ@(k—%)/27° 
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coefficient .V, replaced by V,’. The expressions for 1’, 
J’, A’ are 
1 ip—m 
r= f __* 
[ (p—k)? + p> | (p—k—ite) 
(p—«)'—9? 
x———____, 
[(p—x)*+1° 


p 1 ip—m 
y= f ——___— 
[ (p—k)*+y" | (p’—k’—ie) 


(p—x)?— 





(13) 


n° 
—(p—x)d*p, (14) 
[(p—x)?-+n?}° 


1 iq—m 
[(q—k)*+p? | (¢?—k’—ie) 


v5 ip—-m 


x 


— -- : — 
[(q—p)*+n"] (p’—k—te) 
(p—«)*—1 
- ——— & pd*q. 

[(p— eta 


(15) 


?) 


The matrix element correct to first order in aZ 
is given by 


M=Mot+Mywt+MutMo. (16) 


The justification of this fact and the analysis of the 
order of magnitude of the matrix elements M;; is 
similar to that made in (K). This time we will use, 
however, the following analytic form of the 6(p— x) 
function 
2 7 r-r 

lim 7 ; 

ee (p?+n*)* 
In the limit »— 0 the integrals (13), (14), and (15) 
contain the function 776(p—«)/2n=7°6(p—x«)/A and 
one ascertains that the matrix elements M;; are of the 
same order of magnitude as in the case of the K shell. 
Moreover, one ascertains that the terms in 1/n of the 
integrals J’ and K’ are equal, respectively, to the corre- 
sponding ones of the integrals 7(A) and K(A). J’ may 
thus be given the form of Eq. (K.26) (with 7’ to 
replace J®) and K’ the form of Eq. (K.27), with essen- 
tially the same expression (K.28) for the integral L. 

The matrix element M, given by Eq. (16), may be 
finally written 


6(p—«)= 


M=X,(P+Q)%, (17) 
P and Q being given by Eqs. (K.30) and (K.31), with 
I®, J replaced by J’, J’ and the coefficient V, 
by Vi’. We will now show that in the lowest order 
approximation (of the zero order terms in 7 or A) the 
following equations hold: 


['H=JO, YOu, (18) 


GAVRILA 


Indeed, we have 
n OL (n) 
I’=I(n)+ 


n dJ(n) 
», J=J()+ (19) 
On 2 on 
One can see that in the preceding equations the terms 
containing the derivatives give no zero-order contri- 
bution in 7. Equations (19) then state the equality of 
the zero order terms in 7 of 7’ and J (n) on one hand, 
and of J‘ and J (») on the other; Eqs. (18) are thus 
proved. Hence, in our approximation, the matrix 
element M of the Z; subshell differs from that of the 
K shell only by the value of the normalization co- 
efficient Vy’: My=(N1'/N,)M«x; its explicit calculation 
reduces entirely to the one reported in (K). 

The sum >> | M2, occurring in the differential cross 
section (1), being performed over the same kind of 
transitions as in (K), will lead to the same result as 
there. Owing to the fact that V,?/NY=4, we finally 
find for the differential cross section of the photoeffect 
from the Z; subshell, correct to first order in aZ, the 
result 


doy Cldok. (20) 
Here dex is given by Eqs. (K.92), (K.93), (K.94), and 


¢ is a constant introduced to take account of screening 
(see Sec. 5C).%" The result (20) has been obtained 
meanwhile also by Pratt.'® 

In the usually adopted coordinate system in which 
® points in the positive z direction, s in the positive x 
direction, the polar angles of k being @ and ¢, by intro- 
ducing the abbreviations 


e= E/m=1/(1—8?)}, O=1-—8 cos#, (21) 


dox may be given the somewhat more convenient form 


) +raZG Hd, (22) 


where Xo is the Compton wavelength and 


(e'—1)8 | 


raZ 
| ¥(1 o 


é(e—1)5| 


dox=4a®Z5,? 


Ly 
F=sin*9) cos’ y +3e(e—1)[4(e—1)—cos*¢ f (23) 
© (-)* j 
Ae—1)hy 4 
$=} [Me 1)— cose — 
23(@—1) @7/2 
; 1 
+[—4e(e—1)(€4+2)+3¢ cos’? }— 
ok 
1 
+[4ée (4e—3) (e—1)-—e(e4 1) cos?¢ | 
©! 
e(e—1) | 1 
+— [ (e—1) (« +-2)—2€ cos*¢ | 
4(e—1)1| e 
1 
+[—e(e—1)+2e cos*y]—}. (24) 
(-) 
13 When working with unscreened Coulomb wave functions as 


above, we have evidently ¢=1 
4 Equation (20) holds, of course, also when the photoelectron 
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A similar equation to (20) holds evidently also for 
the total cross sections, ox being given by Eqs. (K.98), 
(K.95), and (K.97). We will discuss the obtained cross 
sections in Sec. 5.16 We remark however here that doy, 
together with dex, vanish in our approximation for 
6=0, 7.17 


3. Ly, SUBSHELL 


The spinors of the Ly subshell bound states (of 
quantum numbers n=2, /=1, j=}, m=-+}) may be 


written in split form 


> — Pp 31,4,m(P, p) s 
ui(p)=| G(p)+iF (p)yvax-- . 5) 
p 0 


We have denoted by 3:;, the Pauli eigenfunctions of 
the angular momenta P, j’, and 7,, with the indicated 
eigenvalues.'* To lowest order in aZ, the only one we are 
interested in, the functions G(p) and F(p) are given 


by" 19 
Len 3 Pf pn 
G(p)= -(2n)'( 1+ ) oe 
(3)! 8 mF (p?+n’)® 


: pb fn 
(2n)? 


(3a)? 


(26) 


F(p) y 
m (p?+7’)* 


Expression (25) may be written as 


1 Pp P 
G(p)+iF (p)yay: o: he 
(4r)} p p 


where X,; is one of the spinors (1,0,0,0) or (0,1,0,0) 
according to whether we consider the state of magnetic 


u(p) 


quantum number m=} or m=—}. Using the relation 
between the o and the y matrices 
oj=—tyev, (J, &, 1 cycl. 1, 2, 3), (27) 


and Eqs. (26), #:(p) becomes further 


N, 1 3 Pp 1 
i+-—+ 


8m? 2m 


u,(p) nlr-p)| 


(43)! (p? +17)? 

X(y-P)yivevs%, (28) 
polarization possibilities are considered. However, this simple 
equation (with ¢=1) no longer holds to order (aZ)*; this can be 
seen on the nonrelativistic limit (references 1, 2) and also on the 
extreme relativistic one (reference 9) 

16 Reference 9, Sec. IT. Some of the mathematical arguments 
produced therein are only outlined, their justification lying, in 
fact, in the detailed proof given above 

16 See also the discussion given by B. Nagel [Arkiv Fysik 18, 1 
(1960), Sec. 6], for the A shell. 

17 This is contrary to what has been incorrectly stated in (K) 
after Eq. (K.94); see M. Gavrila, Nuovo cimento 10, 691 (1960), 
and also reference 16. 

18 The form of the 4 spinors is given, for example, in reference 1 
(Encyclopedia), Eq. (13.19) 

1 It should be noted that the expression of G(p) contains the 
term 3p?/8m?, of relativistic origin but independent of aZ, which 
becomes of the order of magnitude 1 for p~m. 
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where 


NY=4(2n)'/32, n=aZm/2=/2. (29) 


We will describe the final-state spinor of the electron 
2(p) by means of the first-order Born approximation, 
see Eqs. (K.12) and (K.13). 

We now set out to find the expression of the matrix 
element (2), correct to lowest order in aZ. Upon 
introducing the first-order Born approximation for the 
final state into Eq. (2) we get 


M=M,+M;; 


M, = No*XoSu,;(k—x), (30) 


ip—m 
M = (—ie Vit% f AGk—p Su;(p—x«)d*p. 
p—h—te 


With formula (28) for the initial-state spinor and the 
Coulomb form for the potential 


eAo(q)= — (eZ /2n*) (+p?) 





(with »—>0), we can write further [neglecting 
n’/(k—x)* ] 
M=MytMytM 1; (31) 
NVNo* 1 3 (k—x) 
vi is + 
(4)! (k— x)! S om 
i i 
+—yar: (K—«) | y- (K—«) byiveysX1, (32) 
2m 
aZ N,N.* 
M, sin (X27 iFsyy 1Y2¥2%1), (33) 
2x? (41)! 
aZ N,N.* i 
M y=: (xovsll Syayiyevs%)). (34) 


2x? (4)! 2m 


In the preceding equations we have introduced the 


abbreviations 
1 39? 3 
(1- ) srad.r( +—Jin), (35) 
t 8m? 8m 


1 OJ ;(n) 
Hij= 4641 (n)4+ 
4 OK 


a 


H=> Hi; 


1 


31 (n) t i divJ(n), 


where J(\) 
(K.22). 


We must now show that Eq. (31) represents indeed 


and J(A) are given by Eqs. (K.21) and 


the correct form of the matrix element, to lowest order 
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in aZ. The term Mp is evidently of zero order in aZ. 
Contrary to appearances, the terms Mj) and M),, are 
also of zero order. Indeed, /(n) is of order of magnitude 
1/n, whereas J(n) is of zero order in yn. Thus F and H 
are of order 1/n and it is only this degree of approxi- 
mation we are interested in here. Since, to order 1/n, 
I(n) is given by [see Eq. (K.26) ] 


r 
Ay= —— —__—_ 


n (B- —-* )(k— x)? 


I(n)=Ao(it—m); (38) 


where ¢ is the four-component quantity («,7£), we have 


F=1} grad,/(n)=43[(it—m) grad,Aot+iAoy], (39) 


=4A4y(it—m)b;;, H= fAo(it—m). (40) 
It is thus seen that My. and M), are of zero order in aZ. 
It may also be shown that M contains no other terms 
of this order of magnitude. 

Hence, the matrix element (31) may be put into the 
form 


M=X2PX,, (41) 


where 


NN 1 i 
p=—~4,8| -—— |r e—w 
(4r)3 | (k—x)*L2m 


3 (k—x)" 
- ) [erm 
8 mm 
; 3i 
itm (rerad. + Am) 
2m 
tide] lye (42) 


The differential cross section, summed up over the 
two electrons of the Ly subshell and the two possible 
spin orientations of the final state, is given by (1). 
Owing to the form (28) adopted for the initial-state 
spinor, which permits the matrix element to be written 
as in Eq. (41), the sum >> | M |? can be performed using 
the formula [see (K), Sec. IV]. 


> |M\?= 


om 4km 


Spl P(il—m)P(ik—m) (43) 


containing the four-vectors k (k,iE) and 1 (0,im), P 
being given by P=y,P*+ys. The calculation of the 
traces appearing in Eq. (43) is a very tedious operation 
and will not be reproduced here. 

We find the following formula for the differential 
cross section of the photoeffect from the Ly subshell, 
correct to lowest order in aZ (the notations being the 
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same as for the L; case): 


(@—1)! 


1 
doyy=f—a®Z"\o— F be(3e+ » 
24 &(e—1)5| @: 


1 


— 7 e (92+ 30€— re é&+6e+11e—2) 


1 
- ts e(e— 1) (e+ 7) - +sin’é cos'| 
© 


1 
— 2e(e+1)—— 4 (3e+1)(@—1) || (44) 
oy @) 
We have again introduced here a screening factor ¢.% 
The corresponding total cross section is 
1 (e— 


ou={— a®Z? 4 er 
256 (e—1)° 


€+3e—8 | 
-Infe+(—1 Bit (45) 


| 96—52+24e—16 


(e— 1)! 
where ¢o is the Thomson scattering cross section. 


4. Li SUBSHELL 


The four bound-state spinors of the phage subshell (of 
quantum numbers n= 2;/=1; j= +3, 
be given the following form'®: 


7 - Pf 41.4,m(P/ p) 
ui(p)=| G(p)+iF (p)yay- . (46) 
p 0 


In the lowest order approximation in aZ we are 
interested in, the functions G(p) and F(p) are given by" 


>) may 


pn i 
F(p) G(p). 


4 
G(p)= (2n)! . 
(p?+n’) 2m 


(3a)! 


(47) 


It is convenient to transform expression (46). To 
this end we use the equality, 
checked by direct calculation, 


} ( pi 2 ps 51.4,m(P/ P) 
a os 01 o+2 oO X\> ’ 
(S)3 p ) ( 0 ) 


m=+i4, (48) 


> 


which can be easily 


where X, is the spinor (1,0,0,0) or (0,1,0,0) according 
to whether we have m=} or m=—3}, respectively. 


Similarly, we have also 


(; )(° 2 ) igs ) 
Re o1——G2 9X, , 
Sr p p 0 
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where X, is the spinor (1,0,0,0) or (0,1,0,0) according 
to whether we have m= —} or m= 3, respectively. 

We now introduce the following notation: given a 
vector q(q1,g2,g3) we shall denote by q’ the vector of 
components (—4q1, —q2, 2q3) and by q” the vector of 
components (gi, —g2,0). We will distinguish with 
similar superscripts the (nonvector) quantities per- 
taining to the case m=-+}, from those pertaining to 
m= +3. 

Taking pare 4 of this notation and using Eqs. 
(27), (47), and (49), the initial-state spinors (46) may 
be siven the form 


Ny’ 1 1 
ui(p)= =— — (: + —y vp) (rp) 
(4x) (p+yy\ | 2m 


XV17273%X1, m=+3, 


N _ 
u(p)=- (1+. i p) (y”’-p) 
(4n)) (pn)? 2m 


Xvrvvev3X1, m=+}3, (51) 


where 


N,?2=3N?%, Ni?=§Nyz, 2=4(2n)"/3m. (52) 


For the description of the final state of the electron, 
the first-order Born approximation [see Eqs. (K.12) 
and (K.13)] will again be used. Hence the matrix 
element (2), which describes an individual transition, 
takes the form (30). Upon introducing into Eq. (30) 
the expressions (50) and (51) for the initial-state 
spinors, two types of matrix elements appear, according 
to whether we consider the case m= +4 or m=+2. In 
the case of m= +4, the matrix element correct to lowest 
order in aZ (the only one we are interested in) is given 
by 

{'=M'+My'+Miy, (53) 
where 
Ny'N* 1 
M,/=———- — = feet 


: er e) 
(4)! (k—x)® 


2m 


Xr’: (kK—«) rivevsX, (54) 
al N,'N.* 
a ——— 


2 (4)! 
aZ NU{N* i 


— —( Koya Sy avevs 11127%), 
2x? (43)! 2m 


(xX XoyaF sy'y 1Y273%1), 


M,,’ =—=——_ (56) 


F and H;,; being defined as in Eqs. (39) and (36). The 
analysis of the order of magnitude of the terms con- 
tained in Eq. (53) is carried out similarly as for the Li 
subshell. In the present case, however, the term Mj,’ 
of Eq. (56) is of first order in aZ and hence negligible. 


Indeed, from Eq. (40) we have to order 1/n 
$A o(it— (57) 


which shows that M,,’ has no zero-order term in a@Z. 


Hj\sy ‘vei = m sya (bisvevs’) — 0, 
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Further, because y’-y 
write 


—yr—y2r+2y/=0, we may 


Fsy’={[—s(it+m) (y’-grad,Ao+2iAo(y’-s) ]. 


With this the matrix element (53) can be put into the 
form 
M'=X,0X,, (58) 


where Q stands for 


N,'N2* 1 [+ 1 
Q=—— oe 


14S -(k—x) +n] 
(43)! | (k—)? ie 


aZ 
XL: (k’— x’) ]4+—[(it+m) (y-grad,’Ao) 
82? 
—2iAos(y:s’) | brn (59) 


The close similarity of the expressions (50) and (51) 
for the initial-state spinors permits a completely 
analogous treatment for the m=+$ case. Thus, the 
matrix element M” will be given by equations similar 
to Eqs. (53)—(56). Also here, on account of the equation 
corresponding to (57) (since again y”:-y=y2—y?=0), 
the term M,,” is of first order in aZ and thus negligible. 
Hence, the matrix element M” may be expressed as in 
Eqs. (58) and (59), where now any quantity q’ has to 
be replaced by q’’. 

The sum >> | M |? occurring in the formula for doy11 
of Eq. (1) may be split into two parts, one containing 
the terms with m= +3, the other containing the terms 
with m=+3: 


> |M!? - |M'|24 M”'?. — (60) 


Given the form (58) in which we have written the 
matrix elements in both cases, as well as the definition 
of the spinors X; and X2, each of the two sums of Eq. 
(60) may be performed using formula (43). 
which appear in both cases are of the 
those for the Ly; subshell. 

The formula we find for the differential cross section 
of the photoeffect from the Zi subshell, correct to 
lowest order in aZ, is 


The traces 


same kind as 


(@—1)! | 1 
—4e(3e—1)— 


Cee ALUE 
(e—1)5| 6! 


dori 


1 1 
+3é(3e—1)—+ 36 (6-32 +2€4+1)— 
Q @° 


1 
re'(e—2 emt). ‘Veda | 2(e+1) -- 


@: 


1 1 
—e(e+1)(3e—1)—+ (2-1) | (61) 
(-)4 (3 
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We get for the total cross section 
_ (é—1) 
oni =$330°Z* yo——} 46 — 62 +5e+3 
(e—1)5 
e—3e+4 
—————- In[e+ (€—1)4]}. (62) 
(e—1)} 


5. DISCUSSION 
A. Differential Cross Sections 


We will discuss in the following the differential cross 
sections (20), (44), (61), and their energy dependence. 
To obtain their form in the low-energy limit we will 
expand these formulas in powers of 8, neglecting order 
6?. Since in this approximation e— 1, we find for the 
Ly subshell 


Zé mc 
dnys®=V208Zr?{ 1-—7— \C - ) 
hv hy 


Xsin*é cos*¢(1+48 cos@)dw. 


) 


(63) 


In the case of the Ly and Ly subshells we get 


doy** = §douryin*, doy1%®= $dousym*®, (64) 


where we have put 


v2 mc- 9/2 
dowry ® =f—o8Z"ho? 
8 hy 


 (1+28 cosé+48 cosé@ sin’6 cos*¢)dw. (65) 

Equations (63) and (65) contain, apart from second- 
order terms in (Ze?/ftv), just the angular distributions 
Schur determined by a direct, nonrelativistic calcu- 
lation” (from the nonrelativistic point of view the Zr 
and Ly subshells cannot be distinguished). It should 
be noted that the ratio (doyN®/doyy8®) =} is equal to 
the ratio of the number of electrons in the subshells 
considered.”" 

In the extreme relativistic limit 8—> 1 (e— «), the 
negative powers of © are rapidly decreasing functions 
of the angle @ and this determines a similar behavior for 
the differential cross sections. Thus, at very high 
energies of the incident photons, practically all the 
photoelectrons are ejected in forward directions. The 
range in which the differential sections are 
appreciably different from zero is more concentrated 
around 6=0, the larger the value of e. In this range one 


cross 





2 Reference 2, Eq. (17). The exact consideration of retardation 
in the calculation of the nonrelativistic matrix elements (reference 
4) is, in fact, meaningless. Indeed, the corrective terms to the 
Schur angular distributions thus found, being of order 8? (or 
hv/me*), lie beyond the limits of validity of the calculation and are 
physically incorrect. 

21 See also M. Phillips, reference 5. 
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can approximate 


1 2é 


— 


@ 1+ee 


Introducing this into Eqs. (20), (44), (61), taking into 
account that 0-?"'= 0(e)-@-?, and retaining only the 
highest powers of ¢, we obtain” 


1 
doyFR = fhdoK®®=fha°Z\,?- 
«6 
X{F(1—mraZ)+2aZG}dw, (66) 
ef eh 
F= 26’ —, C=-—é’ : 
(i+ee)' (1+¢6)7” 
1 16—7eF+ 4 
do y*8 = (—abZ) 07 aA = dw; (67) 
48 (1+ &€@)! 
| 14 86+ 6h 
doy? = ChabZ ore ns dw. (68) 


(i+¢@)$ 


Remark that in this limit all three cross sections are 
independent of the polarization of the absorbed photon. 

We will now discuss the angular dependence of the 
cross sections for the case of unpolarized incident 
radiation. Given the cross section for linearly polarized 
radiation in the form da=[.J,(@)+2/2(@) cos*¢ |dw, the 
cross section for the unpolarized case may be written 
da=J(0)dw, where J=J,+Jo. 

In our approximation the angular distribution J (@) 
of the Ly subshell is the same as for the K shell, van- 
ishing for 6=0, x and presenting a maximum at an 
angle smaller than 7/2. In the nonrelativistic limit, 
Eq. (63) shows that the maximum occurs for 
6m=(4/2)—28. As the photon energy increases, the 
maximum moves towards smaller angles. At very high 
energies it is seen from formulas (66) that @,, is pro- 
portional to 1/«.” 

In the nonrelativistic limit the Ly; and Ly subshells 
have the same angular distribution J(@), yielded by 
Eq. (65): 

J (0)~1+28 cosé+28 cosé@ sin’6. 


This is nearly isotropic; it presents a slight maximum 
for the §-independent angle of 6,,~36°, for which 
J (@m)/J(0)=1+0.168 (and a minimum symmetrically 
situated with respect to 2/2).?4 


At the intermediate energy of sv 0.4, the 


mc? 


22 Concerning G see also the discussion of reference 17, Sec. 2; 


the expression given there in Eq. (7) is equivalent to the one 
given above 
3 Considering only § one finds 0, =1/ev2. See also reference 16, 


Sec. 6 

*4 When also the binding energy / 7, of the electron in the L shell 
is taken into account, the formula of Schur [reference 2. Eq. (17)] 
yields a Om lying between 36° and 2/2, depending on the value of 
the ratio J,/hy». 
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TABLE I. Energy dependence of the relativistic 
L shell total cross sections. * 


hy/me? 
cee | le goattZ® 393.3 99.2 
o11/f¢oa®Z? 409.1 78.75 
o111/f¢oa®Z? 763.8 144 


0.078 
0.020 
0.055 


1.30 
0.56 
1.05 


* See references 29 and 31. 


numerical evaluation of J(@), based on the complete 
formulas (44) and (61), reveals the following situation. 
For both the Ly; and Ly subshells the J; functions 
present a monotonic decrease in the angle @ from their 
maximum for 6=0, whereas the J» functions increase 
from zero for @2=0 to a maximum for @ of about 20°, 
decreasing afterwards. In the case of the Ly; subshell, 
J=J\+J>. results as a monotonically decreasing 
function of 6, beginning from a maximum for @=0. In 
the case of the Ly subshell, the increase of Js com- 
pensates the decrease of J;, so that J increases from a 
minimum for @=0 to a maximum for 6,,™20°, decreasing 
afterwards; one finds J(6,,)/J(O)=1.27, 0,, being much 
smaller than the corresponding angle for the K and Ly 
shells (in Suter’s approximation). 

Passing on to higher energies the general aspect of 
the angular distributions remains unchanged, for the 
Ly as well as for the Ly subshell. Thus, in the extreme 
relativistic limit Eq. (67) yields for the Lyi case a J (6) 
which is a rapidly decreasing function of @, beginning 
from its maximum for 6=0; indeed J(1/e)/J(0)=0.04. 
In the Lin case Eq. (68) yields a J(@) which increases, 
from a maximum?® for 
6, = 0.42/e, to decrease afterwards; one finds J (6,,)/J (0) 


minimum for @=0 to a 


-1.28, 6, being smaller than the corresponding angle 
1.28, 6, being ller tl tl lins gl 
for the K and J, shells (equal to 1/ev2 in the same 
approximation). 


B. Total Cross Sections 


In the nonrelativistic limit our total cross sections 
become, if use is made also of Eq. (64), 


Ze\ men 7? 
inns (“ ) . 
hy hy 


mc" \ 9/2 
16 hy 


These formulas agree to first and zero order, respec- 
tively, with the ones found by Stobbe.”¢ In the extreme 


a'Z > v9 


(69) 


relativistic limit, by keeping only the lowest order in 
25 In contrast to the case of the lower energies, the maximum is 
no longer due to Js, but to J;*(now J=J}). 
26 See reference 1 (Encyclopedia), Eqs. (71.14) and (71.15) 
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TABLE II. Energy dependence of ratios of relativistic 
and nonrelativistic total cross sections.® 


‘ 


NR ; 4 , 1 4 ER 


hv / mc? 
o11/orrt 0.500 0.535 0.546 0.558 0.531 0.366 0.281 
a NR/oy 1 0.95 0.91 0.79 0.54 0.07 0 


ory ®/(ort+e1nr) 1 0.72 0.61 0.38 0.16 0.007 0 


®* See references 30 and 31 


1/e (or mc*/hv) one finds?’ 


19 
(1——raz)ov, 
15 


t7s(aZ)ao, 


(70) 
oye R= c (aZ)*a : ony 
128 
where 


oo= 3a'Z5 oome?/hv. 


(71) 
Equations (70) agree, to the corresponding degree of 
approximation, with the ones obtained by Pratt, by 
another method.”§ 

Table I contains the numerical results calculated for 
the total relativistic cross sections, correct to lowest 
order in aZ,” for different values of the energy of the 
incident photon. In comparison to the nonrelativistic 
formulas (69), the relativistic ones yield a more gradual 
decrease with increasing photon energy. [ As seen from 
Eq. (70), in contradistinction to Eq. (69), for very high 
energies the decline is proportional to mc?/hv.] The 
comparison of the nonrelativistic and_ relativistic 
formulas, in the zero-order approximation, can be 
followed in Table II,® at the same time with the 
variation of the ratio of the relativistic cross sections 
Or and OUIl- 


C. Extrapolation to Large Z and Screening 


The results presented so far should be discussed and 
corrected in two respects. First, since the cross sections 
have been evaluated with Coulomb wave functions 
approximate in aZ their validity should be delimited 
in this direction and the possibility of extrapolation to 
large Z considered. Next, the corrections should be 
examined which stem from the departure (owing to 
screening) of the self-consistent wave functions of the 
photoelectron from the Coulomb form. 

Concerning the magnitude of our cross sections, this 
is correct only for light elements. This can be under- 
stood by noting that the nonrelativistic formulas of 
Stobbe for the total cross sections,?® as well as the 


27 Formulas (70) can be obtained also by direct integration of 
the differential cross sections (66), (67), (68), and by retaining 
again only the lowest order terms in 1/e. 

28 Reference 9, Sec. IV 

1 is calculated with the zero order approximation [putting 
raZ =0 in Eq. (22)] and OIl, CLll with Eqs. (45), (62). 

8° Table II is based on the data of Table I and using the non- 
relativistic formulas (69). For the sake of simplicity we have put 


-— 


f=1 
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extreme relativistic ones of Pratt,28 contain the 
(“Coulomb”) exponential factor exp[aZ(r+2r)/8] 
where —x< r=arctan[ 2kn/(k?—x?—n?) ]<0. Since the 
coefficient (r+2r)/8 of aZ is generally large, the aZ 
expansion of the exponential converges slowly and its 
first terms represent a good approximation only for low 
Z. (In the case of the Ly subshell we have taken into 
account the first two terms, whereas for the Ly and 
Ly cases only the zero-order term.) 

Nevertheless, it may be expected that the angular 
dependence of our differential cross sections as well as 
the energy dependence of our total ones yield good 
approximations even for medium Z.*" If so, one could 
obtain adequate expressions for the cross sections for 
larger Z, by multiplying them with convenient factors 
f(aZ),* which depend on the subshell considered. Thus 
Pratt?® has proposed interpolation formulas for the 
cross sections of the Ly subshell, by combining our 
result Eqs. (20)—(24) with a function f(@Z) which he 
obtained from the study of the extreme relativistic 
limit. In the case of the Ly; and Ly subshells (for which 
the present work has not determined the aZ corrective 
terms to the cross sections), at sufficiently high energies, 
interpolation formulas of the type o;’=Cifi(aZ)o;(¢) 
could tentatively be used; here f;(aZ) should be given 
by Table II of Pratt,?** o;(e) by formula (45) or (62) 
[with ¢=1], and Cy,=128/3(aZ)*, Crr=12/(aZ)*. It 
should be noted however that in the case of the L shell 
the efficiency of any interpolation formulas cannot be 
checked, because there exist no exact numerical com- 
putations for comparison (such as those of Hulme et a/.™ 
for the K shell). 

We will now examine the screening corrections to the 
matrix elements. Pratt?® has suggested that these could 
be obtained multiplying the Coulomb matrix elements 
by a certain constant. We will show in the following 
that this is indeed true for the lowest order approxi- 
mations in @Z. In this case the matrix elements of all 
three subshells are of the form (30), where ™,(p) now 
represents the initial-state spinor of the electron in the 
central self-consistent field of the atom (subscript s has 
been introduced to emphasize this), for which the 
Fourier transform of the potential is denoted by A o(p).*® 

The term Mo of Eq. (30) contains #:,(k—«). For 
functions such as ¥;,(r), the value of the Fourier trans- 
form u;,(p) at point p is determined by the form of 
¥i.(r) over a radial distance in the neighborhood of the 
origin 0<r<3/|p) .** Since in the present case p= k—x, 

31 The results of Tables I and II should then be applicable also 
to medium Z. 

32 In the case of the K shell, the interpolation formulas of this 
type proposed by Hall (reference 1) and by R. H. Pratt [Phys. 
Rev. 117, 1017 (1960), Sec. VI] give satisfactory results. 

% When taking screening into account, f/;(aZ) should be taken 
from Table IV of reference 9. 

* H. Hulme et al., Proc. Roy. Soc. (London) A149, 131 (1935). 

45 The self-consistent field of the initial state is actually slightly 
different from that of the final state Ao(p). 

% To lowest order, the function u,(p) is in fact proportional to 


its large components; these are defined as the product of a spin- 
angle dependent factor 4 multiplied by the Fourier-Bessel 
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the interesting range is 0<r<3o."7 Now, for not too 
large values of Z this range lies well inside the first 
Bohr orbit; in it, the self-consistent potential A o(r) 
practically coincides with the unscreened one generated 
by the nucleus. Then, near the origin, ¥;,(r) is pro- 
portional to the Coulomb function ¥,.(r) for unscreened 
Zz. 

¥1,(r)=¢).(r). (72) 
It follows that u,,(k—%.)=¢!u;.(k—%) and that the 
term Mo of Eq. (30) should be corrected for screening 
by multiplication with ¢. 

M, of Eq. (30) may be written as 


M,= ferme. (73) 


As shown in Secs. 2, 3, and 4, in the Coulomb case the 
leading term of the integral comes, whatever k and x, 
from the contribution of the neighborhood of the origin 
p~0, where «;.(p) is large. The same situation occurs 
also in the screened case.” Then, to obtain the leading 
term of M, we expand ¢(p) near the origin 


Oe 
ux f[ +s ) 
Op; 0 


ay 
+32 pil —_ 


Op:OP; 


) “+: fu (p)d*p. (74) 


The successive terms of Eq. (74) contain the derivatives 
of ¥1,(r) at r=0. Owing to Eq. (72), we can write 


dg OW. 
M~t1(2n)| e(0 (0)+(-7) > ( ) ( ) 
Op; { Ox; ( 
(-—i)? ey OW. 
+- = ( )( - J+] (75) 
2 Opp; Ox,OX; 


Because of the behavior of the Coulomb functions at 
the origin, only the lowest order terms of expansion (75) 
will give a determined contribution to M,. Indeed, as 
we work in the Pauli approximation, the large com- 
ponents being of quantum number /, these will yield a 


transform G(p) of the nonrelativistic radial function [see for 
instance Eqs. (46) and (47)], now of the Hartree type. J. C. 
Slater, Phys. Rev. 42, 33 (1932), has shown that the numerical 
radial functions of Hartree can be well approximated by analytic 
forms R(r)=~ cr"e~*". Now, for such functions it may be shown 
directly that the value of the Fourier-Bessel transform G(p) at p 
is determined by the form of R(r) for 0<r<x/p (or less). 
37 Indeed, with Eq. (4), 


1/|k—«| <1/(k—«)=[14+ (14+2m/x)#]/2m. 


For relativistic x/m it ensues that 1/|k--%! <p. 

38 For all the L subshells the factors ¢ may be taken from 
calculations of M. E. Rose et al.; they are given by H. Brysk and 
M. E. Rose, Revs. Modern Phys. 30, 1169 (1958), Fig. 10 

*® This may be seen by considering the Fourier transforms 
u1,(p) of the screened Slater functions (see reference 36). 





RELATIVISTIC L-SHELL 


nonvanishing and determined contribution only to the 
term containing the derivatives of order /, whereas the 
small components to the term with the (/—1) deriva- 
tives. The two contributions are of the same order of 
magnitude in aZ. The expansion (75) cannot be used 
beyond these terms, since derivatives of higher order 
than the indicated ones do not exist at r=0.” 

Further, ¢(p) and its derivatives at p=0 contain 
A,o(k—x) and its derivatives with respect to x;. Now, 
the value of the Fourier transform A o(k— x) is deter- 
mined by the form of the self-consistent potential 
A,(r) in the range 0<rs3/|k—x«}~3Xo. As in this 
range (for not too big values of Z) screening effects are 
negligible, 49(k—*«) should be taken of Coulomb form. 
Then the square bracket of Eq. (75) represents the 
Coulomb form for M, and it is seen that this should be 
corrected for screening by multiplication with ¢}. 

It follows that, to lowest order in a@Z, all three L 
subshell relativistic cross sections should be corrected 

“In the Coulomb case the square bracket of Eq. (75) repre- 
sents an alternative method for calculating WM. It may be checked 
that it leads to the same results as obtained in Secs. 2, 3, 4. 
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for screening by introducing the ¢ factors.*! As 
regards the effects of screening on the higher order aZ 
approximations of the cross sections (calculated with 
Coulomb functions), these are difficult to estimate; 
nevertheless it appears that the screening procedure 
discussed above should apply to some extent also in 
their case. 

So far no conclusive comparison of the formulas 
obtained in the present work with the existing experi- 
mental results® can be made, since experiments have 
been performed only for heavy elements and mostly at 
low energies; neither have true angular distributions 
been determined as yet for the L shell.” 
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1 The preceding arguments do not apply at nonrelativistic 
energies (see reference 36), where different values must be used 
for ¢. 

42 See however the discussion of reference 9, Sec. IV. 
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Ihe Argonne fast chopper has been used in conjunction with a 3-variable magnetic-tape recording system 
to demonstrate the high efficiency and sensitivity of isotopic identification of neutron resonances by obser- 
vation of capture y rays. A discussion of features of capture spectra which can be useful in isotopic assignment 
is presented as well as results for resonances in natural Cd, Sb, Os, and Pt. The experimental study reported 
emphasizes primarily the observation of coincident y rays as a means of measuring binding energies and 
characteristic low-energy lines of nuclides giving rise to resonant capture. The isotopic assignments include 23 
resonances in Cd between 18 ev and 235 ev, 6 of which were previously unassigned; 20 resonances in Sb 
between 5 and 200 ev; 23 resonances in Os in the region between 6 ev and 61 ev; and two previously unre 
solved resonances at 67 ev assigned to Pt'®5. The data lead to observed level spacings of 33 ev in Cd™', 80 ev 
in Cd", 27 ev in Cd"3, 27 ev in Sb™!, 12 ev in Sb™, and 5.1 ev in Os!®. Strength functions for Cd"! and Cd" 
based on the identifications are in agreement with previous reported values. For Os'®, from transmission 





data previously unreported, the value I’,,°/D= (2.072) X 10~ is obtained. 


I. INTRODUCTION 


N the past a substantial fraction of the time and 
effort of workers in slow-neutron spectroscopy has 

gone into the isotopic identification of the hundreds of 
neutron resonances that have been studied. Generally, 
this identification is done by comparing the results of a 
series of transmission measurements on samples of 
“separated” isotopes of the element.’ Although this ap- 
proach to isotopic identification of resonances is thor- 
oughly tested and reliable, it does have several serious 
defects; it is very time consuming, since the transmis- 
sion of each sample of separated isotope must be 
measured; the samples of separated isotopes are not 
always available ; even when samples are available, they 
are often of such a small size that the identification of 
narrow resonances may be impossible because the trans- 
mission dip is unobservably small. 

In the light of the weaknesses of the transmission 
method, one considers with interest a method that 
shows promise of giving an isotopic identification from 
a relatively short measurement on a single sample of the 
normal element. We refer to the identification of a 
neutron resonance by the observation of a capture 
gamma-ray spectrum that is characteristic of the isotope 
responsible for the resonance. This idea stems from the 
results of the group working with the neutron time-of- 
flight spectrometer at Yale,? who studied the low-energy 
spectra of gamma rays from capture in several reso- 
nances in each of several target nuclides. They found 
that, although the spectra of resonances in a single 
nuclide are not identical, the spectra are qualitatively 
similar in that they all exhibit the same gamma-ray 
lines formed by transitions between the low-energy 
* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 For example, see R. 
Phys. 21, 66 (1960). 

2C. A. Fenstermacher, R. G. Bennett, A. E. Walters, C. K. 
Bockelman, and H. L. Schultz, Phys. Rev. 107, 1650 (1957); J. A. 
ion C. A. Fenstermacher, and H. L. Schultz, ibid. 111, 906 


T. Carpenter and L. M. Bollinger, Nuclear 


states of the compound nucleus. This regularity in the 
spectra implies that an observation of the characteristic 
lines can be used to identify the isotope responsible for a 
resonance. This idea has been used by Bird ef al.3 in a 
study of the resonances of mercury. They found the 
spectra of single gamma rays useful for the identification 
of resonances in the even-odd target nuclides Hg’? and 
Hg” and were able to identify a resonance of Hg” 
which was too narrow to be identified in a series of 
transmission measurements On separated isotopes. How- 
ever, no gamma-ray lines could be resolved in the more 
complex spectra resulting from capture in the even-even 
nuclides. In a further study of the resonances of Hg, 
Carpenter and Bollinger’ showed that the characteristic 
line structure of the spectra could be enhanced by a 
large factor by observing the pulse-height spectra as- 
sociated with coincidence counts in two crystals rather 
than the spectra of single gamma rays. In this way they 
were able to observe a prominent line structure in the 
spectra associated with resonances of the even-even 
target nuclide Hg". 

The experiments reviewed above suggest strongly 
that, as the experimental techniques are advanced still 
further, the observation of neutron-capture gamma-ray 
spectra may replace transmission measurements on 
separated isotopes as the most useful method of isotopic 
assignment of resonances. The experiments described in 
the present paper were undertaken in an effort to help 
realize this objective by using the most advanced 
equipment now available in a study of the resonances of 
cadmium, antimony, osmium, and platinum. These ele- 
ments were chosen for study because they are typical 
cases, in rather different regions of the periodic table, of 
elements with many isotopes, and because the isotopic 
identification of the resonances of some of these isotopes, 
when combined with the results of transmission meas- 


3 J. R. Bird, M. C. Moxon, and F. W. K. Firk, Nuclear Phys. 13, 
525 (1959). 
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urements already on hand, lead to a significant set of 
new resonance parameters. 


II. METHODS OF IDENTIFICATION 


For the capture gamma-ray techniques of isotopic 
identification of resonances to be effective, the measure- 
ments must emphasize features of the spectra that are 
distinctively associated with the various isotopes under 
study. Some nuclear properties one might attempt to 
use are (a) characteristic low-energy gamma-ray lines, 
(b) characteristic high-energy gamma-ray lines, (c) 
neutron binding energy, (d) characteristic lifetimes of 
low-energy states, and (e) gamma-ray multiplicity. In 
the present section, the applicability of these nuclear 
properties to isotopic identification is considered in a 
general way. Discussions of applications to particular 
nuclides are deferred until Sec. IV. 

The usefulness of low-energy capture gamma rays for 
the isotopic identification of neutron resonances has 
already been demonstrated by the experiments cited in 
Sec. I. In our work, several aspects of the technique have 
received further investigation. First, a systematic study 
was made of the relative merits of observing single low- 
energy gamma rays as compared to observing coincident 
gamma rays in the two NalI(TI) scintillators. Single 
gamma rays from resonant capture were detected with 
scintillators having thicknesses of 0.1, 1.0, 10, and 15 
cm. Similarly, coincidence spectra were recorded with 
various combinations of the same crystals. For the 
coincidence measurements, it was immediately apparent 
that the best combination was the two largest crystals 
(1010 cm and 15X20 cm), of which the smaller one 
was used to detect the characteristic low-energy lines. 
On comparing the spectra for this pair of crystals with 
the spectra for the various single crystals, the coinci- 
dence spectra were found, without exception, to give a 
more sensitive indication of the isotope responsible. 
That is, the lower background that results from. the 
coincidence requirement was found to be more advan- 
tageous than the higher counting rate that can be 
achieved with a single crystal. Thus the coincidence 
mode of measurement was used throughout the experi- 
ments described in Sec. IV. 

One might hope to enhance the sensitivity of the 
coincidence measurements by placing restrictive condi- 
tions on the pulse height of one of the scintillators. 
Restrictions of this kind do, of course, tend to result in 
spectra that are more distinctively characteristic of the 
radiating nuclide. However, in general it was found that 
the improvement in the spectral shape is not great 
enough to offset the loss of statistical accuracy which is 
necessary to achieve it. The one condition that is some- 
times worthwhile is to require the pulse in the second 
crystal to be greater than the pulse for an annihilation 
quantum. As shown previously,’ this condition often 
results in a reduction of the relative background from 
annihilation and backscattered quanta without an im- 
portant loss of counting rate. 
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As mentioned in Sec. I, the usefulness of the low- 
energy spectra for isotopic identification depends on a 
strong tendency for the relative intensity for particular 
low-energy lines to be the same at all resonances. This 
regularity is not unexpected, since the low-energy states 
(the decay of which results in the low-energy lines) are 
generally reached from the capture state by way of 
many intermediate states. Thus the low-energy lines are 
related to the average intensity for many primary transi- 
tions. In contrast, the characteristic high-energy gamma 
rays are themselves primary transitions and their in- 
tensities are not expected to exhibit much uniformity. 
Recent measurements at this laboratory‘ and elsewhere 
indicate that the widths for radiative transitions from 
initial states to particular low-lying final states differ 
markedly between different initial states at nearly the 
same energy, even when the initial states are of the same 
spin and parity. Moreover, the high-energy transitions 
may be strongly dependent on the spin and parity of 
the capture state. Therefore, the absence of a high- 
energy line that is characteristic of a particular nuclide 
is not convincing evidence that a resonance should not 
be assigned to that nuclide. We must conclude, then, 
that the high-energy capture gamma-ray spectra are not 
as generally useful for the isotopic identification of 
resonances as are the low-energy spectra. However, the 
fluctuations in the high-energy end of the spectrum, 
which are objectionable for isotopic identification, may 
be used to advantage to improve the effective time-of- 
flight resolution of the measurement. Thus, as is demon- 
strated in Sec. IV, changes in the gamma-ray spectra 
over a single time-of-flight peak may be an indication 
that more than one resonance contributes to the peak. 

Detection of single high-energy y rays is also an 
elementary way of making use of the binding energy for 
isotopic identification. Measurements of this kind have 
given useful results at several laboratories.*'® However, 
the random fluctuations of the partial widths for pri- 
mary transitions and the dependence of the widths on 
the spin and parity of the initial state limit the useful- 
ness of the measurement, since it can only lead with 
certainty to a lower limit on the binding energy. To 
make the most effective use of the binding energy, it is 
desirable to devise a method of measurement that’ 
minimizes the influence of the characteristics of the 
initial state. To some extent this objective is achieved 
by recording the spectra of the sum of heights of coinci- 
dent pulses in two scintillators, in the same way as was 
done by Bollinger and Coté’ for a determination of the 
spins of resonances. From the sum spectra one can de- 
termine the energy of the cascades that proceed in ex- 


4L. M. Bollinger, R. E. Coté, and T. J. Kennett, Phys. Rev. 
Letters 3, 376 (1959). 

5 J. D. Fox, R. L. Zimmerman, D. J. Hughes, H. Palevsky, M. 
K. Brussel, and R. E. Chrien, Phys. Rev. 110, 1472 (1958). 

6C. Corge, V. Hugnh, J. Julien, S. Mirza, F. Netter, and J. 
Simic, Compt. rend. 249, 413 (1959). 

7L. M. Bollinger and R. E. Coté, Bull. Am. Phys. Soc. 5, 294 
(1961). 
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actly two steps from the initial state to some low-energy 
state. One often has enough information about the spins 
and parities of the low-energy states of the compound 
nucleus to relate the upper energy limit of the sum 
spectrum to the binding energy. Indeed, for a large class 
of nuclides the upper limit is the binding energy itself; 
and for another large class the upper limit, although not 
equal to the binding energy, is at least independent of 
the spin of the initial state. Moreover, the relative 
intensities of the two-step cascades are expected to be, 
and for some nuclides have been experimentally demon- 
strated to be, largely free of random fluctuations. Thus, 
the shape of the sum spectrum is relatively insensitive to 
the characteristics of the initial state and for many 
nuclides, as will be seen in Sec. IV, the upper energy 
limit of the spectrum gives a reliable measure of the 
binding energy. 

The utilization of the lifetime of a low-energy isomeric 
state in the compound nucleus, which could be detected 
by observing delayed coincidences in two Nal scintil- 
lators, would appear to be a very sensitive means for the 
isotopic identification of resonances in the few special 
nuclides that form states with lifetimes in the range 
from about 10-5 to 10-8 sec. However, since a systematic 
application of this idea would require equipment that 
was not readily available, no attempt was made to use 
the method. 

The use of the multiplicity of gamma rays as a means 
of isotopic identification is not expected to be very 
profitable. From what little is known about the depend- 
ence of the multiplicity on the nuclear species, it would 
seem that a knowledge of the multiplicity could only be 
used to separate out major classes of isotopes (such as 
even-even ones). What appears in effect to have been a 
measure of the multiplicity has been used by Desjardins‘ 
to give worthwhile information of this kind. However, 
we have made no effort to make use of the method, since 
the same kind of classification of resonances can be 
made so easily on the basis of the neutron binding 
energy. 

Tl. APPARATUS 


As was shown above, the most sensitive methods of 
isotopic assignment are based on the observation of 
capture events in which de-excitation of the compound 
state results in the emission of more than one cascade 
photon, two of which are detected. Such coincident 
events are observed with low detection efficiency be- 
cause of the limited solid angles subtended by the 
detectors. In addition, the distinct features of interest in 
the photon spectra comprise only a small fraction of the 
total amount of data; consequently a large number of 
capture events per resonance must be measured to make 
an identification. In view of the large number of reso- 
nances to be studied in the typical element and in view 
of the limited intensity of the source of radiation, the 
® Scott Desjardins, Columbia University Report CU-189, 1959 
(unpublished). 
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methods outlined are generally attractive only when 
many pulse-height spectra can be accumulated simul- 
taneously over a broad range in time-of-flight. 

In the present work, the simultaneous recording of a 
large number of spectra was achieved by use of a 3- 
variable magnetic-tape recording system developed by 
the Argonne Electronics Division.’ The system consists 
of two major units, a recording station and a search 
station. At the recording station, the three parameters 
characterizing each event are recorded in digital form on 
magnetic tape. At the end of the experiment the tape is 
taken to the search station to be analyzed. The two 
pulse heights and the time-of-flight are encoded as 8-bit 
numbers. The 3X8 bits of each event are recorded on a 
24-track magnetic tape that is 1} in. wide. Thus there 
are (256)' possible combinations or channels available 
in the recorder. The data are recorded with a uniform 
density of 100 events per in., for a total capacity of 
about 4.5 10° events on a 3600-ft tape. The maximum 
rate of recording is 170 events per sec, with a pair- 
resolving time of 300 usec. 

The analysis of the recorded tape yields the spectrum 
of one variable when arbitrary conditions on the other 
two variables are satisfied. Four sets of restrictions can 
be imposed simultaneously, so that four independent 
spectra are obtained in each pass of the tape through the 
search unit. The data are sorted into the four spectra 
and stored in four independent quadrants of a 1024- 
word core memory at the rate of about 10° events per 
minute. At the end of a pass of the tape, the four spectra 
may be viewed on a cathode-ray tube or read out 
simultaneously by a typewriter, a punch paper tape, and 
an x~y recorder at the rate of one spectrum per 5 min. 
The entire system is made of solid-state devices, in- 
cluding 2100 transistors and 3300 diodes. 

The record station was incorporated into the basic 
experimental arrangement as shown schematically in 
Fig. 1. The Argonne fast chopper" was used to select 
neutrons of known energy on the basis of their time of 
flight. The samples consisted of thin plates of the ma- 
terial under study, placed at a large angle with respect 
to the beam in order to be effectively thick to the 
incoming neutron beam and thin for capture photons. 
The sample was placed 25 m from the chopper and the 
over-all time-of-flight resolution varied from 0.08 usec/m 
to 0.06 usec/m, depending on the chopper rotor used. 
Capture photons were observed in a 4 in. x4 in. NaI (TI) 
crystal in coincidence with photons observed in a 6 in. 
X8 in. Nal(Tl) crystal. The amplified scintillation 
pulses were fed directly into gated analog-to-digital con- 
verter sections of the record station. The arrival of a 
time-of-flight signal in the form of an output pulse from 
the coincidence circuit signalled an event to be recorded, 
9M. G. Strauss and C. C. Rockwood, Bull. Am. Phys. Soc. 6, 241 
(1961). 

1 L,. M. Bollinger, R. E. Coté, and G. E. Thomas, Proceedings of 
the Second International Conference on the Peaceful Uses of Atomic 
a Geneva, 1958 (United Nations, Geneva, 1958), Vol. 14, 
p. ‘ 
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Fic. 1. Block diagram of the experimental arrangement. The re- 
solving time of the coincidence circuit was about 80 nsec. 


and the time between the photocell pulse and the 
coincidence signal was registered as the time of flight. 


IV. RESULTS 


In Sec. I] it was shown that three kinds of spectra are 
especially well suited to a systematic use of capture 
gamma rays for the isotopic identification of resonances. 
The three kinds of data are (a) the spectra of single high- 
energy gamma rays (primarily useful for the location of 
resonances), (b) the spectra of low-energy gamma rays 
in coincidence with any specified type of event in a 
second crystal (from which isotopic identification is 
made by observation of characteristic low-energy lines), 
and (c) the spectra of the sum of the heights of coinci- 
dent pulses from two crystals (measures of the binding 
energy). 

The primary objective of this section is to discuss 
isotopic identifications that have been made from these 
kinds of y-ray spectra. However, where necessary to 
complete the discussion, we also present y-ray spectra 
that may be of interest as an indication of nuclear 
structure and some previously unpublished data on 
neutron transmission. Typically, the data presented 
were obtained in runs that were 24 hr long. 


Cadmium 


The prominent low-energy resonances of cadmium 
had previously been isotopically assigned on the basis of 
the results of transmission measurements!''~" on samples 
of “separated” isotopes. More recently, Desjardins* 
used the Nevis time-of-flight spectrometer to study the 
resonances of normal cadmium by means of the self- 
indication method. Because of the high resolution used 
(5 nsec/m), these latter measurements revealed the 
presence of many narrow resonances which had not been 
detected in the earlier work. The purpose of our 
measurements on cadmium was to identify the isotopes 
responsible for these narrow resonances. 


1 R. R. Palmer and L. 

2F, 
(1957). 

3 R. B. Schwartz, V. E. Pilcher, and R. M. Schectman, 
Am. Phys. Soc. 1, 187 (1956). 


M. Bollinger, Phys. Rev. 102, 228 (1956). 
B. Simpson and R. G. Fluharty, Phys. Rev. 105, 616 


Bull. 
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Fic. 2. Time-of-flight spectra for cadmium. For the Columbia 


data, the background counts have been subtracted. 


The time-of-flight spectrum obtained by the Columbia 
group (with a sample in the detector position only) and 
the isotopic assignments obtained from the transmission 
data are shown in Fig. 2(a). In our experiment, a 
spectrum that should be roughly equivalent to Fig. 2(a) 
is one in which we place very loose conditions on the 
pulses accepted for analysis. Figure 2(b) gives a spec- 
trum of this kind. For these data, it is only required that 
there be coincident counts in two scintillators and that 
the sum of the heights of the two pulses be greater than 
0.6 Mev. It should be noted that many of the resonances 
for which it is hoped to obtain an isotopic identification 
are not resolved with the 80 nsec/m resolution used in 
the neutron time-of-flight measurement. In the range of 
energy below that shown in Fig. 2, resonances had pre- 
viously been observed at 0.2, 18.5, 27.7, and 29.1 ev. In 
addition to these, we have detected narrow resonances 
at 22.1 and 58.7 ev which had been missed in the 
transmission measurements. The energies of all of the 
low-energy resonances of cadmium are listed in Table I, 
along with the isotopic assignments from the transmis- 
sion data. For most of the resonances, the energies given 
are those that appear in previous publications. 

As a first step in an attempt to obtain isotopic as- 
signments from the gamma-ray spectra, let us make use 
of the difference in the neutron binding energies to 
separate the even-even from the even-odd targets. For 
cadmium this technique is very effective since the 
binding energies" for the two classes of isotopes (Table 
II) differ by at least 1.5 Mev. When the sum of pulse 
heights is required to be greater than 6.5 Mev, the 
spectrum given in Fig. 2(c) is obtained. The peaks at 
67.8, 89.6, and 120.2 ev, which have been attributed to 





144 Nuclear Data Sheets, National Academy of Sciences, National 
Research Council, 1960 (U. S. Government Printing Office, 
Washington, D. C.). 
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ras.e I. Isotopic assignment of resonances of cadmium. 


Method of assignment 
Charac- 

Binding teristic 

energy y rays 


Isotopic 
assign- 
(ev) ment 


0.2 113 113 113 113 y 
18.5 113 113 113 113 
even even even 
111 111 111 
111 111 
114 114 114 
113 113 113 
112 112 112 
112 112 112 
113 113 113 
111 111 111 
110 110 110 
111 111 111 


Energy 


rransmission 


113 113 113 
114 114 114 
111 111 111 
odd 113 113 
odd 113 113 
111 
113 113 113 
113 113 
111 fit 
\112 \112 


111 111 


even-even target nuclides, are observed to have almost 
disappeared from the spectrum. If the pulse-height 
window is raised still further to the range from 9.3 to 9.5 
Mev, the resonances at 18.5, 64.0, 108.5, and 193.2 ev 
also drop out. This indicates that they must be assigned 
to Cd", which has a lower binding energy than Cd™. 

An alternative, and perhaps more sensitive, way of 
using the sum-coincidence data is to examine the pulse- 
height spectra for fixed intervals of flight time. Spectra 
of this kind are given in Fig. 3 for resonances that are 
known to be in Cd", Cd", Cd™, Cd"™3, and Cd". The 
high-energy limits of these spectra are seen to be quite 
different. Thus, except for the difficulty that we have no 
direct information about the spectra from capture in 
Cd6, Cd’, and Cd"™®, the sum spectra can give an 


TABLE II. Neutron binding energies of the cadmium isotopes. 
The sum-pulse data are normalized to a value of 9.046+0.008 
for Cd", 

3inding energy (Mev) 
Sum-pulse 
spectra 


Nuclear data 
sheets* 


Nucleon 


number 


106 ; +0.1 
108 .25 +0.06 
110 25 +0.15 
111 . +0.08 
112 38 +0.07 
113 9.046+0.008 
114 6.16 +0.04 
116 m~6.2 


6.98+0.1 
9. 46+0.05 
6.55+0.1 


6.16+0.1 


* See reference 14; 
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Fic. 3. Sum-coincidence spectra for various isotopes of cadmium. 
In the spectra for Cd", Cd", and Cd™, the dashed curves indicate 
the magnitude of the contribution from background radiations. 


immediate isotopic assignment for most of the cadmium 
resonances which are resolved in time-of-flight. How- 
ever, when the resonances are not resolved in time-of- 
flight, the sum-coincidence spectra are of limited useful- 
ness because the spectrum of the isotope with the 
highest binding energy tends to obscure the distinctive 
features of the spectra for the other isotopes. For ex- 
ample, with the poor statistics available and in view of 
the known dependence of the shape of the spectra on the 
spin of the initial state,’ one cannot be sure about the 
assignments of the unresolved pair of resonances at 
138.3 and 143.2 ev, although it is certain that at least 
one of them must be attributed to Cd". 

Although it is of secondary importance for this paper, 
it is of interest to inquire whether the sum-coincidence 
spectra give useful information about the neutron bind- 
ing energies of the Cd isotopes. The location of each 
arrow is intended to correspond to the center of the 
distribution that would be formed by events in which 
the full binding energy is dissipated in the crystals. 
Thus, in the case of the even-odd targets, for which we 
are certain that the upper end of the spectrum is domi- 
nated by two-step cascades to the ground state, the 
arrow is seen to be located at the maximum of what 
appears to be a partially resolved peak. The spectrum 
for the resonance in Cd" is also consistent with this 
interpretation. However, the upper limits of the spectra 
of Cd" and Cd'” appear to be significantly different 
from the reported binding energies. Yet from the known 
characteristics of the low-energy states of Cd" (Fig. 4) 
one would expect the high-energy end of the Cd" 
spectrum to be dominated by events in which the full 
binding energy is detected. To check the possibility 
that this expectation failed because the sum spectrum 
for the particular resonance was dominated by a few 
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exceptionally strong cascades, we recorded the spectrum 
of one of the crystals when the sum of the pulse heights 
satisfied the condition that the sum be in a narrow 
interval near the upper energy limit. The fact that the 
spectrum of the single crystal was found to extend 
approximately uniformly over the full range of energy 
less than the binding energy indicates that many 
transitions are involved in the formation of the upper 
energy limit. Thus the upper limit of the spectrum for 
Cd" should give a valid measure of the binding energy. 
The result obtained is 6.98+-0.1 Mev, where the error 
given is in the nature of a limit of uncertainty. This 
result appears to be almost inconsistent with the previ- 
ously reported value of 7.25+0.15 Mev." In a similar 
way one can show that the upper energy limit of all of 
the spectra of Fig. 3 would be expected to give a direct 
measure of the binding energy for the isotope involved. 
The results obtained under this assumption are given in 
Table II. For all of the even-even isotopes, the errors 
given are merely estimates of limits of uncertainty. For 
Cd", on the other hand, our greater knowledge about 
the nature of the spectrum made it worthwhile to obtain 
a standard statistical error by a least-squares compari- 
son of the data for Cd'™ and Cd'’. The apparent dis- 
crepancy between the two values of binding energy for 
Cd'” is even more significant than is the corresponding 
discrepancy for Cd", since there is no way in which the 
pulse-height spectra can have a limit that is greater than 
the binding energy. 

Turning now to a consideration of the use of charac- 
teristic low-energy gamma rays for isotopic identifica- 
tion, let us examine the spectra for the various isotopes 
of cadmium. These spectra, which are given in Fig. 4, 
are distinctive enough to provide a sensitive means of 
identification. Aside from the problem of statistical 
fluctuations, the only uncertainty involved is the pos- 
sibility that the spectra for capture in Cd!*, Cd!°8, and 
Cd"'6, about which little is known, could be similar to 
the spectra for one of the other even-even targets. Note 
that almost all of the strong gamma-ray lines in the 
spectra of Fig. 4 appear to be the same as the transitions 
observed in beta decay. 

The power of the gamma-ray spectra for the isotopic 
assignment of the cadmium resonances is graphically 
demonstrated by the ease with which one can identify 
the four resonances that contribute to the unresolved 
time-of-flight peak around 85 ev. The spectra corre- 
sponding to four time-of-flight intervals within this 
peak are shown in Fig. 5. One sees that the spectra are 
all different and a qualitative comparison with the 
spectra of Fig. 4 shows immediately that the resonances 
at 83.4, 84.9, 86.3, and 89.6 ev should be attributed to 
Cd'", Cd', Cd", and Cd", respectively. These and the 


Ma Nole added in proof. A more recent value of 6.97+0.19 Mev 
which is in excellent agreement with the above result is given by 
L. A. Koenig, J. H. FE. Mattauch, and A. H. Wapstra, 1960 Nuclear 
Data Tables, Part IT (U.S. Government Printing Office, Washing 
ton 25, D. C.). 
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Fic. 4. Characteristic low-energy spectra of the cadmium iso- 
topes. Spectra (a), (b), (c), (d), and (e) are for capture in Cd" 
Cd™, Cd", Cd"™3, and Cd", respectively. The decay schemes 
given on the right of the figure are taken from the Nuclear Data 
Sheets (reference 14). The energies associated with the y-ray lines 
are taken from the decay scheme when the line is present there. 
States with long lives are indicated in the level schemes by heavy 
lines. The line at 511 kev present in all spectra is due to annihila- 
tion radiation. 


other assignments that are made from the observation 
of characteristic gamma rays are listed in Table I. 
A special measurement was required for the identifica- 
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Fic. 5. Gamma-ray spectra from capture of neutrons in cad- 
mium resonances. Curves (a), (b), (c), and (d) were obtained 
when the time-of-flight was required to be in an interval around 
the resonances at 89.6, 86.3, 84.9, and 83.4 ev, respectively. The 

-ray lines that are labeled are the lines that permit one to assign 
thems resonances to the isotopes given on the figure. 


tion of the resonance at 29.3 ev, a resonance which was 
normally obscured by the much more prominent one at 
27.7 ev. A definite assignment could be made only when 
the relative contribution from the 27.7 ev resonance was 
diminished by passing the neutron beam through a 
cadmium filter ;%; in. thick. 

The final isotopic assignments of the cadmium reso- 
nances, as determined from both the transmission and 
gamma-ray measurements, is given in the last column of 
Table I. Several weak resonances require individual 
comment. Our failure to observe a 620-kev line in the 
spectra for the two peaks near 67 ev leads us to support 
the assignments of Simpson ef al. and to conclude that 
the 66.8-ev resonance listed for Cd™ in BNL-325 (see 
reference 17) does not exist. At higher energy, we do not 
accept the evidence from the transmission measure- 
ments of Simpson for the assignment of a resonance near 
232 ev to Cd". From the gamma-ray spectra it is now 
clear that this resonance would have to be the very 
narrow one observed by the Columbia group at 231.0 ev. 
Thus, in view of the failure of the transmission measure- 
ments to give a complete assignment for the much 
simpler case of the pair of levels at 159 and 165 ev, the 
evidence for a resonance in Cd" near 232 ev is felt to be 
unconvincing. Finally, the Columbia data suggest the 
presence of small resonances at 111 ev, 116 ev, and 141 
ev, although the evidence for their existence is tenuous. 
Since there seems to be some possibility that the small 
peaks observed could result from neutron scattering of 
the kind discussed by Kennett et al.,® we have omitted 
these resonances from our tabulation. 


4% T. J. Kennett and L. 
(1959). 


M. Bollinger, Nuclear Phys. 12, 249 
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Antimony 


The most recent previous study of resonances in 
antimony was made in 1956 by Palmer and Bollinger." 
Because of the limited resolution available at that time 
(120 nsec/m), they were not able to resolve the reso- 
nance structure above 100 ev. Isotopic identification 
was accomplished by comparison of transmission data 
on a normal sample with data obtained with a sample 
enriched in Sb”. In the present experiment the observa- 
tion of characteristic low-energy gamma rays was used 
exclusively in making assignments. Because the avail- 
able information concerning the level structure of Sb’ 
and Sb™ is so meager, it was necessary to determine the 
characteristics of the coincidence spectra entirely from 
neutron capture in resonances which had previously 
been assigned to Sb™! and Sb", the resonances at 6.2 
and 21.6 ev, respectively. The spectra are shown in 
Fig. 6. The energies of the most prominent gamma-ray 
lines are given on the figure. It is clear that capture in 
the two isotopes produces gamma-ray spectra that are 
sufficiently different to be useful for isotopic identifica- 
tion. The spectrum for the 6.2-ev resonance is similar to 
that observed by Draper'® for the capture of thermal 
neutrons in normal antimony, although the energies of 
the lines differ somewhat. 

The intensity of the 80-kev line associated with Sb™ 
and the 90-kev line associated with Sb"* was observed 
to fluctuate greatly from resonance to resonance. This 
fluctuation is consistent with the expectation that these 
lines should be strongly absorbed in the target and hence 
that their intensity should be dependent on the parame- 
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Fic. 6. Gamma- 
ray spectra from cap- 
ture of neutrons in 
resonances of anti- 
mony. 
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16 J. E. Draper, Phys. Rev. 114, 268 (1959). 
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TABLE IIT. Isotopic assignment of resonances of antimony. 


Method of assignment 

Charac- 
teristic 
¥ rays 


121 
121 
123 
121 
123 
123 
121 
121 
121 
123 
121 
123 
121 
121 
121 
121 121 
121 121 
121 121 
121 121 
123 123 


Isotopic 
assign- 
ment 


121 
121 
123 
121 
123 
123 
121 
121 
121 
123 
121 
123 
121 
121 
121 


cnergy 
Transmission 
121 
121 
123 
121 





123 
121 
121 
121 
123 
121 
123 
121 


unresolved 


tn tn te SID Unio 


unresolved 


unresolved 


123 





ters of the resonances. Because of this effect, for the 
sample used (3.8X 10° atoms/cm?) the 80- and 90-kev 
lines were not very useful for isotopic identification. 
However, the line at 120 kev and the pair at 145+5 and 
170+5 kev proved reliable indications of capture in 
Sb™ and Sb™, respectively. 

Because of our inadequate information about the 
cross sections of normal antimony, a special run was 
made to locate the resonances by making the measure- 
ments on antimony with the high-resolution rotor II in 
the chopper.” The resolution width of the system was 
about 60 nsec/m. The resonances observed and their 
isotopic assignments are given in Table III. Although 
we are confident that the assignments given in Table III 
are correct, we cannot be sure that some narrow 
resonances have not been missed in the region above 
about 100 ev. Unlike the spectra from neutron capture 
in nuclides of cadmium, the spectra from capture in the 
isotopes of antimony are not distinctive enough to 
provide a sensitive indication of capture. 


Osmium 


In the absence of separated isotopes of osmium, no 
prior attempt had been made to identify its resonances. 
Moreover, the available cross section data for the ele- 
ment are unusually incomplete, being limited to unpub- 
lished results of transmission measurements!’ made 
with the Brookhaven fast chopper. As a result, it seems 
worthwhile to present some transmission data obtained 
with the Argonne fast chopper in an experiment in 
which the shape of the 6.7-ev resonance of Os'*® was the 


7 Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 (U. 
S. Government Printing Office, Washington, D. C., 1960), Suppl. 
No. 1. 
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primary point of interest.!* The measurements were 
made in the energy range from 4 to 40 ev with a resolu- 
tion width of 35 nsec/m. The sample was osmium metal 
with a thickness of 0.00025 X 10"! atoms/cm?. The ener- 
gies of the resonances observed are shown in Table IV. 

An isotopic identification of the resonances of Os 
was attempted by an observation of the low-energy 
gamma rays. The spectra of the compound nuclides of 
even A, which lie in a nonspherical region, show strong 
transitions characteristic of a ground-state rotational 
band. Transitions from*the first-excited states of Os!** 
and Os! at 155 and 187 kev, respectively, are particu- 
larly strong and provide a sensitive means of detecting 
capture in Os'*? and Os'**. In addition to these lines, 
weaker lines were observed at 478+ 20 and 633415 kev 
for capture in Os!'*’? and at 370+5 and 558+15 kev for 
capture in Os!**, These energies are in good agreement 
with the energies of lines observed in the spectra’ from 
beta decay. In contrast to the clear-cut spectra observed 
for the compound nuclides of even A, both the predic- 
tions of the collective model of nuclear excitation and 
the experimental results indicate that the nuclides of 
odd A would be expected to have level structure of much 
greater complexity. As a result, for only one of the five 
resonances detected in the even nuclides was the energy 
resolution width of the NaI(T]) scintillator small enough 
to permit observation of line structure ; hence no isotopic 


TABLE IV. Isotopic assignment of resonances of osmium. 
Relative intensity 
of 187-kev line 

in Os!89 


1.10. 
0.99 


Eo Isotopic 
(ev) assignment 


6.71+0.018 
8.96+0.02% 
9.5 +0.5> 
10.30+0.05* 189 
11.8 +0.2> even-even 
12.6\* ! 187 
12.6 even-even 
13.8 +0.2> 189 
18.7 +0.1° 189 
20.4 +0.3» even-even 
22.0 +0.1* 189 
22.3 +0.2° even-even 
27.4 +0.1° 189 
28.3 +0.1% 189 
30.8 +0.4> 189 
38.7 +0.5¢ even-even 
41 +0: 187 
43.5 +0. 189 
44.5 +0. even-even see 
47.5 +0. 187 see 
50.8 +0.! 189 0.94 
5 189 1.01 


56.0 +0.5 
61.0 +0.5> 189 0.93 


189 
189 
187 


1.08 


0.93 
1.04 
1.06 
0.95 


sn 


mann 


® Resonance energy determined from transmission measurement reported 
herein, 

b Resonance energy 
spectra 

© Taken from Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 (U.S. Govern- 
ment Printing Office, Washington, D. C., 1955). 


determined from measurements of capture y-ray 


18H. E. Jackson, L. M. Bollinger, and R. E. Coté, Bull. Am. 
Phys. Soc. 5, 295 (1960). 
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V. Resonance parameters of osmium. 


Resonance ‘ eT,” 


energy Isotope (mev) 


r, 
3 0.624002 81545 
10 1.74+0.16 99 +10 
102+10 0.64+0.07 97 +10 


two unresolved resonances 


6.71+0.01 189 S4+ 
+0.02 189 110+ 
+().05 189 
187, — 
+0.1 189 see 1.2 
+0.1 189 
+0.2 even-even 
+0.1 189 
+0.1 189 


+0).2 
0.92+0.15 


0.68+0.07 
1.40+0.10 


identification could be made. In the one case in which 
line structure was observed (the spectrum for the reso- 
nance at 11.9 ev) a single line was observed at 32045 
kev. However, not enough is known about the level 
schemes of the osmium isotopes to permit the use of this 
line for isotopic identification. 

Because of the high density of resonances in osmium, 
the range of measurements was limited to the region 
below 61 ev. The resonances observed in the y-ray 
measurements are given in Table IV. The high efficiency 
of the gamma-ray technique for observing small reso- 
nances is demonstrated by the detection of resonances 
at 9.5, 11.8, 13.8, and 20.4 ev, resonances which had 
been missed in the transmission data. It should be noted 
that the time-of-flight resolution width used to obtain 
both the transmission data and the gamma-ray data 
were wide enough that many of the resonances present 
above about 40 ev probably have not been detected. 
The isotopic assignments obtained from the observation 
of characteristic low-energy gamma rays are given in the 
second column of Table IV. 

As was pointed out in Sec. II, the observation of 
characteristic low-energy lines is a reliable technique 
only in the absence of large fluctuations of their relative 
intensity from resonance to resonance. The target 
nuclide Os'*® provides an excellent case in which to 
obtain a quantitative measure of the magnitude of such 
fluctuations, since ten resonances of Os'®® were suffi- 
ciently well resolved to make it possible to deduce the 
relative intensity of the 187-kev line. If the total 


number of coincident events is assumed to be propor- 
tional to the rate of capture, the relative intensity of the 
187-kev line is equal to the area (corrected for back- 
ground) of the line divided by the total number of 


coincidences. For the latter quantity, the relatively 
unimportant background counting rate is assumed to be 
the same as that observed in off-resonance regions of 
energy. Under these assumptions we determined the 
intensities with an uncertainty of roughly +5%. The 
relative intensities of the 187-kev gamma ray for the 
various resonances in Os!* are listed in the last column 
of Table IV. It is observed that not one of the values 
deviates from the mean value by more than 10%. This 
high degree of uniformity may be used to establish the 


AND 


L. M. BOLLINGER 
presence of two or more unresolved resonances in a 
single time-of-flight peak. For example, on the high- 
energy side of the time-of-flight peak observed at about 
22 ev, the observation that the relative intensity of the 
187-kev line drops by about 40% demonstrates the 
presence of at least one resonance in addition to the one 
which must be assigned to Os'*®. 

On the basis of isotopic identifications of Table IV, 
our transmission data may now be used to obtain reso- 
nance parameters. The results obtained are given in 


Table V. 
Platinum 


In contrast to our finding for Os'®®, Bird and Waters'® 
have reported large fluctuations in the combined in- 
tensities of the 354- and 331-kev lines resulting from 
resonant capture in Pt'®; the relative intensities meas- 
ured at the various resonances are reported to range 
from 0.5 to 1.7. Because these lines represent transitions 
from the second to the first excited state and from the 
first excited state to the ground state, transitions of the 
same character as that observed in Os™, their relative 
intensities might have been expected to exhibit a com- 
parable degree of uniformity. To check on the apparent 
contradiction, we have studied the Pt'® resonances in 
the energy range from 60 to 160 ev. This range includes 
resonances at 112, 120, 140, 151, and 155 ev that are 
known* to be in Pt'®. In addition, there is an unresolved 
pair’ of resonances at 66.9 and 67.4 ev, at least one of 
which is known" to be in Pt'®®. The relative intensities 
of the pair of gamma-ray lines observed by Bird and 
Waters!® was measured at the five time-of-flight peaks 
formed by these resonances, namely, the peaks formed 
by the 112-, 120-, and 140-ev resonances and by the 
unresolved pairs of resonances at about 67 ev and 153 
ev. All values of the relative intensities were found 
to be the same within 10%. Since the experimental 
uncertainty was also 5 or 10%, there is no experimental 
evidence for any fluctuation in the relative intensity. 
Thus our result is in sharp contradiction to that of 
reference 19. 

If our finding of uniformity in the relative intensity of 
the low-energy lines formed by capture in resonance of 
Pt'® is accepted, we may use the value of the relative 
intensity to give information about the unresolved pair 
of resonances at 66.9 and 67.4 ev. The experimental 
value of 1.0-+0.1 for the relative intensity for the pair of 
y-ray lines at 354 and 331 kev shows that most of the 
capture in these resonances is in the isotope Pt”. Two 
possibilities are consistent with this statement: Both 
resonances are in Pt!® or, if only one is in 195, the other 
does not capture much. To make a choice between these 
alternatives, one may make use of the marked differ- 
ences, from resonance to resonance, in the intensity of 


19 J. R. Bird and J. R. Waters, Nuclear Phys. 14, 212 (1959). 

LL. M. Bollinger, R. T. Carpenter, R. E. Coté, and G. E. 
Thomas, Argonne National Laboratory Report ANL-6072, 1959 
(unpublished), p. 4. 





ISOTOPIC IDENTIFICATION 
TABLE VI. Average level spacings for isotopes of cadmium, 
antimony, and osmium. 


S Number 
(ev) of levels 


Isotope 


2(27+1)8 


132 +40 
16073%° 
7 108 +28 
3 144 +36 
46477) 

40.8+9.6 


Cam 
Ca 
Cas 
Sb!2! 
Sb23 


Os}89 


+10 


= 
4 


bajeo bola BIG bo 


the high-energy gamma rays for resonances of a given 
nuclide. In another experiment performed at this labo- 
ratory, the spectra for single high-energy gamma rays 
were recorded for all time-of-flight channels in the 
neighborhood of the pair of resonances under discus- 
sion.” It was observed that the relative intensity of 
gamma rays in the range from 7 to 8 Mev is about four 
times as great for the time channel about half-way up 
the high-energy side of the time-of-flight peak as is 
the same intensity for the corresponding time channel 
on the low-energy side of the peak. This great difference 
implies that both resonances play an important role in 
the capture. Thus both resonances must be assigned 
to Pt'™. 


V. AVERAGE VALUES OF RESONANCE 
PARAMETERS 


The data of Tables I, III, and IV have been used to 
calculate mean values for the spacings of resonances in 
Cd™, Cd", Cd™, Sb”, Sb’, and Os!®*. The results 
obtained are given in Table VI. The value given for the 
average observed spacing S is simply the mean for the 
sample. In the calculation of the uncertainties as- 
sociated with these values, the spacings for states of a 
given spin and parity were assumed to be distributed 
according to the Wigner distribution 

p(x)= 42x exp(— 4x’), 
where x is the ratio of an individual spacing to the mean 
spacing. The distribution of spacings for target nuclides 
of odd A is a superposition of the two Wigner distribu- 
tions corresponding to the two possible values of angular 
momentum for the compound state. Under these as- 
sumptions, one may deduce the distribution law for the 
mean spacing and from this distribution calculate confi- 
dence limits for the true mean spacing. The limits given 
in Table VI specify the range of values of S within which 
the true value lies with a probability of 0.683. No at- 
tempt was made to correct the data for the possible 
presence of p-wave resonances. However, the number of 
p-wave resonances detected is believed to be small be- 
cause (1) the nuclides under study are sufficiently far 


21. M. Bollinger, R. E. 
Marion (to be published). 
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from the peak in the p-wave strength function near 
A=90, and (2) the energy region has been restricted to 
the range from 0 to 200 ev. Also given in Table V are 
values of 2(27+1)S, a quantity which is independent of 
the spin J of the initial state if, as expected, the density 
of states is proportional to (2/+1). The factor 2 is 
introduced to obtain a quantity that will be equal to the 
spacing of states with J=0 for even-even compound 
nuclides. In general, the results of Table VI tend to be 
somewhat smaller than the values that have appeared 
previously in the literature, a not unexpected effect in 
view of our detection and identification of narrow 
resonances which had previously been missed. 

The data presented in Sec. IV may also be used to 
obtain values of strength functions for the target 
nuclides Cd™, Cd", and Os'’*. For the cadmium 
nuclides we make use of the parameters of Simpson and 
Fluharty” for resonances at energies less than 70 ev and 
the parameters of Desjardins* for parameters of reso- 
nances at energies greater than 70 ev. As is customary, 


the strength function I’,.°/D was calculated as the ratio 
r,.”/2S, where f° and S are the sample means of the 
reduced width and the observed level spacing, respec- 
tively. The results obtained are (0.267333) 10 and 
(0.397) X 10-4 for the strength functions of Cd" and 
Cd"5, respectively. Again the uncertainties given are 
the limits within which the true value is expected to 
fall with 0.683 probability, as determined from the 
number of resonances involved. For this calculation 
assumed that the reduced widths obey the 
Porter-Thomas distribution. Our values of [,°/D for 
Cd™ and Cd" do not differ significantly from those 


MH is 


obtained previously by Simpson and Fluharty,” since 
the reduced widths of most of the resonances identified 
in the present study are too small to have much in- 
fluence. However, the uncertainties associated with our 
values should be more realistic, partly because of a more 
accurate knowledge of the number of resonances in- 
volved and partly because we now have a better ap- 
preciation of the importance of taking into account the 
great fluctuations that are characteristic of the Porter- 
Thomas distribution. 

In the absence of separated isotopes of osmium, no 
previous measurement of the strength function of an 
individual isotope has been reported. Using the reso- 
nance parameters listed in Table V, we proceed to obtain 
a value of [,.°/D for Os'®* in the same way that was 
described above for the isotopes of cadmium. The result 
obtained is (2.0°7'5)X10-. This result is consistent 
with the previously published value of 1.9X 10~ for the 
average strength function of the normal element, a 
value which was determined by Hughes ef al.” from an 
average cross-section measurement. 


2D. J. Hughes, R. L. Zimmerman, and R. 
Rev. Letters 1, 461 (1958). 


E. Chrien, Phys. 
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VI. CONCLUSIONS 


The measurement of average values of resonance 
parameters such as mean level spacings and strength 
functions is one of the central problems of slow-neutron 
spectroscopy. To date the statistical significance of such 
results has been limited by the intensity and resolution 
of neutron spectrometers. Consequently, quantitative 
studies of the systematics of level spacings, particularly 
the presence of shell effects and local fluctuations, have 
been seriously limited. The accuracy with which strength 
functions are known also leaves much to be desired. The 
greatly improved resolution that is now becoming avail- 
able with pulsed accelerators provides a means of 
obtaining more refined results by determining parame- 
ters for a much greater number of resonances in those 
cases in which the isotopic assignments are known. 
However, because of the large samples required for 
study by the accelerators, transmission measurements 
on separated isotopes will not be generally useful. There- 
fore, the demonstration in the present paper of the 
power of gamma-ray measurements for isotopic identi- 
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fication is currently of special interest since it is ex- 
pected that the pulsed accelerators will be able to make 
effective use of the techniques described. It is well to 
keep in mind, however, the weaknesses as well as the 
strengths of the gamma-ray methods. On the basis of the 
experiments described above, we draw the following 
conclusions about the effectiveness of the methods: (1) 
the gamma-ray method is much faster and more sensi- 
tive than is the transmission method for most of the 
even-odd target nuclides, (2) it is a competitive tech- 
nique for other nuclides if the spacings between low- 
lying levels of the compound nucleus are sufficiently 
large or if the binding energies of the several isotopes are 
sufficiently different, and (3) it is inferior to the trans- 
mission method when the low-energy levels of the 
compound nuclides are too close together and when, 
simultaneously, the binding energies of the various iso- 
topes are not sufficiently different. Also, even when the 


nuclear characteristics are favorable for isotopic identi- 


fication, ignorance about these characteristics may make 
it difficult to utilize the y-ray data. 
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T(d,n)He‘* Reaction as a Source of Polarized Neutrons* 
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The polarization of neutrons from the source reaction T (d,n)He* has been measured at laboratory angles 
of 30° and 90° over the range of deuteron energy Ea, from 0.1 to 7.7 Mev. In addition, at Ez=5 Mev an 
angular distribution of the polarization was measured. The polarization, which is small at low energies, 
at Eg=7.7 Mev attains values of +0.64 and —0.52 at 30° and 90°, respectively. The Basel sign convention 
is used. The polarization was analyzed by means of a liquid helium scintillator used in coincidence with a 


plastic scintillator. 


HE T(d,n)He‘ reaction is a primary source of 

neutrons with energies in the range 12 to 30 Mev. 
The neutron yield is known! for deuteron energies up 
to 11.5 Mev which corresponds to a neutron energy of 
29 Mev in the forward direction. This paper will give 
experimental results for deuteron energies up to 7.7 Mev 
which show that these neutrons are highly polarized 
at certain angles. From the work of Levintov, Miller, 
and Shamshev? at relatively low deuteron energy 
(£a=1.8 Mev) it is known that the magnitude of the 
neutron polarization may take values of 0.12 at certain 
angles. At deuteron energies near 7 Mev the value of 
the polarization is found to be many times larger. 

The experimental geometry will be described briefly 
as follows. Deuterons from the large Los Alamos Van 
de Graaff enter a 1 cm long target of tritium gas 
maintained at a pressure of 60 psi absolute. The 
neutrons emitted at angle 6, (lab system) impinge on a 
liquid helium scintillator’ at a distance R,=27.3 in. 
Neutrons scattered from the helium at an analyzing 
angle 62 (lab system) are detected in a plastic scintillator 
at a distance R.=7 in. from the helium vessel. Scat- 
tering events are recorded as fast coincidences between 
the helium and plastic scintillations. The helium vessel 
is a cylinder of 2.8 in. inside diameter by 3 in. high 
with vertical axis, while the plastic scintillator is a 
cylinder 2 in. in diameter by 2 in. long with horizontal 
axis. Brass cones 12 in. long are used to shield the 
plastic scintillators from the direct neutron flux. 

The polarization of the neutrons from the reaction is 
called P;(@,) and is reckoned positive in the direction 
of the normal to the plane of the scattering, (kaXk,.) 

kaXk,,|. The vectors kg and k, represent the momenta 
of the incoming deuterons and outgoing neutrons, 
respectively. The value of P; is measured by a left-right 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 


1M. D. Goldberg and J. M. LeBlanc, Phys. Rev. 122, 164 
(1961); S. J. Bame, Jr. and J. E. Perry, Jr., ibid. 107, 1616 
1957); J. E. Brolley, Jr. and J. L. Fowler in Fast Neutron Physics, 
edited by J. B. Marion and J. L. Fowler (Interscience Publishers, 
Inc., New York, 1960). 

27. I. Levintov, A. V. Miller, and V. N. Shamshev, J. Exptl. 
Theoret. Phys. (USSR) 34, 1030 (1958) [translation: Soviet 
Phys.—JETP 7, 712 (1958) ]. 

>R.B. Perkins and J. E. Simmons, Bull. Am. Phys. Soc. 6, 368 
(1961); a more complete report on the liquid helium scintillation 
polarimeter is being prepared for publication. 


asymmetry measurement’ in the scattering from helium, 
e= (L—R)/(L+R)=—P,(61)P2(2). The minus sign 
comes in owing to the fact that kgXk,, points downward 
for the conditions of this experiment. The quantity 
P.(62) is the polarization function (or analyzing power) 
in the helium scattering. The left and right scattering 
intensities were obtained by counter rotation. For @) a 
value of 120° was used for all cases reported here. The 
zero of 62 was determined by the attenuation of 1.2 Mev 
neutrons through the liquid helium volume and by 
geometrical measurements. The value of 4 is estimated 
to be accurate to +0.4°. 

The results of the polarization measurements to- 
gether with other pertinent quantities are given in 
Table I. The measured asymmetry e can be regarded 
as a lower limit on the magnitude of P,, since | P2| <1. 
The errors quoted for the measured values of e are 
standard deviations, including statistical and recognized 


TABLE I. Polarization of neutrons from the T(d,n) 


reaction and related parameters. 


6; En 
leg) (Mev) 


E. 
(Mev) 
0.82 
0.78 
0.82 
0.76 
0.81 
0.75 
0.81 
0.71 
0.73 
0.75 
0.77 
0.79 
0.80 
0.82 
0.82 
0.70 
0.80 
0.66 
0.79 
0.63 
0.79 


0.82 
0.80 
0.83 
0.77 
0.82 
0.75 
0.82 
0.71 
0.73 
0.75 
0.78 
0.80 
0.82 
0.83 
0.83 
0.70 
0.81 
0.67 
0.80 
0.65 
0.80 


0.02 
0.02 
0.02 
0.02 
0.02 
0.03 
0.03 
0.02 
0.02 
0.02 
0.02 
0.03 
0.03 
0.03 
0.02 
0.03 
0.03 
0.03 
0.03 
0.03 
0.03 


0.14 30 
1.80+0.13 30 
1.80+0.13 90 
3.00+0.09 30 
3.00+0.09 90 
4.00+0.07 30 
4.00+0.07 90 
5.00+0.06 15 
5.00+0.06 30 
5.00+0.06 
5.00+0.06 
5.00+0.06 
5.00+0.06. 
5.00+0.06 
5.00+0.06 
6.00+0.05 
6.00+0.05 
7.00+0.04 
7.00+0.04 
7.70+0.04 
70+0.04 


+0.06 
—0.21 
+0.11 
—0.33 
+0.12 
+0.26 
+0.15 
—0.13 
—0.43 
—0.43 
—0.37 
—0.32 
+0.31 
—0.54 
+0.59 
—0.51 
+0.64 
—0.52 


® Taken at an energy corresponding to the peak of a yield curve for 
»w-energy deuterons entering the gas target. 
b Average of Ps over the experimental geometrical resolution function, 
© Py = —(e/P2). 
4 The sign conventions and definitions of L. Wolfenstein will be 
used as given in Ann. Rev. Nuclear Sci. 6, 43 (1956). 
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systematic errors. Corrections amounting to 0.02 maxi- 
mum have been subtracted from the experimental 
values of e due to lack of concentricity of the axis of 
the helium vessel with the axis of rotation of #2, and to 
flux anisotropy effects. Corrections arising from multiple 
scattering of the neutrons in the liquid helium have not 
been included in the calculation of e or its errors. 
Insertion of this effect in the analysis could increase 
the magnitude of e by as much as 10%. 

The last three columns of Table I are concerned with 
obtaining an estimate of P;. Suitable phase-shift 
analyses for n-He* scattering in this energy range do 
not exist owing to lack of data. Therefore, the nuclear 
phase shifts for proton-helium scattering given by 
Gammel and Thaler® were used to calculate Ps as 
listed in Table I. Interpolations for the various incident 
neutron energies were made graphically. Averages of 
P2(@2) over the angular resolution of the analyzing 
geometry, yielded values of P:, which have been used 
to calculate P, listed in the last column. No error has 
been assigned to P; because of the unknown applica- 
bility of the p-He* phase shifts to the present data. 

Figure 1 shows an angular distribution P,(0,) at 
Ea=5 Mev. The filled-in symbols represent lower limits 
for the polarization, P;=—e. The errors indicated are 
those associated with e. The open symbols are the 
values of P, listed in the last column of Table I. The 
polarization shows a positive maximum at 30° and a 
negative maximum at 90°; these angles were chosen 
for subsequent excitation function studies. 

Figure 2 gives the values of P; as a function of Fa 
for energies up to 7.7 Mev at the angles 6,= 30°(circles) 
and 90°(squares). The open and filled-in symbols have 
the same significance as in Fig. 1. At Fg=0.1 Mev, 
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Fic. 1. Neutron polarization P; as function of 6, the laboratory 
ission angle, at Eg=5 Mev. Filled-in circles represent 
circles are values, P;= —e/Po, 
the p-He* phase shifts of reference 5. 
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NEUTRON 
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DEUTERON ENERGY (MEV) 

Fic. 2. Neutron polarization P; as function of Ey. . Circles 
represent values at 6,=30°(lab) and squares are values for 
6,=90°(lab). The filled-in and open symbols have the same 
significance as in Fig. 1. 


the results are consistent with zero polarization at 
6,= 30°, which agrees with the work of Pasma.® At 
Ea=1.8 Mev and @,=90°, the results may be compared 
with the measurements of reference 2, where a value 
of P,;=10%+3% is quoted. This number is said to 
represent a lower bound for the polarization. If it is 
assumed that the sign convention of reference 2 is the 
opposite of the one used here, then there is essentially 
no discrepancy with our value of P;=—0.16. It is 
observed that the polarization at 0,=30° changes sign 
between 2 and 3 Mev and steadily increases to a value 
of P;=+0.64 at 7.7 Mev. At 6,=90° the values of P 
remain negative and attain larger absolute values at 
lower energies than do the values of P; at 30°. The 
recent work of Brown and Haeberli’ on the mirror 
reaction, He*(d,p)He', gives values of proton polari- 
zation larger than the values given here for neutron 
polarization, but of the same sign. 
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The features of inelastic scattering leading to two-phonon nuclear surface vibrations have been examined 
in Born approximation. Comparison is made with recent experimental results of inelastic alpha-particle 
scattering experiments on spherical nuclei. Good agreement is found between parameters derived from these 
experiments and Coulomb excitation. This is not surprising since the comparisons have been carried out in 


a relatively model-independent way. 


I. INTRODUCTION 
. I ‘HE characteristic behavior of direct reactions has 
il 


1 recent years made them an extremely useful 
technique for determining the spin and parity as well 
as detailed information on the wave functions of a large 
number of nuclear states. This is particularly so in the 
case of the deuteron-induced reactions'; and more 
recently Blair,’ generalizing on the work of Drozdov’® 
and Inopin,* has shown that inelastic alpha-particle 
scattering can give detailed information on states 
which are collective in nature. Prompted by the success 
of the Blair analysis of inelastic alpha scattering and 
the appearance of the octupole vibration state in nuclei 
in the Fe-Ni region, the group at Saclay have extended 
the studies of inelastic alpha scattering with better 
energy resolution’ than had previously been used.*~$ 
Some of their recent results are shown in Figs. 1 and 2, 
the group marked B being of particular interest because 
of their apparent contradiction of the so-called ‘‘phase 
rule.” This rule relates to the position of the maxima 
and minima in the angular distribution of a’s scattered 
from a spin-zero nucleus. According to it these maxima 
(minima) for the inelastic scattering to even-J states 
with no parity change occur at the minima (maxima) 
for the inelastic scattering to odd-J states with change 
of parity. Furthermore, elastic scattering behaves, for 
that matter, like inelastic scattering to odd-J states. A 

* This work is supported in part through a U. S. Atomic Energy 
Commission contract by funds provided by the U. S. Atomic 
Energy Commission, the Office of Naval Research and the Air 
Force Office of Scientific Research 

¢ Permanent address: The Weizmann Institute of Science, 
Rehovoth, Israel. 
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somewhat different phase rule has been put forth by 
Austern very recently but no detailed comparison with 
experiment has as yet been made.’ Blair? and others 
have noted that the phase rule does not depend criti- 
cally upon the model used for the interaction but is 
obtained in either a diffraction analysis or a first-order 
Born” approximation of inelastic scattering. In either 
case the “phase rule” comes about because of the 
appearance of periodic or near periodic functions in 
the expression for the differential cross section, with a 
phase determined by the angular momentum L trans- 
ferred in the excitation. 

In the case of the two levels marked by B in Figs. 1 
and 2, the point of particular interest is that both of 
these levels are known to have spin and parity 4+ ¥ 
and should accordingly yield angular distributions 
which are out of phase with the elastic scattering 
angular distribution. Instead they are clearly in phase, 
without appreciable filling in of the minima or a 
distortion of the angular distribution, with the 37 
state as well as the elastic scattering except at small 
angles. It should also be noted, particularly for the 
Fe°® case, that the slope of the envelope of the maxima 
is considerably less negative than that of the other 
odd-parity states, or the elastic angular distribution. 
Furthermore, the differential the 
scattering to this state is, on the average, considerably 
f the other states observed in the Saclay 
experiments. This latter point has led the Saclay group 


section for 


cross 


below that of 


to propose that these states are being excited by a 
two-phonon process. The clear but anomalous behavior 
of these angular distributions, in particular, has moti- 
vated our study of inelastic alpha-particle scattering. 
For simplicity we prefer to study the scattering 
process by a simple Born approximation method rather 
the diffraction Blair’ and 


than us¢ analysis of 
As usual we the interaction 


Drozdov. assume that 


®L. Seidlitz, E. Bleuler, and D. J. Tendam, Phys. Rev. 110, 
682 (1958) show angular distributions which suggest the phase 
rule put forth by N. Austern and E. Rost (to be published). 

10S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. 14, 1 
(1955). 


11 Nuclear Data Cards, (National Research Council, Washington, 
LD €.). 
12 J. S. Blair (private communication to J. Thirion) has dis- 


cussed second order effects in a diffraction analysis. 
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JETP 11, 362 (1960)}. 
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Fic. 1. The differential cross section for 44.4-Mev alpha 

particles scattered from the various states in Ni*® designated in 
the drawing. 
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between the scattered alpha particle and the nucleus 
is confined to within an interaction radius R. The 
inelastic scattering involves an excitation of the nuclear 
degrees of freedom also. Assuming that the states which 
are preferentially excited are collective states, we 
describe this excitation in terms of a distortion of the 
nuclear surface and write 


V=Vir,a), r<R=R f1+> aimY im | 


l,m (1) 
=0, r>R 


for the interaction potential. Here the az», are collective 
coordinates for the nuclear surface’ and play the role 
of destruction and creation operators for “phonons” of 
angular momentum /; V;, is a spherical harmonic of 
order 1, and Rp some average interaction radius. An 
expansion of (1) in powers of a@ is appropriate since 
nuclear distortions are usually small. One finds, to 
second order, 

V (ra) = V(r) +01:(r) © imY on 


— . 


(2) 


or’ 


The first term in Eq. (2) produces the elastic scat- 
tering; for a square well of depth Vo the angular 
distribution is well known: 


do? “Voy? Fji(KRo)¥ he 
) Re Ey= 
2M Re? 


dQ Eo KR 
ky, Kk; are the initial and final momenta in the c.m. 
system, K= ky—k,| is the momentum transfer, Mo 
the reduced mass, and j;(kRo) denotes the usual 

4 A. Bohr, Kgl 
26, No. 14, (1952) 


Danske Videnskab. Selskab, Mat.-fys. Medd. 
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spherical Bessel function of order 1. The second term 
in (2) linear in aim is responsible for inelastic scattering 
involving the excitation of a one-phonon state in the 
nucleus. The differential cross section has been com- 
puted by Hayakawa and Yoshida," and may be written 


dg (ph) 2L+41 hw Vo 2 ky 
-—(- — (—) Re’ j17(gRo), 
dQ CL \ Eo ko 


ko—k;|, (4) 


for a square-well shape for V(r) in (2); Z is the angular 
momentum of the excited state, /w, the excitation energy 
and Cy a parameter relating to the nuclear surface 
tension. The momentum transfer g in Eq. (4) is very 
nearly equal to the K in Eq. (3), differing by not more 
than a few percent for alpha particles on medium- 
weight nuclei if the excitation energy is small compared 
to the incident alpha-particle energy. 

In the next section we outline the calculation of the 
differential cross section in a first-order Born approxi- 
mation for the last term in the expansion of the po- 
tential, Eq. (2). This term, being quadratic in a, can 
of course give rise to two-phonon states. However, the 
linear term in the potential can also give rise to a 
two-phonon state through a second-order correction to 
the first-order scattering. We have also carried out this 
second-order calculation and present it as well, in the 
next section. Details of both calculations will be found 
in the Appendix. The two second-order terms may 
further be described by saying that second-order 
scattering term involves an excitation which goes 
through an intermediate state and must be summed 
over all intermediate states, whereas the first-order 
direct two-phonon transition arises from the term in the 
potential quadratic in the deformation and does not 
involve any intermediate states in first-order. In Sec. 
III we compare the results of this analysis with experi- 
ment and discuss some of the approximations in the 
analysis. 
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Fic. 2. The differential cross section for 44.4-Mev alpha 
particles scattered from the various states in Fe®* designated in 
the drawing 
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II. TWO-PHONON EXCITATIONS 


It is clear that the higher-order terms in an expansion 
like (2) will lead to interactions that allow for more 
than one phonon to be excited in the nucleus. We 
consider the qualitative features of such processes in 
this section. Thus the third term in (2) will excite a 
two-phonon nuclear state. Assuming that the nuclear 
transition is from a zero-spin initial state |i)= | L=0) 
to a final state of angular momentum JL, | f)= |Z), only 
the j,(gr) term is picked up from the wave function of 
the @ particle in Born approximation by the two- 
phonon interaction. Calling the transition operator 7, 
one gets for the transition amplitude (see Appendix 1) 
(Zi T|0)= (—i)4 a Veer 

il’ 


«[(2L+1) (21+1) (21 +1) }3 


S & € 
x( ) far rve(r)jr(qr), (5) 
0 0 O 
(=) 
el ° 
2C; 
In deriving (5) we have taken the quantization axis of 
L along the momentum transfer direction g in which 
only the projection M=0 contributes. The 
constants fw, and C; still refer to a single-phonon state 
of spin /, and we have used the Wigner’® round bracket 
notation for the vector addition coefficient. 
If V(r) is again taken as a square well, then v2(r) in 
the radial integral becomes proportional to the 
derivative 6’(r—Ro) of a delta function, so that 


fa r°vo(r) 71 (qr) 


re] 
J Vo 


case 


[Ro*jz(qRo) ] 
OR» 
LV Ro®[(qRo) j1-1(qRo) — (L—3) jx(qRo)], L>O 
—1VoRo[(qRo)ji(gRo)—4jo(qRo)], L=0. (6) 


The differential cross section for the two-phonon state 
excited by a particular multipole A in the interaction 
then becomes, putting \=/=/’ in (5), 


do@Ph) 1/1? 
3 (—) (2z-+1)2a+1» 
dQ 2\4r 
XA Ly shory2/Vo\?__ by 
«(6 0) Ga) Gd 
00 0 2Cy Eo ko 
ute 1(gRo)— (L—3) jx (qRo) 
[ (qRo) j1(gRo)—4jo(qgRo) ? 


L>0 
Xx 
L=0, (7) 
and L can only be even, L< 2h. Since for the scattering 
of intermediate-energy alpha particles, gRo is usually a 


'® A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey, 1957). 
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fairly large number, the first term in the square bracket 
is much enhanced over the second, so that the charac- 
teristic oscillations in the cross section (7) with angle 
are determined almost completely by (¢Ro)?j1?-1(qRo).- 
Thus we get oscillations out of phase with the single- 
phonon angular distribution which involves the same 
final angular momentum L and always in phase with the 
elastic Also the additional factor 
(1/4a) (Hiw,/2C,) in (7) will reduce this cross section 
by more than an order of magnitude. Hence these 
two-phonon excitations may be identified by their 
in-phase oscillations with the elastic cross section (3) 
and small cross section. The slower drop-off in magni- 
tude of the envelope of (7) with increasing angle com- 
pared to the single-phonon cross section is another 
important difference. Inserting the asymptotic form 
for the first Bessel function in Eq. (7), one finds a 
cos*gRy behavior for the differential cross section which 
has a constant envelope. The reason for the slower 
drop-off for the two-phonon cross section in this model 
is the better localization of the interaction v2(r) at the 
surface. 

Distortions of order \=2 


cross section. 


appear to be the most 
important excitations of the nuclear surface.'* Then the 
first group of two-phonon states is a triplet’® with L=0, 


2, 4 and we find the corresponding cross sections from 


do?) 71 27h» a? ie 
cereale 
dQ 4n] \2C; ; ko 


C7): 


where 


F = (5/2)[(gRo) j1(qRo) —4jo(gR 


F= (25 7)LgRoji(gR + J2algR E, 


Ff (45 7)LgRi j3(qRo)— js\ gR ) RP, L- (8c) 


all of which have exactly the same angular distribution, 
namely cos*gR» when gRo>>1. In this limit the relative 
intensities are 1:1.43:2.57 for L=O, 2 and 4. 

A two-phonon final state such as we have just 
discussed can second-order 
process, going through intermediate one-phonon states. 


also be reached via a 
We compute the cross section for this process in second- 
order Born approximation, going through one multipole, 
A, in 0; Dorm QimY tm Only. The transition amplitude can 
be obtained in closed form for this case if one assumes 
in addition that 2 has a delta-function space de- 
pendence, i.e., %:= VoRoed(r—Ro). Then for a transition 
to a final state | f)= | L) one has the approximate result 
(L| T\0)= —4[2(2L+1) ]}(—7)4*"(2A+1) 


L nN X he V VR»? 
(oo MaMa) 
0 0 O 2C) Ey kyRo 

XL jxr(gRo)— (—1)* fr (pRoe?*e*e | 


aa koRo>, 


6K. Alder et al., Revs. Modern Phys. 28, 432 (1960). 
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Fic. 3. A comparison of the second-order Born approximation 
calculation with the direct two-phonon excitation for a state with 
angular momentum 0. The normalization of the relative cross 
sections is described in the text. 


if L>0O, and 


hw Vo VoRo® 
(0|T = 40241) wn(— ‘\(~)(— ) 
2Cy Eo koRo 


XL ja(qRo)— ja(pRo)e?**o%o ] koRo>I, (9b) 


when L=0. The momentum transfer g has been defined 
previously, p=|ko+k,|, and & Ro is assumed to be 
large in both cases. The derivations of (9a) and (9b) 
are given in Appendix 2. 

To illustrate the differences between the direct two- 
phonon and second-order single-phonon processes, let 
us compare Eqs. (9) with the amplitudes for the direct 
excitation of two phonons, also by a single multipole 
\ in the interaction. The expression for this amplitude 
follows immediately from (5) and (6): 


(L| T|0)=3[2(2L+1) }8(—1)4(2A+1) 


B® A hw GF) : 
x( )( yr [Ro'jx(qRo)]. (5’) 
0 0 0 2C) OR» 


Now since pR, is a fairly large number for the range 
of angles of interest here, the 7(pRo) in (9a) and (9b) 
will be damped out strongly and the angular distri- 
bution for the second-order process will behave like 
ju2(gRo), or j,*(qRo), respectively. These angular 
distributions are thus always in phase with the single- 
phonon transitions to the same final state, and therefore, 
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out of phase with the oscillations in the two-phonon 
amplitude (5’). There is also a difference in magnitude 
of a factor like (Vo/Zo)*(koRo) in the cross sections 
given by (9) and (5’). Apart from this factor the 
scattering cross section involving the intermediate 
single-phonon state is seen to drop off in magnitude 
with increasing angle as rapidly as the direct single- 
phonon cross section given by Eq. (4). 

The angular distributions determined by (9b) and 
(5’) with L=0 and A=2 are compared in Fig. 3, taking 
Vo/Eo=1. The values of this ratio in an actual case 
turn out to be quite large and are indicated later. 
However, even then the (koRo)~* factor keeps the 
contribution of the second-order Born approximation 
small generally. 


III. DISCUSSION AND COMPARISON 
WITH EXPERIMENT 


It is well-known that the positions of the maxima and 
minima in the angular distributions for inelastic a- 
particle scattering are very well reproduced by spherical 
Bessel functions of argument gRo as in Eq. (4). The 
period of oscillation in the angular distribution then 
serves to determine the appropriate interaction radius 
Ro. That the expression (8c) can follow the oscillations 
of the angular distribution to the 4+ level as shown 
in Fig. 4 is therefore not too surprising. However, we 
will attempt to analyze the Fe®® and Ni®® data also, 
with respect to the magnitudes and ratios of the various 
cross sections, in addition to finding the appropriate 
values of the interaction radii for these two cases. From 
Eq. (3) one sees that the magnitude of the elastic 
differential cross section depends only on Vo and Ro. 
The cross section to the first excited 2+ state by Eq. 
(4) involves the additional parameter hw2/2C.2. This 
quantity also occurs squared in the 4* cross section. 
Figure 4 shows the computed angular distribution from 
Eq. (8c). The experimental points come from Fig. 2. 
The absolute magnitude of the calculated curve may be 
determined by the parameters derived from the first 
excited 2+ and elastic angular distributions. The value 
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Fic. 4. A comparison of the differential cross section given by 


Eq. (8c) of the text, with the 2.04-Mev, 4*, Fe®® excited state 
differential cross-section given by curve B of Fig. 2. The normali 
zation is explained in the text. 
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for Vo was taken from the 35° and 45° maxima in elastic 
cross section, and ftw2/2C2 comes from the 22° maximum 
in the 2+. This value is compared with the ftw2/2C, 
taken from the 4* angular distribution at the 28° 
maximum, determined from (8c) by normalizing the 
experimental curve to the 28° maximum. Table I shows 
the values of Ro, Vo, and tws/2C. determined in this 
way, and compares the last parameter with its Coulomb 
excitation value.'® Similar results have recently been 
obtained at 30 Mev.® 

The values of the interaction radii are consistent 
with other values determined from elastic a-particle 
scattering.!” The quantity Vo has significance only as 
a parameter determining the strength of the interaction 
and must not be interpreted as the depth of an appro- 
priate optical potential for a-particle scattering. It is 
rather surprising that the same V» seems to be appro- 
priate for the square-well depth giving rise to the 
elastic scattering and for the strength of the surface 
interactions producing the inelastic scattering.!® From 
Eqs. (4) and (8) one sees that the value of V» has no 
bearing on the ratio of the magnitudes of the scattering 
cross sections to the 2+ and 4* states. The values for 
hw,/2C» quoted in Table I were determined at forward 
angles because the Born approximation for the cross 
section is expected to be least in error here, especially 
for a well shape having a sharp cutoff. Going to larger 
angles decreases the extracted value of this ratio, as 
expected. 

‘The approximations that we have used in this analysis 
are Clearly extreme, and one should properly also con- 
sider the effects of surface diffuseness and absorption 
effects in the interaction potential. A rather careful 
analysis of such effects has been made recently by Rost 
and Austern’® and also by Pursey and McCarthy.” 
However, in the Born approximation, certain relations 
between the single-phonon and double-phonon angular 
distributions are relatively independent of any detailed 
assumptions about the interaction. To see this we 
transform the radial integral in Eq. (5) for the two- 
phonon amplitude by integrating by parts and then 
transferring the derivative from one on rf to one on 4, 


TABLE I. Parameter values obtained by 
comparison with experiment. 


Radius taken Vo taken huis / 2 2X 10° 

from elastic from elastic taken from 

cross section cross section + 4+ Coul excit 
Fe®® 6.84f 3.6 Mev 10 6.3 12 
Nis 7.00f 4.4 Mev 5.8 1.8 o4 


7D. D. Kerlee, J. S. Blair and G. W. Farwell, Phys. Rev. 107, 


1343 (1957). 


'8 A similar value is found from an analysis of the 30-Mev 


scattering data of reference 7. 
'? EF. Rost and N. Austern, Phys. Rev. 120, 1375 (1960). 
201, E. McCarthy and D, L, Pursey, Phys. Rev. 122, 578 (1961). 
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Fic. 5. The differential cross-section of the 3~ state of Fe®*, 
E of Fig. 2, multiplied by (¢Ro)? and compared with the 4* state, 
B, with a normalization at the 25° maximum. 


to get 


ce) 
fa r'vo(r)jr(qr)= - far V’—{[r'j1(qr) ] 
r 


0 


10a 


q® Og 


Il 


af a roi(r)jr(gr)} (10) 


recalling the definitions of 7; and v2. This means that 
the two-phonon and one-phonon scattering amplitudes 
are related, apart from constants, by 
a) 

[q*T o+1) ph 
0q 


Fesux 2ph) - —q 


0 
~—¢ -T (op) Ph, 


0q 


(11) 


quite independent of the exact shape of V(r) in Eq. (2). 
The last step in (11), which is a good approximation 
when the momentum transfer is large, clearly shows 
the out-of-phase relationship that holds between the 
one- and two-phonon transitions in this limit. Further- 
more, since, in the Born approximation at any rate, 
the g dependence of the scattering amplitude only enters 
through a j,(gr), the last step in (11) can also be written 
approximately as 

0 

—g—T (041) 9" = —af a r®v,(r) jr-1(qr) 
0g 


a —aRo f ar rv,(r)jr-s(gr), (12) 


if we assume that 2; is peaked around some radius r= Ro, 
and that gRo is a large number. Then Eq. (12) relates 
the two-phonon angular distributions to the one-phonon 
angular distributions of odd parity by 

da rh) dah) 


even) ~ (qaRo)* odd 
dQ dQ 


(13) 


in a relatively model-independent way. This relation 
seems to be approximately true for the 4+ and 3- states 
in Fe*®, as Fig. 5 shows. 
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As pointed out in the Introduction, the 4* state can 
naturally also be reached by a single-phonon inter- 
action with A=4. A lower limit for the C, parameter 
which will appear in such an interaction can be esti- 
mated for Fe®® by equating the cross section at the 32° 
minimum with the cross section given by Eq. (4) for 
\= L=4. The result is Cy>2X10* Mev. 

A further approximation made in the nuclear part 
of the wave function in calculating the two-phonon 
transition amplitudes has been to work entirely in the 
harmonic oscillator approximation. This neglects any 
mixing between different states of the same spin. The 
inclusion of such mixing removes the high degeneracy 
present in the harmonic oscillator model for vibrational 
states.*! For instance a component of the single-phonon 
2+ state in the second 2* state arising from a removal 
of the degeneracy of the 0, 2, 4 two-phonon states 
introduces a part of the single-phonon transition 
amplitude of the opposite phase into the transition 
amplitude to the second 2*, which then becomes 


hws\! 
2\T'0 ~( ‘) (qgRo) j1(qRo) +n j2(qRo), 
2C, 

: n=mixing amplitude. (14) 
Thus the admixed one-phonon amplitude will tend to 
fill in the minima of the two-phonon amplitude, and 
pull the scattering cross section out of phase again with 
the angular distribution especially at small 
angles. Clearly the extent of such an effect is dictated 
by the degree of admixture of the one-phonon level; at 
moderate momentum transfers a rather large value of 
n would be necessary to compensate for the rapid 
drop-off of the one-phonon amplitude in comparison 
with the two-phonon component. 


elastic 


APPENDIX 
1. Two-Phonon Cross Section 


The inelastic scattering cross section to a two-phonon 
state of angular momentum L is determined by the 
matrix element of the last term in Eq. (2) between 


initial and final nuclear states |7)=/|00,0) and 
f)='|LM,2) labeled by quantum numbers giving the 


angular momentum, its z projection, and the number of 
phonons (0 and 2 in this case) present in the initial and 
final states. 

The two-phonon part of the interaction (2) may be 
written as 


volr : 


im,l’m’ ,l'’m’’ 4r 


' ie ee i oe es 
( )¥em( ) (19) 
m m m” 0 0 O 


21 C. S. Shakin and A. Kerman (to be published). The thesis of 
the first of these authors [Harvard University, Cambridge, 
Massachusetts, 1960 (unpublished)] lists many references to 


(21+-1) (22’+1) (21’"+1)}} 


Qi mOQLl’ m’ 


other authors who have studied this problem. 
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using the well-known expansion for a product of 
spherical harmonics.!® The matrix element of Eq. (15) 
with respect to the initial and final plane waves ko and 
k; only, is 


T= DY arp, mecy—m(t)"’ (21 +1) [ (21+-1) (2/’+-1) }} 
lmi’i’’ 
l Fr eg ae ee i 
XC mole o od 
m —m OQ 9 G8 @ 
x fa r'vo(r)jrve(gr), (16) 


taking the momentum transfer direction q=k;—Kp as 
z axis; then only the m’’=0 term in the sum (15) is 
picked up and so m’= —m. This means that the operator 
T in (16) cannot change the z projection, M, of the 
angular momentum of the nucleus along the momentum 
transfer direction. Thus we only require the nuclear 
matrix element: 


(LO; 2| ce:mory—m| 00; 0) = exer (—1)*[2(2L +1) ] 


l y L 
x( ), (17) 
m —m 0 


which can be easily obtained from the matrices of azm.'4 
After forming the expression (f 7/7) from (16) and 
inserting (17), the sum over m just expresses the 
orthogonality condition for the vector addition co- 
efficients, and vanishes unless /’’"= L. Hence, 


(L|T\0) 


= (—i)# >. Vleer[ (2L +1) 2] +1 (21’ +1) 
il’ 


rer £ 
x( ) farrosns (gr), 
0 OO O 


and only one Bessel function 7; 


(18) 


(gr) appears in the 
angular distribution, as for the one-phonon excitations. 
The sums on / and I’ are over all values consistent with 
the conditions that / and /’ can be combined vectorially 
to give L, and that L+/+/’=even. The two-phonon 
cross section given in Eq. (7) in the text follows from 
(18) with /=/’=X and a square-well shape for V(r), 
after the appropriate phase space factors are included. 


2. Second Born Approximation 


The contribution of the single-phonon part of the 
interaction given in Eq. (2) of the text to the two- 
phonon cross section can be evaluated in a second Born 
approximation calculation. We only give the most 
important details since the computation is rather long. 
The matrix element we interested in the 


are has 








TWO-PHONON SURFACE 


approximate form 
2M 
ij=——}° 


h> « L'm’ 


(f\T 


(ky,LM:2| V;|k,L'M’; 1)(k,L’M’ ; 1| V;|ko,00,0) 
x can — es cabal " i Se ean ea ee ee = 


k°?— ko? 


Vi= rl i(r) > Citak Nuss 


Am 


(19) 


if one can neglect the excitation energy of the nucleus, 
as can usually be done for medium bombarding ener- 
gies. Hence the sum goes over all intermediate one- 
phonon nuclear states |Z’M’;1) and alpha-particle 
momentum states #k. Let us assume that the final 
tate has zero spin also and that only the Ath multipole 
in Vy is important. Then just Z’=A contributes and 
the sum in (19) is over M’ and & only. Putting in plane 
waves for the alpha particle wave function (19) becomes 


2M o 
> (00; 2\aya | AM’; 1) 
2 M’ 


0.7.0 


KAM’; 1 aya 


1 
* f fe ks To (r) Vy ya (r)dr 
drs 


x- 01 (r') Va (r’)e**o-8 dr’, 
r—r 


00; O) 


(20) 


since the sum over k is then just the Green’s function 

r—r’|—te‘*ol™t"1 for a free particle, with an outgoing- 
wave boundary condition.” Now the two radial integrals 
can be obtained by expanding the Green’s function and 
the initial and final plane-wave states in spherical 
harmonics. Taking 2;= VoRod(r—Ro), the result of this 
integration is 


(—1)™’(VoRo*)?(2A-+1)iko 1 


a ae 2 oR y 
«(oo od ) 
0 0 O7\O0 M —M' 
hy (RoRo) (21' +1) jv (RoRo) 
Ye se z > I 
«(5 0 oll ) 
0 0 0 0 M' —M’ 


« (21 +1) (— 17)" jv (kpRo) Pv (cosd), 


ve’ (2/+1)i" ji: (RoRo) 


(21) 


where @ is the angle between ky and ky, i.e., the angle of 
scattering, and i, is a spherical Hankel function of 





221. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1959). 
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the first kind.” Inserting the matrix elements 


(XM’: 1|ay_y’|00; 0)= (—1) ey, 
(00; 2| anne |AM’; 1)= (—1)%e,[2/(2A+1) ]4, (22) 


and the expression (21) in (20), the sum over M’ again 
becomes the orthogonality relation for the vector 
addition coefficients, so that /=/"’ and one finds; 


(0| T|0)= ikoRo(Vo/ Eo) VoRo®(—1)*ex°.2(24+1) } 


XE (+1) jr(koRo) jr(kyRo) Pr(cosd) 


i 


tz Ff 
x( ) (21’+1)hy™ (RoRo) jv (RoRo). (23) 
00 0 


Actually this sum can be evaluated when kyRo>1 using 
an easily proven addition theorem for spherical Bessel 
functions: 


id ry? 
D7x(gRo) =X jrlkoRo) (2/4 vit ) (—i)” 
uu’ 0 0 0 


X (21'+1) jv (RpRo) Pv (cos@), (24) 
where g= | ko—Ky!| and @ is the angle between ko and ky. 

The asymptotic for ji(koRo) and 
hy (koRo) when koRo is large provide the necessary 
phase factors in (23) for it to be broken up into two 
sums having the form of Eq. (24) and Eq. (24) with @ 
replaced by r—8. The final result is 


expressions 


(0| T|0)=3[2(24-+1) }+4e,2V oRo®(V o/ Eo) (1/RoRo) 
p 4 [ jx(qRo) —e?**9%0 7, (pRo) |, (25) 
with 
q ky—k, ; p ko+ k; | ) koRo>1 9 


as given in Eq. (9b) of the text. The expression 


analogous to (23) for a final state | f)=|L), L¥0 is 
{L|T\0 
= thoRo(Vo/ Eo) V oRo*ey?[2(2L +1) }8(2A+1) 


XY (+1) j:(koRo) jr (&yRo) Pr (cos8) 


al es 


Et = (L l W”) 
Kil’ cr”+1)( ) , 
0 0 0 7" a. 


PrAlysgl’ rx? 
«(YO \rarty 
0 0 0 0 0 O 


Xhy™ (koRo)jv(RoRo), (26) 
where as before, \ is the multipole in the interaction 
causing the transition. The curly bracket denotes a 


Racah coefficient in Wigner’s notation.’® Again, re- 
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placing jr(koRo) and hy (koRo) in (26) by their 
asymptotic forms for large koRo one finds, after some 
algebra, that 


(L| T|0)= —4[2(2L+1) }'(—1)**(2n+1) 


L 
< 
0 


r \(=)(=)() 
0 0 2C) Eo koRo 


X[jz(gRo)— (—1)*fr(pRoe**]. (27) 
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The intermediate-coupling shell model for nuclei is considered in terms of the classification of states in a 
harmonic oscillator according to the irreducible representations of the unitary unimodular group in three 
dimensions, SU’;, introduced by Elliott. The properties of this group are used to produce the approximate 
spectrum of a quadrupole force, acting within an oscillator shell. When specialized to the 1p shell, a more 
general interaction, including exchange forces, is shown to be approximately diagonal in the chosen repre 
sentation, and its approximate spectrum is computed. A method is developed for calculating the matrix 
elements of interactions not diagonal in the representation, in particular the single-particle spin-orbit po 
tential, using the generating functions of the group, SUs. The intermediate-coupling energy spectra of the 
nuclei of the 1p shell are then calculated to the first or second order in perturbation theory. The results are 


compared with experimental spectra, and with calculations of Kurath. 


I. INTRODUCTION 


HIS paper is an investigation of new methods of 

calculation of energy spectra in the nuclear shell 
model, with particular application to the 1p shell. The 
energy levels in this model are the eigenvalues of an 
interaction matrix in the space defined by restricting 
the particles outside the closed shells (the core) to the 
lowest available unfilled shell. The interactions con- 
sidered usually contain a two-particle central potential 
and a single-particle spin-orbit potential. The competi- 
tion of the two potentials produces “intermediate 
coupling” eigenfunctions, which are pure in neither L-S 
nor j-j coupling. 

The calculation of the matrix elements of the inter- 
action is central to the problem. This is usually done by 
factoring the many-particle basis functions into prod- 
ucts of functions of smaller numbers of particles, so 
that the many-particle matrix elements required can be 
expressed in terms of those for fewer particles, and 
ultimately in terms of single- or two-particle matrix 


* This work was supported in part by the U. S. Atomic Energy 
Commission and the Higgins Scientific Trust Fund. Further de 
tails may be found in Atomic Energy Commission Technical 
Report NYO-2960 by Daniel S. Koltun, 1960 (unpublished) 

¢ Based in part on a thesis submitted in 1960 to the faculty of 
Princeton University in partial fulfillment of the requirements for 
the degree of Doctor of Philos yphy 

t Present address: Department of Physics, Weizmann Institute 
of Science, Rehovoth, Israe] 


elements of the single- or two-particle potentials which 
are calculated directly. The fractional parentage 
methods of Racah! are useful for this reduction. How- 
ever, for many particles, or for particles with high 
angular momentum, this may be a difficult program. 

We have investigated a different method of obtaining 
the matrix elements, based on Elliott’s group-theoretic 
classification of states for a harmonic oscillator shell 
model.” In Sec. II, we review some of Elliott’s results, 
in a slightly different presentation. In Sec. III, we 
show that Elliott’s classification scheme approximately 
diagonalizes a two-particle quadrupole interaction. 

In Sec. IV we specialize to the 1p shell, where Elliott’s 
classification scheme is related to the supermultiplet 
scheme of Wigner.’ Here the group theory of the Elliott 
scheme provides a direct way to calculate the spectrum 
of a central, spin-independent potential. Even for the 
spin-dependent potentials used in intermediate-coupling 
calculations, we may use the group theory to obtain 
approximate spectra, with a small correction term which 
is not diagonal. 

The remaining problem is the calculation of the spin- 
orbit matrix elements, and those of the nondiagonal 


'G. Racah, Phys. Rev. 63, 367 
therein 
27. P. 
(1958). 
'E. P 


1943), ar 
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Wigner, Phys. Rev. 51, 106 (1937 
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central term. In Secs. V through VII we introduce a 
method for calculating those elements which will be 
useful for a perturbation treatment. We again use 
group theoretic methods to avoid the necessity of the 
fractional parentage reduction. This method is not 
restricted to the 1p shell. 

In Sec. VIII we calculate the spectra of 1p shell 
nuclei in the perturbation scheme developed. The re- 
sults are compared with experimental spectra, and with 
previous matrix calculations of Kurath.‘ 


II. CLASSIFICATION OF STATES BY SU; 


Elliott? has introduced the classification of states of 
many particles in a three-dimensional harmonic oscil- 
lator potential, using the unitary unimodular group in 
three dimensions, SU;. This group is defined in terms 
of linear transformations in three dimensions among the 
oscillator quanta contained in the wave function of a 
single particle in the potential. We define the operators 
which create one oscillator quantum, with angular 
momentum projection along the z axis of 1,0, —1, by 
u;*, uo*, and u_,*, respectively. The three operators 
which annihilate one quantum are then 1, %o, and u_. 
They obey the usual commutation relations: 


[s6,,0%,* |=5,>; [t¢,,%> ]=[26,*,4,*]=0.. (2.1) 


(HF 41 ]= +F, ly 


[H,,F ss |= +F +5, 
(H1,F a4 |= +2F 44, 


[Fi,F_1]=3(H.— HM), 
LF_s,FsJ=F.1, 


(F_4Fs]=Fi, [F_F 


We notice that Hp commutes with all the other 
operators, and is thus a multiple of the unit operator. 
H, is simply a multiple of the oscillator Hamiltonian, 
and must commute with the other generators, since the 
number of quanta is conserved in these transformations. 
We drop H, to restrict to SU3, as we mentioned. 

The subscripts of the F,, have been chosen for con- 
venience. It turns out that [Fn,/m|=+F nym for n~m. 
The commutator is zero if there is no Fnym defined. If 
n=—m,([F,,F_,] is a combination of H,, Hs. Any 
commutator not appearing in (2.4) is zero. 

These generators have been defined for single- 
particle wave functions. If we label the operator for 
the ith particle by G(t), we may define a many-particle 
operator by G=}0;G(i). The commutation relations 
(2.4) will hold for the set G, as well as for the G(i), 
since [G(i),G(j) ]=0 for iF j. 

The many-particle space of m particles in the Vth 
oscillator level is spanned by functions containing m.V 


«D. Kurath, Phys. Rev. 101, 216 (1956). ‘ 


COU 


(Fs,F_-s]=}(H2+H)), 
[F4F | = Fs, 
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The generators of the three-dimensional linear trans- 
formations of the quanta are the operators which 
annihilate, say, quantum yp, and replace it with quantum 
v. These operators are of the form u,*u,, where v and pu 
each take any of the values 1,0,1. From (2.1) we 


obtain new commutation relations: 


(2.2) 


[10 .*16y,Uy* Uy |= 6 ,.* 5 ux— Uy U5 cv. 


Since the commutators of these operators are simply 
the operators again, they are the generators of a 
linear continuous group of transformations of the 
form exp(idu,*u,). If we restrict the coefficients of 
i@ to the Hermitian combinations w,*u,+u,*u, or 
i(u,*u,—u,*u,), the group becomes the unitary group, 
U;. If we further eliminate combinations of the gen- 
erators which are simply multiples of the unit operator, 
we are restricted to the unimodular unitary group, SU3. 

We shall find it convenient to redefine the generators: 


tUuy* uo, 


A= Uy*u\— u 1*u le 


Ho=uy*u,+u_y*u 
Ho=2up*tug— 1" — U_1*U_1; (2.3) 
Ff .= 


F_\=—1uy*uo, 


—Uy*1, F5=—uo*u ly F,=— uy*U 1; 


F 5— —U 1*uo, Ff 4— —t 1M. 


From (2.2) we obtain the commutators quite simply: 


(Ho,F 41 ]=+3F 41, 
(H2,F+5]=+3F ss, 
(H2,F44]=0; 

(FsF_«]=,, 
[Fs,P_1]=Fs, 


s|=F_s, [F1,P_s]=F_«. 


quanta, in any combination of the three kinds (1,0, —1). 
This space carries a reducible representation of the 
group SU;. The reduction under U; breaks up the 
many-particle space into invariant subspaces, char- 
acterized by the symmetry of the wave functions under 
permutation of the oscillator quanta. The permutation 
symmetries are classified, as usual, by the partitions 
fi, fe, fs, of the mN quanta into the three kinds, with 
fit fot fa=mN. We may choose fi>f2> fs. When we 
restrict ourselves to the unimodular group SU3, only 
the differences fi-fo, fo — fs, are needed to classify the 
invariant subspaces. We follow Elliott’s definitions, and 
use (A,z) to label the invariant subspaces, or the irre- 
ducible representations of SU; they carry, where 
A= fi— fe and w= fo—. 

Elliott notices that two of the generating operators, 
which we have called H,; and Hs, commute. Since the 
generators do not mix functions from different invariant 
subspaces (A,u), Hi and H, can be simultaneously 
diagonalized within each subspace, yielding eigen- 
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values K and e¢, respectively. From 
inspection the eigenvalues K, ¢ for 
lator quantum: 


2.3) we obtain by 
states of one oscil- 


H,|m)=m|\|m) 
H,|m)= 


=—|m) 


for m=(, 


m=-+1. 


2\m) 


for 


For a state with many oscillator quanta, the eigenvalues 
will be simply the sum of single-quantum eigenvalues. 

From the commutation relations (2.4) of the F,, with 
H, and H2, we find that the F,, are raising and lowering 
operators, which change the values of K and e. In par- 
ticular, K is increased by 1 by F_, and Fs, lowered by 1 
by F,; and F_s, increased by 2 by F4, and lowered by 2 
by F_«. € is increased by 3 by F, and F;, lowered by 3 by 
F_, and F_s, and is not changed by F x4. 

Since these raising and lowering operators are gen- 
erators of the group SU’;, they do not take us out of a 
given invariant subspace (A,u). If we now operate re- 
peatedly with various of the F,,, on any state of the 
space, we shall eventually reach a state with a maxi- 
mum value of ¢ for that (A,u). There may be several 
states in (Aww) with that value of e, which we shall call 
€o. These states will have values of K differing by 2, and 
can be generated from any given one by repeated opera- 
tions of Fy, or F_4. 

Using the results of (2.5), we can construct the maxi- 
mum e by filling the largest partition (f,) with (0) 
quanta, and f; and f; with (1, —1) quanta. One can 
see simply then that 


€o=2A+u. (2.6) 
Clearly the maximum value of K possible for maximum 
eis K=un. 

The basis functions in the many-particle space are 
not completely labeled by A, yu, «, K. Other quantum 
numbers may be required to determine the functions 
uniquely. For example, the symmetry of the wave 
function under permutation of the particles can be 
specified, since this operation commutes with the trans- 
formations of SU’;, which are symmetric in the particles. 

No use has been made of the group of three-dimen- 
sional rotations, R;, which is a subgroup of SU;. How- 
ever, it turns out that H, does not commute with L?, 
the angular momentum operator, so that we cannot 
simultaneously diagonalize both. We note from the 
definition (2.3) that H, is identical with the operator 
Lo, whose eigenvalues are the z projections of the angular 
momentum. Therefore, H; does commute with L?*. 

In physical problems, we shall want to distinguish 
states with different angular momenta L. Elliott? has 
shown that states of different L and M can be generated 
from the basis functions f\,e«(r) defined by A, u, €o, K, 
by rotating the function in space, and averaging over 
all directions (2) in space. The averaging integral is 
weighted by the functions D*yx"(Q), the representa- 
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tion functions of R;. Then the averaged function, 


2L+1 
- fo wk" (2) fiuex (2 
82° 


is an eigenfunction of LZ? and Jo, with eigenvalues 
L(L+1) and M, respectively. 

This averaging integration is equivalent to an opera- 
tor which first projects the part of the function f\yex(r) 
with angular momentum L, and which then changes 
the z projection of angular momentum from K to M. 
We can define the first operation by the projection 
operator P¥, and the second by (L,)~* for the case 
that M>K. The successive operations of L, must be 
divided by the appropriate matrix element, to make the 
operation unitary. The combination of the projection 
of ZL, and normalized change of K to M, defines an 
operator Py”. Then (2.7) becomes simply 


'r)dQ=Pun'(r), (2.7) 


Pap’ fiuex (0) =Yux" (1). (2.8) 


The usefulness of this procedure of obtaining the 
functions |A,u,l?,M) from the functions |A,u,e,AK) is 
demonstrated by a theorem proved by Elliott?: The 
space carrying an irreducible representation (A,u) of 
SU; can be completely spanned, by projecting all 
possible Z and M from only the states of maximum e, 
\,u,€0,K) with all available AK. (Alternately, the states 
of minimum ¢ have the same property. 
the set of functions generated in this way will be over- 


In some cases 


complete; there may be linear relations among some of 
the states produced by 7?” on functions of maximum 
€o, With different K. 

We shall find that the states with maximum e are 
particularly convenient for calculating matrix elements, 
so that the fact that all states of a given (A,u) can be 
generated in this way from €p will prove useful. 


Ill. THE CASIMIR OPERATOR AND THE 
QUADRUPOLE FORCE 


We introduce the following bilinear combination of 
the infinitesimal generators of SU 


C= (1/36) [3H 2+H2+6(FsF_i+F_sFs) 


+6(F iF itF if ;)+6 FF st F sls) |. (3.1) 


It can be seen from (2.4) that C commutes with every 
generator of the group. It follows that C also commutes 
with every finite transformation of the group. By 
Shur’s lemma, C must be a multiple of unity within 
each invariant subspace. Therefore, within a given sub- 
space, every basis function is an eigenfunction of C, 
with the same eigenvalue. The eigenvalue in general 
will be different for different invariant subspaces, and 
may be used to distinguish the invariant subspaces of 
SU3, as the eigenvalues L(L+1) of L? distinguish the 
invariant subspaces of the rotations R;. C is the Casimir 
operator for the group SU.° 


’ G. Racah, mimeographed notes, Institute for Advanced Study, 
Princeton, New Jersey, 1951 (unpublished) 
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The eigenvalue of C for a given invariant subspace 
(A,u) may most easily be calculated by taking as an 
eigenfunction the function with maximum e and maxi- 


C| Ko, €0) = | 1 '36){3H?2+ H2+6( [Fs 


COU 
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mum K for that €o, since Fi, Fs, and F all yield zero, 
acting on this function. Then, using the commutation 
relations (2.4), 


F_4|+(Fi,F_1J+(Fs,F_-s])} | Ko,€0) 


= | 1/36){3K e+ €0+6[Ko+ 3 (eo— K) + 3 ( €o+ K) }} Ko,e ) 
= ( 1 36)[3K e+ €°+6(Ko+ €o) || Ko,€0 = Cru Ko,€0). 


And from (2.6), finally, 
Cyu=C(A4+u) (A+u+3)—Au J/9. 


(3.3) 
The Casimir operator C can be put into an interesting 
form if we replace the infinitesimal generators (2.3) by 
an equivalent set defined by Elliott,? in terms of com- 
ponents of irreducible tensors. The new generators are 
simply linear combinations of the old: 
g p= +t (Fis+Fs 1); 
Osi = +v3(Fis+ Fs aye 
Os2= (6)'F 4.4; QOo= Ao. 


Lo= Ai; 


The three components L, form a rank one tensor, 
which is simply the usual operator for orbital angular 
momentum. The five Q, form a second rank tensor. 
Elliott? shows that the matrix elements of the single- 
particle operator Q,(7) between harmonic oscillator 
states in the same shell are equal to the matrix ele- 
ments of the solid harmonic 


BP=h/Mw. 39) 


Between single-particle states in different oscillator 
shells, the matrix elements of Q,(7) are clearly zero; the 
generators of SU; commute with the number of oscil- 
lator quanta. 

Using (3.4), C can be written 


C= (1/36)(Q-Q+3L- L), 


(3.6) 


where the dot represents the scalar product of the 
tensors. Now 


0-0=F 06) -QH)+E GW. 


i*~]J 


As long as we operate only within the space of functions 
with all particles in the same oscillator shell, we may 
use the result of (3.5) to replace Q(1)-Q(2) by 


dry re? 


- > Vm?* (21) Vn? (Q2) 
2 hb b? 


This is simply the form of a two-particle quadrupole- 
quadrupole interaction.6 Q-Q acting within a single 
oscillator shell is then the interaction summed over 
6J. P. Elliott, Proceedings of the University of Pittsburgh 
Conference on Nuclear Structure, 1957 (University off{Pittsburgh 
and Office of Ordnance Research, U. S. Army, 1957), p. 298 ff 


pairs, plus a single-particle term: 


n vir? n 
> 4— —P2(cosd) +>, 0*(i). 


bb i=l 


(3.8) 


ix~j 


Now C and 1?=L-L can be diagonalized simul- 
taneously, and the basis functions labeled by (A,u), L. 
This is the complete reduction of the many-particle 
space under the groups SU; and R;. Thus, the repre- 
sentation ‘‘almost” diagonalizes the quadrupole inter- 
action, except for the single-particle term, Q?(7). Using 
(3.6) again, this last term becomes 


0? (i) = 36C (1) —3L?(z). 


C(z) can have only one value for each shell,.since for a 
single particle, only the symmetric partition (A,u) 
= (V0) is possible, where NV is the number of quanta. 

Although the guadrupole-quadrupole force (3.7) is 
not the most general two-body interaction which can 
be considered in the shell model, it may represent the 
long-range part of a more general interaction. In those 
cases where a long-range approximation may be made, 
the reduction of the many-particle space under SU; 
and R; provides a useful representation in which (3.8) 
is diagonal, with eigenvalues 36C,,—3L(L+1). One 
expects that 1*(7) can be treated as a perturbation, 
so that 
36Cyy—3L(L+1)—36nC wo 


n 


> 12(i)|du,L) 


1 


+3(Au,L (3.9) 


i= 


gives an approximate energy spectrum for » particles 
in the Nth shell, interacting through the quadrupole 
force. 


IV. CENTRAL INTERACTION IN THE 1p SHELL 


The first excited harmonic oscillator level, the nuclear 
1p shell, has several simplifying features which makes 
the treatment of a general central two-particle inter- 
action quite easy. First, from consideration of angular 
momentum and parity, it is clear that only monopole 
and quadrupole forces interact between pairs of par- 
ticles. That is, in the usual Slater treatment, in which 
radial integrals are done first, the angular part of any 
potential V(r:—r2) becomes 


dr 


Fo+F2P2(cos6,2) = Fo+Fs— ¥ Vn 2(1) ¥n2*(2). 
As, 


(4.1) 
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Within the 19 shell, (r;/b)?=$, and L?(t)=2. Therefore 


Q-Q=25 } P2(cos#:2)+36 ¥ C(i)—6n. (4.2) 


tH) =! 


From (3.3), with (A,u)= (1,0), we find C(i)=4/9. So, 
we find we can rewrite the entire interaction: 


LY V(r;—1;) 
#7) 


n(n—1) Q-0 n 
=F, — +F,/ ) 


50 10 


= Fyon(n—1)/2+F.(1/50)(36C—3L?—5n). (4.3) 


This is diagonal in the (A,u), ZL scheme, and has 
eigenvalues 


Fyn(n—1)/2+F.[36C,,—3L(L+1)—5n]/50, (4.4) 
where Cj, is obtained from (3.3). 

A more general central interaction, which has spin 
and isobaric spin dependence, may be written 


Vig=V(r,—7) [(W1534+MP,7+BPi°—HP,;"], (4.5) 
where the coefficients satisfy W+M+B+H=1. The 
operators P,;7, P;;°, and P;;’ exchange the space, spin, 
and isobaric spin coordinates, respectively, of particles 
e! 

Again the 1 shell provides a simplification. Since in 
this shell there is one oscillator quantum for each 
particle, the permutation symmetry of the quanta is 
identical with that of the particles. Thus, the particle 
symmetry denoted by the partition (/1,f2,f3) is identical 
with the quantum symmetry (A,u)= (fi—fe, fo—fs). 

In particular, for two particles, the space-symmetric 
state has (A,u)= (2,0), with Co=10/9, and the space- 
antisymmetric state has (A,u)= (0,1), with Co.=4/9. 
Since 
(3C—7/3)(2,0)= (2,0) and 


(3C—7/3)(0,1)=— (0,1), (4.6) 


we see that (3C—7/3) has the same effect as the space 
exchange operator P;;7, and can be used in its place. 
The other exchange operators can be simply written 
P7= (Si?—1) and P;?=(T;7?—1). We can still use 
V (r;—1;) = Fo+ (F 2/50) (36Ci;—3L;7—10). (4.7) 
Using the above expressions for the exchange operators 
in (4.6) yields awkward expressions like CiC;; and 
Ci;L;7. To reduce these, we use the fact that the two- 
particle space-antisymmetric state (0,1) has C,,=4/9 
and L(L+1)=2. Then 


(C—4/9)(3C—7/3) = (C—4/9), 


(4.8) 
(1?—2)(3C—7/3)= (L?—2), 
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on any two-particle state in the 1p shell. In particular 
(360 ;—3L,,?—10) P;;* 
= (36C;;—3L,?—10)(3C—7/3) 


= (36C,;—3L;?—10). (4.9) 


Since P,;*?Pi;= —P,;° for wave functions totally anti- 
symmetric in x, ¢, 7, 
(36C;—3L,7— 10) P 3; 

= — (36C,;—3L,7—10) P;;*P;;7 

=— (36C,;—3L,;7-— 10) P;;° 


= — (36C,;;—3L,;7—10)(S;7—1). (4.10) 


Thus 
V ij=FoLW+M (3C,;—7/9)+B(S—1)—H(T?—1) ] 
+ (F,/50)[36C;;—3L;7—10] 


XC(W+M)+ (B+A)(S;7—1)]. (4.11) 


We can reduce the term 
(3P?+7/9)P7= }P=Po+(7 'Q) Pe 
= —4(T?—1)+(7/9)(S*—1). 


C(S*—1) by rewriting it: 


(4.12) 


We can now write the interaction (4.5), dropping 
additive constants. We shall not need these terms, since 
we shall restrict our considerations to relative energies 
within each nucleus. 

V 5=F of 3MC,,4+BS,?7—HT’} 
+ (F2/50){36(W+M)C,,—3(W+M —B—-H)L;? 
—10(B+ H)S;?—12(B+H)T;7+28(B+H)S,? 
—3(B+H)L;7S;7}. (4.13) 

This form of the two-particle interaction is par- 
ticularly convenient when we sum over pairs to obtain 
the total interaction 3 >> ;.;" Vij. Now 


n 


24> (?(@)+L1(7)+2L(1)-L(4)] 


#3 


=(n—2)>° L(i)+-L2; (4.14) 


similarly, 


n 
> Cy=C+(n—2) ¥ C(i), 
ixj i 

gy Si7=S+(n—2) ¥ S(i), 
ix) i 


Ly 7,7=T?+(n—2) ¥ T*(i). 


ix) i 


But C(z), L*(z), S*(2), and T(z) are all constants which 
can be dropped for considerations of energy splittings. 
Thus, each two-particle term in the interaction V,,, with 
the exception of L,7S;7, can be expressed as a many- 
particle operator of the same kind, and with the same 
coefficients it had in V,;. 

C, L*, S, and T? can all be diagonalized simultane- 
ously. Thus, the energy spectrum for } }> V;; without 
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the 5° 1;8;,7 term can be expressed exactly as a sum 
of terms C, L(L+1), S(S+1), and 7(7-+1), with the 
appropriate coefficients from (4.13). If the term in 
> L282 can be shown to be small, its effect on the spec- 
trum can be calculated in perturbation theory. This 
will be done below. 

In Table I we list eigenvalues of C (or Cy,) for the 1p 
shell. For each case we give the particle symmetry label 
[f], and the equivalent (A,u). For each (A,u) we give 
the maximum value of ¢, €9, and the possible values of 
L. We only include the particle numbers n=1 to 6, 
since the two-particle interaction } >) V,; has the same 
spectrum in the 1/ shell, for 12—m particles as for 
particles, up to an additive constant. That is, ” holes 
behave like m particles, under } }> V,;. 

Finally, we shall make specific choices for the form 
of the interaction. For oscillator orbitals the Slater 
F*’s can be expressed in terms of Talmi integrals’ Jp; 

P=4[5 Uotl2)+2h], i 
‘ (4.15) 
F?= (25/12)[(ot+/.)—2hi], 


where 


4 2” ‘ 
[ V (r)x??*? exp(—2*)dx; 
Vr (2p+1)!!4o ; 
” 
wr=—. (4.16) 
26° 


For a Gaussian two-particle potential, 


V (r3— 2) = V(r) = Vo exp(—r?/r0"). 


TABLE I. Cy, for 1p shell. 


(Ap) 
(10) 


— 
LI 


(20) 
(01) 


ae | 
— bh 


(30) 
(11) 
(00) 


rm 
—— 

. t 5 mmo me Cyd 

MMi CenMlentiMaad Caslcclicns tunlleed 


(40) 
(21) 
(02) 
(10) 


Nmhwmuo 


(31) 
(12) 
(20) 
(O1) 


~I 


= b> of 


(22) 
(30) 
(03) 
(11) 
(00) 


71. Talmi, Helv. Phys. Acta XXV, 185 (1952). R. Thieberger, 
Nuclear Phys. 2, 533 (1956-57). 
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We obtain 


ro i 
| Ip= vi(- = Vert, 


(4.18) 
2h?+r-°? 


We choose the ratio (V2b/ro)=1.3, which is equiva- 
lent to Kurath’s choicet L/K=6.8. We also use his 
choice of Vo=—45 Mev. The choice of range is not 
very critical; a variation of 20°/r,? from 1 to 2 will 
change 7 only from 0.5 to 0.33. 

Substituting these choices into (4.15) and (4.13), we 
obtain 


V s= — {L(3.74)3M-+ (4.03)3 (W+M) |C;; 
+ (—4.03)§ (W+M—B-—H)L;? 
+[ (3.74) B+ (4.03)3(B+H) |S; 
+[(—3.74)H— (4.03)3(B+H) ]T;2 
+ (—4.03)3(B+H)L,7S;7}. (4.19) 


Kurath! uses the mixture, W=H=0, 
M=0.8, B=0.2, which gives a stronger spin triplet 
than spin singlet strength in even-L states, as is ob- 
served in the deuteron and Li®. The Serber mixture, 
W=M=0.5, B=H=0, gives nucleon-nucleon scatter- 
ing symmetric about 90°, as observed experimentally. 
A mixture which gives both properties has been sug- 
gested by Meshkov’: W=M=0.4, B=0.2, H=0. For 
these three mixtures we obtain: 


V (Kurath) 


exchange 


= — 13.8C+0.30L?— 1.35.82 


+(0.407°+0.1012S?;  (4.20a) 


V (Serber) = — 11.6C+0.51L?; (4.20b) 


V (Meshkov) = —9.3C+0.30L?— 1.35.8? 


+-0.407°+-0.10L2S%.  (4.20c) 


The Kurath and Meshkov mixtures differ solely in the 
coefficient of C. For all three mixtures, the 12S? term 
is small. 


V. THE INTRINSIC REPRESENTATION 


In the previous section we have diagonalized the 
major part of the two-particle central force in the 1p 
shell, using a representation whose basis functions are 
eigenfunctions of C, 1’, S*, and T°. Clearly we can also 
diagonalize Lo, So, and 73, and write the basis functions 


(Au )LM1,SM s,TT 


Alternatively, we may obtain these approximate 
eigenfunctions by extending the basis | (Aw)e,K), de- 
fined in Sec. II, into spin and isobaric spin space. These 
basis functions, which diagonalize C, S?, T*, H, (or Lo), 
H» (or Qo), So, and T3, may be written 


(Auw)e,A,SM 5,TT3). 


Although these functions are not eigenfunctions of L?, 


they may be used to generate such solutions by pro- 


8S. Meshkov and C. W. Ufford, Phys. Rev. 101, 734 (1956). 
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TABLE II. Intrinsic functions | (Aw)eoK,.Ms) for the 1p shell. 


20)40, 0 ae ofo4 
(20)40,1) =|Of, OF| 
.20)40, 0 
| (30)60, 3) =|OFOJ, OF 
OF0J, OF0) 
(31)71,4) =! 1f0F0J, OFO) 
}) =| 1pOtoy, O04 
=| 1P1JOFOY, OFOY | 


(40)80,0) = 


= (V4){/OF, 04 +04, OF} 


= (\/$){ | 1f—10P0J, OFO]| + | —1f1,0f0), OF0] | } 


=| 1POP0J, 1F004 


= (V/$){| 1POPFO], 1POFO]L| + | 1YOTOY, 1F0F0] | } 


= | 1JOPOJ, 1,0F0) 


2)60, 1 


2? 60,0) = {| 1P0T0), —1YOPFO] | + | 1YOFO], —1f0F0]! + | —1P0PO], 1YOTOY 


jection, Py“, as described in Sec. II. Using Elliott’s 
theorem, we need only choose e=¢€ to span the 
whole space. We therefore define a set of functions: 

(Au)eoK,M s), which we call the “intrinsic representa- 
tion,” where S, 7, and 7; are not explicitly written. 
LJA useful feature of these intrinsic functions is that 
they are often easily expressed in terms of Slater deter- 
minants of the single-particle orbitals in the 1p shell: 
pi, Po, p-1, With spin up or down, proton or neutron 
state. In particular, if we require the maximum possible 
e for a given number of particles, the number of deter- 
minant wave functions consistent with a given S, T, T; 
is very small. This is particularly useful, since the 
maximum occurs for the highest (Au) symmetry, that is, 
with the greatest eigenvalue of C. Because C has a 
large negative coefficient in the usual central-force 
choices (4.20), the states of highest Cy, or €o lie lowest 
in energy. It will be useful to have simple determinant 
expressions for these low states, for the calculation of 
perturbation terms. 

In Table II we give the determinant forms of the 

Au)eoK,M s) for the 1p shell, for highest Cy,, for 2 to 
6 particles (or holes). We always choose T;=T. The 
determinants for each are denoted by one row of orbi- 
tals, since the other rows differ only in the particle 
labels. The orbital functions po, pi, and p_1 we further 
abbreviate by 0, 1, and —1, respectively. The arrows 
denote spin up or down, and proton orbitals are sepa- 
rated from neutron orbitals by a comma. We have 
shown only functions with K>0, which are all we shall 
need explicitly. 

We saw that the functions generated from the intrin- 
Sit fun tions by ts projec tion, Py” form an LSM .M 5 
representation in which the central interaction } >> Vi; 
is approximately diagonal. If the total interaction also 
contains noncentral terms, like a spin-orbit force, states 
with different total angular momentum J will no longer 
be degenerate. We may generate eigenfunctions of J? 
from the intrinsic states, using a J projection operator, 


= (V/$)t | 1POTOL, —1P0F0}| + | — 1P0T0J, 1F0F0J | } 


LLOPFO], 1F0F0] 3 


Pay’, which is the generalization of Py,” to J space. 
This is not simply a transformation to an LSJM , 
representation, since there may be more than one value 
of L possible for a given value of J. Then J projection, 
Py? (Au)eoK ,M gs , gives a linear combination of the 
LSJM ,; functions, with different values of L. In these 
cases, however, there are several possible values of M x, 
corresponding to the multiplicity of Z for a given J. 
The J projection for each value of Ms will, in general, 
produce an independent linear combination of the 
LSJM ; functions. That is, the functions 


Pu? (Au)eoK,M gs 


with all values of J, M, K, Ms, span the same space as 
the | (Au) LSJM 7). However, the P,/ Au)eoK,M gs) do 
not form an orthogonal basis in general, and may be 
overcomplete, in the sense that some of the functions 
are linearly related. 

The projected intrinsic functions, Py,7| (Auw)eoK,M s), 
form a representation in which C,.S*, 7? can be di- 
agonalized, and may be taken as a zero-order repre- 
sentation for a perturbation treatment of the other 
central-force terms, L?, }> L;,7S;7, and any noncentral 
terms, like the spin-orbit interaction a >; 1;-s,. Since 
the projected intrinsic functions with different values 
of K and Msg have the same eigenvalues Cy,, S(S+1), 
T(T+1) (that is, are degenerate in zero order), the 
first-order energies are obtained by diagonalizing the 
perturbation terms in the projected intrinsic repre- 
sentation. We shall abbreviate the functions: 
Py’ \ K,Ms). 

Diagonalizing an operator V in the nonorthogonal 
basis Py’|K,Ms) means finding linear combinations 
of the functions, such that 

V > bey Pu’ | Kyu 


Kyu 


basis 


A ‘2 br Px? K yu ‘ 

Kw 
If x 
VP wu? | Ky D OK», KyuP au? | K'v 


K’ 
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then solutions of (5.1) can be found by solving 


> @xy, KyoKy=Nbx’,’. 


Ku 


(5.3) 


Since Py”|K,u) is a nonorthogonal basis, ((ax-»,«,)) 
is not a Hermitian matrix. However, as long as the 
Py,’ | K,u) are linearly independent, ((a)) is related to 
a Hermitian matrix by a similarity transformation, and 
therefore has the same eigenvalues, A, as that Her- 
mitian matrix. 

Even if there are linear relations among some of the 
basis functions, (5.3) still provides valid solutions of 
(5.1), although these are not unique. The complete 
set of eigenvalues, A, of V will still be produced, but 


L?P x7 Kp = PyIL?| K p)= Py? (J2+S—2J-S) Kyu 
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there will also be spurious solutions, A’, resulting from 
the spurious enlargement of the space by introduction 
of nonindependent basis functions. The bx,” which cor- 
respond to these solutions are just the coefficients of 
the linear relations among the basis functions, 


> bx,’ Pu? Ky =(), 


Ku 


Treating /* by degenerate perturbation theory actu- 
ally involves no approximation; L? has no matrix ele- 
ments connecting the Py;’| (Auw)enK,Ms) to states of 
other (Au), S, or J. The matrix elements of L? in the 
J-projected intrinsic space P,7 | K,u) can be obtained: 


Py {CJ (J+ +5 (S+1)—2(K+u)u]| Ky) 
— (2(S+p)(S—p+1))J4| K, w—1)—(2(S—p)(S+y+1))_| K, w+1)} 


[J(J+1 + S$(S+1)- 2(K+y)u JP? Kup) 


-((J4+K—p)(J+K+y4+1)(S+y)(S—u+1))? Pay’) K, u—-1) 


— ((J+K+yp)(J—K—pt+1)(S—p)(S+yu+1))?Pay7| K, w+). 


The matrix elements of L? do not connect different K. 

If we denote a single-particle wave function by its 
total magnetic quantum number, |m,;), for m;>0 
(e.g., |4)=|pot)), then we define |—m;)=R(x)|m 
for.m;>0, where R(m) is the operator which rotates the 
function about the y axis through z radians. For m;<0, 

—m;)=— R(x) | m;). Then we define the many-particle 
intrinsic wave functions |—K, —Ms) to be the func- 
tion obtained from |K,Ms) by replacing every single- 
particle function |m,) by |—m,). For a particular value 
of J, R(a)| j,m;)=(—)**"| 7, —m,).® From this it can 
be shown simply that the relation between | —K, —M s) 
and |K,M ss) is given by 


Py |—K, —Ms)=(—)¢td+k+™8Py7|K,Ms), (5.5) 
where ¢ is the number of single-particle functions in 
K,M s) with m;<0. 


VI. SPIN-ORBIT IN FIRST ORDER 


We shall consider as a perturbing term the single- 
particle spin-orbit interaction, }°;.1"1,-s; For the 
first-order calculation of the energy contribution, we 
shall need the matrix elements of ¥ 1;-s; between the 
projected states Pyy7| (Aw)eoK,Ms) for various values 
of K, Ms. 

Since >> I-s commutes with Py’, 


¥ I-sPy!|K,Ms)=Pu’ ¥ |-s|K,Ms). 


For the perturbation calculation, we are considering 
only the operations of }° I-s within the space of func- 


(6.1) 


9A. R 
(Princeton 
p 59 


Edmonds, Angular Momentum in Quantum Mechanics 
University Press, Princeton, New Jersey, 1957), 


(5.4) 


tions with given (Au).S, T. We shall denote by {> 1-s} 
the restriction of the operator to that space. With that 
restriction, 


{> I-s}| AweokK, Ms 


'K',Ms' (6.2) 


(Auw)e’K’ M3’ 


That is, {>> I-s} simply generates functions in the (Au) 
space, with different «, K, Ms. We could also generate 
these same functions by operating on | (Aw)eoK,Ms) 
with combinations of the SU; group generators F 4, 
F 45, Fis, and of the spin operators, S;. Each state 

(Au)e’K’,M 5’) can be generated by the appropriate 
combination of Fp,Sn, which change «6, K,Ms to 


e’, K’, Ms’. There may be more than one independent 
operator for each of these transformations. 
Let us expand: 


1(z)-$(¢) =19 (1) so (2) +1, (2)s_(i) +1L_(2)54.(7); (6.3) 
and from (3.4) 
L,.(4)=—1,(7) oF ! f i(2), 


'_s(1)—F (2). 


(6.4) 


F (i), Fs(i) give zero, operating on a function with €p. 
Therefore, 
1(7)-s(i)| Ap)eoK,M s 
= [lo (i) s0(i) — F_1(i)s_(i) — F_s(i)s4@)] 
X | (Au)eoKM sg). 


(6.5) 


Clearly the first term gives states with the original e= €o, 
K, Ms; the second term lowers €9 to ¢y>—3, and changes 
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K to K+1, Ms—1; the third term lowers € to e9—3, 
and changes A to A—1, and Ms to Ms+1. 

The functions we are considering have S a good 
quantum number, therefore the changes of Ms gen- 
erated by {> I-s} can alternately be generated by the 
spin operator S,,. The first term in {>> 1-s}, which 
changes none of the quantum numbers, is clearly 
proportional to the unit operator, since the state 
characterized by (Au), eA, Ms, 7,73, on which it 
operates, is unique. 

There are two independent combinations of the many- 
particle operators F,,=>_; F,(i) which generate a state 
(e9—3, A+1) from (€,A); they are F_,; and F_,F,. 
Although one can apparently construct other operators 
which do this by adding factors like F\F_, to these two 
operators, F; (or Fs) can always be commuted to the 
right until it annihilates the state (€,A). The terms 
left after commuting will always be F_; and F_5F,, 
multiplied by some combination of the diagonal opera- 
tors Ly and Qo. This multiplying factor is just a number, 
so that no new independent operators can be con- 
structed to generate (¢9>—3, A+1). If it happens that 
K has its maximum value in (€9,AK), then F_sF', on this 
state yields zero, and F_, is the only independent 
operator leading to (¢9>—3, A+1). Similar considera- 
tions show that (¢—3,AK—1) can be obtained by 
operations of F_s; and F_,F_, on (€,A). If K has its 
minimum value in (€,A), F_s is the only independent 
operator. 

We find then, that {}> I-s} operating on (€,K) can 
generate at most five independent states, and that these 
are the states generated by the many-particle operators 


1, F_S_, F_F,S-., P_iF_4S, 


F_,S,, 
Thus we may write 


{> I-s}| Aw)eoK,M ss) 
=[A1+ BF_,S+CF_;FS_+ DF_,S,+ EF_:F_.S, | 
X!)ApweoK,Ms). (6.6) 


The coefficients A, B, C, D, and E can be determined 
by multiplying this equation on the left by the conju- 
gates of the five functions on the right: ((Au)---|, 
(«++ |S, Fi, (+--+ |5yF_aFs, (--+|s_Fs, and (---|s_F Fi. 
We use F,,*= F_,, and S_*=S,. This yieids five simul- 
taneous algebraic equations in the coefficients A, B, 
C, D, and E, which can be solved in terms of the 
“homogeneous” matrix elements 


((Ap)- O.*O, (Au)-+ +) 


’ 


and the “inhomogeneous” matrix elements 


Oa*{> 1-8}| (Au)---), 


where O, is a typical operator in (6.6). The homo- 
geneous terms are obtained by commuting O,* and 
O», using (2.4), since O,* contains F’s which will 
annihilate | (Auw)eoK,Ms). The inhomogeneous terms 
are calculated by direct operation of >> I-s on the deter- 


((Ap)**> 
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minant forms of the intrinsic functions (Table II). 
Since >} I(i)-s(z) is a single-particle operator, acting 
on a determinant function | a@,),c,---!, 


> Is! a,d,c,--- 


= | (I-sa),b,c,---+]a,(1-sb),c,---|+-++. (6.7) 


Explicit formulas for the matrix elements are given in 
the Appendix. Many matrix elements will be zero. 

In Eq. (6.6), we may immediately operate with the 
F,4 and Sx, on the intrinsic functions, using” 


(pK ptK+2 2 
Fas Owek,Ms)=—| ( a )( a )| 
? ? 


X | AuwjeoK+2, Ms), 
Ss! (\u)eoK,M s)=[}(S#Ms)(SEMs+1)]! 
KX! ApenK, Ms+1 


(6.8) 


Also, from (2.4), we may replace F_; and F_s by —L, 

and —L_, respectively. Further, using L,=J,—Sy,, 

(6.6) becomes 

{> I-s}|K,Ms) 

= A'|K,Ms)+B’J,|K, Ms—1)+C’J 
+D’J_|K, Mst+1)+E'J,|.K—2, 


K+2,Ms—1 
Ms+1), (6.9) 


where the coefficients in (6.8) have been absorbed. 
Operating on both sides of (6.9) with Py’, we now 
obtain equations of the form (5.2), relating the different 
Py’|K,Ms). The coefficients axy.x-, are simply the 
primed coefficients (6.9) multiplied by the appropriate 
matrix element of J,: 


Py!Js,|K,Ms) 
=[}(JFK+M s)(J4K+Ms+1)}! 


XPwu7|K,Ms). (6.10) 


Then diagonalizing ((ax,y,x-,)) yields the first-order 
contributions of © I-s to the energy. 

For the special case of wave functions totally sym- 
metric or totally antisymmetric under space exchange, 
(6.6) will always have the simple form 

{2 Tes} | Au) 


(1/n)L-S! (Ap) 6.11) 


., for symmetric functions, |s), 
, , , 


), P*(ij)|s’)=|s 


as can be shown, e.g 
P*(i7)|s)=|s), and |s 


(s’| 1(i)-s(z)| s)= (s’| P7(ij) (7) - (i) P? (ij) | s 
(s’| 1(7)-s(@)|s). 
Then 


- i « 


> (s’ I(i)-s(7) $)= + (¥ l(7)-s(i)!\s 


t 


(s’|1(j)-s(2)|s 
n 


€o,A ) similar to those of 


10 (—4/4)F,, has matrix elements in 
1,M s)=|4u,4K). See 


the angular momentum operators J, on 
reference 2. 
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Space symmetric functions occur for the highest (Au) 


S=0, (L-S)=0, and there is no first-order spin-orbit 
for 2, 3, and 4 particles: (2,0), (3,0), (4,0), respectively. 


contribution. 


However, for (2,0), T=L, and (4,0), we must have 


For five particles, (6.6) takes the form 


{5 I-s}]1,3)  =[}—-4245_]]1,}), 
{¥ I-s}[1, —$)=[—4—(1/15)L_S,+ (4/15)L,5,F_4]|1, —}). 


For six particles, T=0, (6.6) becomes 
{2 I-s}|2,1 
{> I-s}/2,0 
{> 1-s}| 2, 
{>> I-s}|0,1) 


) =[1—3L,S_]|2,1), 

) =[-$L,S_—PoL_S,4+4L,S,F_4]|2,0), 
—1)=[—1—pyL_S,44L,5,F_,]|2, —1), 
=[—},L,S_+4L_S_F,]|0,1), 


{¥ 1-s}|0,0) =[—48,(L,S_+L_S,)+3(L_S_F,+-L,5,F_4)]|0,0). 


We have obtained these equations by using the matrix 
elements as calculated in the Appendix. 

The calculations for 12—n particles may be replaced 
by calculations for nm holes, using the functions of 
Table II as hole functions. However, we must remember 
that a single-particle interaction like }> I-s operating 
on a given m-hole function is equivalent to —> I-s act- 
ing on the equivalent n-particle function, up to an 
additive constant.'!! Therefore, the calculations for 


—~ 
Nip’) ACA) 


where, Ey, are the eigenvalues of the diagonal part of 
the central force, and other quantum numbers are 
understood. Here we are forced to consider matrix 
elements of > I-s connecting different (Aw). However, 
since >}. I-s operating on the intrinsic ground state 
changes ¢€ by 0 or 3, it can only connect (Ay) to those 
(\’u’) for which e= €, 3. Since we have taken €9 
as the highest possible for the given number of particles 
and T, the available (\’u’) are a limited set. From 
Table I we see that for n=2, 3,4 there is only one 
(\’u’) for each, reached by } I-s. In these cases, the 
sum (7.1) has a single nonzero term, and can be 
rewritten 


Or €9- 


((Aw)| PY (> 1s)?! (Aw))—C((Ap) | P? © Ts} (Au)) P 
AE ; 
(7.2) 


using the closure relation for the intermediate states. 

Now we do not actually have to calculate the off- 
diagonal terms, but only the part of (}- I-s)? within the 
space (Au). We denote this by { (> I-s)*}. The second 
term in (7.2) is the square of the first-order term we have 
already calculated. 


uD. M. Brink and G. R 
(1956). 


Satcheler, Nuovo cimento 4, 549 


((Au)- ++ |P2E Tes| (\'n’))(('u’) | PY E Hes] (Xu) ++) a 


eres - - . = — © 


particles can be used for 12—m particles, with an over- 
all change of sign. 

It should be pointed out that this method of calculat- 
ing matrix elements within an invariant subspace (Ay) 
depends only on the properties of the group operators, 
and therefore is quite general; it can be applied to any 
oscillator shell. 


VII. HIGHER ORDER AND CENTRAL TERMS 


The second-order perturbation terms are of the form 


te Eyry 





In general, there may be several (A’u’) connected to 
the highest symmetry by >> I-s. Then we can approxi- 
mate the second-order term by a term of the form (7.2), 
where we use an average excitation energy AE. Since 
the coefficient of }* I-s is not known for each nucleus, 
but is adjusted to fit the data, this approximation 
should not be too critical, assuming >> 1-s can be 
treated as a perturbation at all. The relative weighting 
of the separate terms in the numerator of (7.1) is 
changed somewhat by this procedure, but since all 
these terms are positive, and the denominators of the 
same sign, no sensitive cancellation of terms is altered. 

To calculate (> 1-s)? we find what states within the 
representation (Au) are reached by its operation on 
| (Auw)eoK,Ms). Expanding, 


(© 1-s?=S 1, ()s_ (1) +1— (1) 84.) +o (A) s0(t) ] 
tJ 
Mil, (j)s (j)+l (7)s+(7)+lo(7)so(7) J. 


We find we can group the states by the change of K 
(or Ms): 


(a) 1, (il, (7)s_(i)s_(4) and I_(i)l_(j)s4(@)s4.(4) reach 
states with AK=—AMs=+2, Ae=0 or —6. These 
states are generated from | (Au)eoK,M s) by F4S_S_ and 
F_,S,S, for Ae=0, and by F_,F_,SS, F_5F_1:F,S_S_, 
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F_sF_5S,S,, F_osF_sF_«S,S,, F_1F_1F_sF_4S,S,, and 
F_sF_sF F S_S_ for Ae= —6. For most cases in the 1p 
shell, many or all of these terms will be zero. 

(b) Z(@)lo(s)s—@so(g) and IL (i)lo(j)s(i)so(y) reach 
states with AK= —AMs=+1, Ae=—3. These are the 
same states reached by {3° I-s}, and are generated by 
F_1S_. FFiS_. F_sS., F.F_sSs. 

c) LL. @l_(y)s ), L@MA(y)se@Ms_(), lo@lo(y) 
Xso(t)so(y) reach states with Ae=0 or —6, and no 
change of K, Ms. Ae=0 is generated by the unit opera- 
tor, and Ae= —6 by F_5F_1, F_sF_sF4, and F_,F_:F_«. 
To separate the Ae=0 and —6 parts of the first two 
operators, we write 


lL, (i)l 


(1)s.( ] 


P=C-F_.@—-F3() JL-—F:1()) —Fs(s) J 
F_s(i)F_1(j)+43[Q0(4)+Lo(i) J6:; 

and 

L(i)l,(j) — F(t) F_s(j) +3 (Qo(t) — Lo(t)) 6; 


operating on €. 

We find this classification also allows us to calculate 
the diagonal matrix elements of the central-force term 
> L*(ij)S*(ij), which we previously ignored. We write 


> Z 
a | 


L2(ij)S*(i7)=[F(@)+F(f)+-210) 1) IS (ij). (7.3) 
In the 1p shell, P(7)=2, so that 
LF@)+P(/)IS Gj) =4S (ij 


-45°+ const (7.4) 


for a given number of particles. 


DANIEL S. 


KOLTUN 


The remaining term in (7.3) operating on | (Au)eoK, 
M s), reaches the same states as part (c) of {(X I-s)*}, 
treated above, and can be handled in the same way. 

As in the calculation of the first order terms, we write 
the operation of { (> 1-s)?} as a sum of operators from 
(a), (b), and (c), above: 


{(X I-s)}|K,Ms C.Oa|K,Ms). (7.5) 


dua 

This equation is multiplied on the left by the or- 
thogonal set (K,Ms\O,*. The resulting matrix elements 
can be calculated, and the equations solved for the C,. 
The operators O, must be broken up into operators 
F 44, S; which change K, Ms, and functions of operator 
J. Then projection Py’ yields equations of the form, 


for {(> I-s)*}, 


(7.6) 


{(> 1-s)*} Par? K,Ms; >. UK’, Kyl? K' 
K's 


For a spin-orbit interaction a >> I-s, with average ex- 
citation energy AEF, then diagonalizing the matrix 
QQK'y Kut ar AE UK’y K 7.7) 


yields the combined first and second contributions to 
the energy. 

We list the second-order spin-orbit terms for the 
cases S=0 only, for which there is no first-order term: 


=1, {(X 1-s)}| (20))=[2—3Z?]| (20)) 
{(> 1-s)*}| (40))=[ (8/3) -#,L7]]| (40)) 


{(X 1-s)"}| (60)62,0)=[3— (3 


20) (L?—10)+ 75 (L4L4F_4—2) ]| (60)62,0 


{(X 1-s)?} | (60)60,0)=[$—3(L2—6)+ (1/20) (L,L,F_.+L_L_F,]| (60)60,0). 


It turns out that for n=2, 3, 4, or 5, 


3{>> L?(i7)S*(i7)} | (Aw)) = [2+ const) }| (An)) 


iH) 


so that this term can be treated along with L*. 
For n=6, up to an additive constant, 


T=1: HX L2S73|2,0 
}{ L2S*} 0,0) 
{> L?S*} 


1 LAS} 


T=0: 


VIII. COMPARISON WITH EXPERIMENT 


We can now calculate the energy spectra of the 1p 
shell nuclei, using the zero-order wave functions 
P yy? | (Aw)eoK,M s) in which C, S?, and J? are diagonal, 
and L?,4 > L*S*, and > I-s are perturbations. By com- 
parison with the experimental energy levels” we shall 

2 F, Azjenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 


=(3(L?—10)+2(L,L,F_,—2)]| 2,0 
=[5(L2?—6) +33 (L4.L4F_.+L_L_F,—4]| 2,0 

2,M s)=[8+ (7/5) (L?—10)—2(L,L,F_4—2)]|2,Ms 

0,M s)=((17/10) (L?—6) — 5 (L4,.L,F_.+L_L_Fy—4)]|0,M 5). 


try to find a set of exchange parameters for the central 
interaction (4.19). Since the nuclei of the p shell are 
not of radically different size, we would expect one 
choice of these parameters to suffice for the entire shell. 
The strength parameter of the spin-orbit potential will 
be allowed to vary with the number of particles, to 
provide the best fit to the spectra. 
Intermediate-coupling calculations have already been 
done in the 19 shell,‘ in which complete matrices for the 
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interaction in the shell have been constructed, and di- 
agonalized by digital computer. The perturbation 
method used in this paper is an approximation to the 
exact diagonalization of the matrix when we choose the 
Kurath exchange mixture (4.20a). For several cases of 
interest, we have compared the approximate and exact 
predictions of the spectra, as a function of the spin- 
orbit strength parameter, a (Figs. 4, 6, and 8), to see 
how good the approximation is. 

The approximation method has the advantage that 
only a few matrix elements are required, and these can 
be obtained quite simply, without use of fractional 
parentage. The matrices are small, and can be diagonal- 
ized by hand. Also, the central force parameters can 
be changed without requiring recalculation of the 
matrices, so that various exchange mixtures can be 
tried. Only the coefficients of L? and 3 }> LS? affect the 
energy in first order. 

The approximation is somewhat better than first- 
order perturbation in LS coupling as used in Inglis’ 
paper,” since the matrix elements of }> I-s between 
different ZL in the same (Au) are taken into account. 
Thus we obtain first-order splittings for six particles, 
T=0, while in LS coupling, first order gives zero." 
The ability to calculate second-order contributions also 
improves the approximation. We have not exhibited 
second-order results except when the first order gives 
zero. 

The number of 19 particles for a given A is n= A—4. 


n=2, 3,4 


The highest (Au) states of two, three, and four par- 
ticles are space symmetric, so that the first-order spin- 
orbit energies are given by (6.11): 


a 
(a > 1-s)=-(L-S) 
n 


a 
=—[J(J+1)—L(L+1)—S(S+1)]. (8.1) 


2n 


We find that the spectra for these nuclei can be fit 
fairly well with a~—1.5 Mev; in particular, this gives 
the correct splitting of the J=2, J=3 levels for n=2, 
T=0. Since these two states are unique for two 1p 
particles, the first-order splitting is “exact.” 

If we use the range and strength assumed above for 
the central force, we can try to find the best exchange 
mixture (4.20) by comparing the calculated with the 
experimental spectra (Figs. 1, 2, and 3). Forn=2, T=0, 
the ‘‘center of mass” of the L=2 triplet (J=1, 2, 3) is 
predicted by all three mixtures to be 3 Mev above 
L=0, J=1, since 0.317+0.10°-S°'=0.5L?=3 for S=1. 
The experimental result is 3.2 Mev (Fig. 1). 

For n=2, T= 0 and the Kurath and 
Meshkov mixtures both give a splitting of 1.8 Mev for 


1, we have S 


8D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
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Fic. 1. Comparison of calculated and experimental spectra 
for A=6, using the Kurath or Meshkov exchange mixtures, 
a=—1.5 Mev. 


J=0, 2, while the Serber mixtures predicts 3 Mev. The 
data give 1.71 Mev. Also, the Kurath and Meshkov 
mixtures predict the splitting of the J=0, T=1 above 
the J=1, T=0 level to be 3.5 Mev, compared to 3.56 
experimentally. The Serber force gives no splitting. 
This seems to eliminate the Serber choice. 

All three mixtures predict the (Au)= (0,1) states to 
be above 8 Mev, where no spins have been identified. 
For this excitation, and a~—1.5 
order perturbation effects are small. 

For n=3, (8.1) gives energy splittings E(J=}4) 
—FE(J=%)=—ta, and E(J=§)—E(J=3)=— (7/6)a, 
so that the latter splitting is 7/3 the former. The ex- 
perimental spectrum (Fig. 2) seems to show a much 


Mev, the second- 











a~-1.5 Mev 


Fic. 2. Comparison of calculated and experimental spectra for 
A=7, using the Meshkov exchange mixture, a~—1.5 Mev. 
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18.2 i* (T= 0) 


126 T(Te! ) 
16.6 2*(Ts1 ) 
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(b) 


of calculated and experimental spectra 
the Kurath (b) the Serber mixture, 


Fic. 3. Comparison 
for A=8, using (a) 
a=—1.5 Mev. 


larger ratio of splittings, but there is evidence that the 
$— level seen at 7.47 Mev in Li’ comes from a lower 
(Au) symmetry (1.1) than the ground state. There is 
also evidence of the }-, (3,0) state in the region of the 
6.54-Mev level.“ This would make the splittings some- 
what closer to the prediction, with a~—1.5 Mev. 

The Meshkov and Kurath mixtures put the un- 
perturbed splitting of L=1,3 at 4 Mev; the Serber 
mixture predicts 5 Mev, which is closer to experiment. 
However, second order tends to raise the } energy rela- 
tive to 3}. The Kurath and Serber forces put the lowest 
unperturbed (1,1) S= % level above 10 Mev, while the 
Meshkov force puts it at about 5.5 Mev, quite close 
to the $~ (30) level, as the experimental evidence sug- 
gests (Fig. 2). 

For n=4, S=0 and (8.1) is zero. The second-order 
term is (a?/AE)[(8/3)—7;L*] from (7.8). All mixtures 
give the zero-order excitation of (2,1) levels above (4,0), 
L=0, greater than 10 Mev. Thus the coefficient L? in 
the second-order term is less than 0.1 for |a| <3, or 
0.2 for a! <5. The central force has a coefficient of L? 
of 0.4 for Kurath and Meshkov, and of 0.5 for Serber 
mixtures. Thus to fit the J=2, 4 levels of Be® for the 
range and strength of the force we have chosen requires 
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a large spin-orbit force with the first two mixtures, or 
a smaller {|a| with the Serber mixture. From the 
neighboring n=2, 3 nuclei, we might expect |a| to be 
™1 to 2 Mev. Both the Kurath and Serber mixtures 
put the (2,1), T=1 levels at about 17 Mev, while the 
Meshkov mixture puts them at about 10 Mev, for 
which there is no experimental evidence (Fig. 3). 

Thus we find that the low-lying energy levels of the 
nuclei with A=6,7,8 can be reproduced with fair 
accuracy using a two-body central force and a single- 
particle spin-orbit term which can be treated as a 
perturbation. However, we get conflicting evidence for 
the proper exchange mixtures: The Kurath choice 
conflicts with the close 3- levels in A =7, the Meshkov 
choice conflicts with n=4, T=1 data, and the Serber 
choice does not agree with the »=2 or 3. The fits in 
Figs. 1, 2, and 3 could be improved somewhat by in- 
creasing the coefficient of Z? in the central force [(4.20a) 
and (4.20c) ], which could be accomplished by a change 
of strength, range, or even the radial shape of V(r; 
[ (4.15) to (4.19) ]. 


—r») 


n=5 
The first-order terms for five particles in the projected 
intrinsic space are obtained from (6.12): 
{> 1-8} Par? | 1,3)=3P 7 | 1,4) 
— 3 (J—4)(J+3) Paw’ 
{> 1-8} Pu’|1, — 
=[- 15)— (2/15) (—)7+4(J+4) ]Py’ 
— (1/30) (J—4) (J +3) }'P a’ | 1,3), 
where we have used (6.8) and (5.5): 
Py7\—1, 4)=(—)2+P 7/1, — 


=(-—(-)’* 2|P7S5F ‘ 1,3 . (8.3) 


The total perturbation is [cl?+a > 1|-s], where c is 
the coefficient of~Z? in the central force, including the 
effect of }> L?S in first order. The perturbation takes 
the matrix form in the space Py,;7/ 1,4), Pw7|1, —4), 
using (8.2) and (5.4), 


i, —$ 





1 1 


1, —3|(—c—ga)[J—3) J+) }! 


where we have omitted the additive constant c(J?+-.S?). 

The solutions of the perturbation matrix are exhibited 
in Fig. 4 (solid curves) as a function of a/c, with the 
lowest root of J=% set to zero. For J=4, Py'|1,4)=0, 
and the matrix becomes one-dimensional. For J=9/2 
there is a spurious solution, since there is only one state 
of that spin in (3,1), that coming from L=4. The 
spurious solution can be found by diagonalizing L? in 

uc 


Levinson and M. K. Banerjee, Ann. Phys. 2, 489 (1957) 


Bae 30)a)[(J— 


{4c—a[(7/15)+ (2/1 


DOD) 
15)(—)/+4(J+4)]}, 


the degenerate space. The roots are 20 and 30, the 
former corresponding to L(L+1) for L=4; the second 
root is spurious, and its eigenfunction must have zero 
norm. 

It is interesting to compare the perturbation results 
with the results obtained by Kurath, in intermediate 
coupling, shown as dashed curves in Fig. 4. We have 
used c=0.4 Mev to correspond to Kurath’s choice of 
parameters. The perturbation curves follow Kurath’s 
fairly well for the range shown, —6 Mev<a<0, with 
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the exception of the second 3 level. It is surprising that 
the higher order perturbation terms do not make them- 
selves more strongly felt by a~—4 Mev, since then 
a?/AE~—1 for the Kurath force. 

The experimental information on Be’ is still rather 
incomplete, but a tentative fit of the spectrum can be 
attempted for a~—3.0 Mev (Fig. 5). We assume the 
3.04 level is }~ and the 1.75 level is +, which does not 
appear in the p-shell configuration. The broad level at 
4.74 could be a combination of 3, 3, and 3 as shown. 

The predictions for the Meshkov mixture are the 
same in first order. For the Serber mixture, c=0.5 Mev 
and the entire energy scale is changed by 5/4, which 
would improve the fit to the 2.43 and 3.04 levels. No 
information on T= levels is available. 


n=7 


The first-order perturbation results for n=7 can be 
obtained immediately from those for n=5, simply by 
using |1,3) and |1, —}) as functions for 5 holes. This 
simply changes the sign of >> I-s in the perturbation, 
but not the two-particle term L*. Thus we need the 
solutions of (8.4) for positive (a/c), which are shown 
in Fig. 6. Again we have compared the perturbation 
curves (solid) with c=0.4 Mev to Kurath’s (dashed) 
which were given only for a>3 Mev. We notice that 
the Kurath curves rise more steeply than the first 
order curves, indicating the contribution of higher 
orders. Still the agreement is not too poor except for 
J =3, even at a= —6 Mev. 


5 particles: Be® 
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=3 
a (Mev) 
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Fic. 4. Energy spacing as a function of a, relative to J=3, 
for n=5. Solid line: perturbation calculation. Broken line: Kurath 
calculation, with K=—1 Mev. 
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3.04 
Fic. 5. Comparison of 
calculated and experimental 92.43 
spectra for A =9, using the 
Kurath or Meshkov mix- 
tures, a~—3.0 Mev. 
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Be a~—3.0Mev 

The predicted spectra for B" are given for a= —4 and 
—5 Mev in Fig. 7 for the Kurath or Meshkov mixtures. 
Again the Serber force simply changes the energy scale 
by 5/4. 

n=6 
T=0, terms in the total 


For six particles, the 


perturbation 


c2+a>dlstidd LS (8.5) 


can be put in the first-order from (5.2), using the results 
(5.4), (6.13), and (7.10). The last term, in the absence 
of the spin-orbit force, provides a small contribution to 
the energies, and in particular, separates the two L=2 
states in (Aw)= (2,2), which are mixed in each intrinsic 
state: K=0, 2. However, the terms which mix K in 
(7.10) are small compared to the equivalent A-mixing 
terms in (6.13), for a reasonable strength of the spin- 
orbit force. We can then approximate (7.10) by drop- 
ping the Fy, terms, and using an average of the co- 
efficients of L? in the K=0, 2 expressions: 


Y S46 x o+1.5L2+ const. (8.6) 
Then for the Kurath or Meshkov exchange mixtures, 
c=0.3 Mev, d=0.1 Mev, (8.5) becomes 


0.4512+0.45c.+a> Is. (8.7) 


Using (5.4) and (6.13) we can put this into the form 
of a matrix in the projected intrinsic space, using the 
five intrinsic states A, Ms from Table II. The matrix 
can be diagonalized for each J, and each given value 
of a. There will be spurious solutions for J=3, 4, 5, 
which can be eliminated, as for five particles, by di- 
agonalizing L* alone. The resulting first-order energies 
for several low states are shown in Fig. 8, as a function 
of a (solid lines). The dashed lines show the Kurath 
solutions for those energies, |a| >3. 

For T=1 there is no first-order contribution from 
> I-s, and L=J. We use the second-order expressions 
(7.8) and the >> 12S? terms (7.10), and diagonalize the 
matrix in the space Py’ \2,0), Pa;7|0,0), of the operator 


0.1 5 L2S?+ (a2/AE)(D 1s). (8.8) 
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a (Mev ) 


Fic. 6. Energy spacing as a function of a, relative to J =} for 
n=7. Solid line: perturbation calculation. Broken line: Kurath 
calculation, K=—1 Mev 


The J=0 solution is shown in Fig. 8; it clearly does not 
follow the Kurath predictions, and drops below the 
experimental ground state of B® (J=3) for (—a)>3. 
This probably means that the second-order perturba- 
tion calculation is not consistent for these values of a. 
The other T=1 levels will also be too low, and have 
not been included in Fig. 8. 

An attempt to fit the spectra of Be", B" is shown in 
Fig. 9. We have tried to fit the T=O and T= 
separately. The fact that a smaller value of |a) is in- 
dicated for T=1 seem to point up the difficulty in the 
second-order calculation, which probably overpredicts 
the energy shifts compared to first order. We might 
expect second order in T=0 to make a large difference, 
but the Kurath curves agree well with first-order curves 
for J=1 and 3, and less well for J/=2, so that higher 
orders than second would probably have to be included 
for consistency. 


spectra 


n=8, 9, 10 


These cases can be treated as four, three, or two holes 
in the 1p shell. However, the spectra observed are very 
different from those for two, three, and four particles, 
even including the effective change of sign of >> 1-s. The 
observed energy splittings require, in first and second 
order, values of |a_ so large that the perturbation series 
is not reliable. 

In such cases, it seems to be necessary to include at 
least the second highest (Au) symmetry in a more exact 
way. This is not difficult to do: New intrinsic functior's 
are defined for the new (Au). For example, for n=2, 
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T=0, we add the intrinsic function for (0,1) symmetry, 
(0,1)11,0), to the two functions for (2,0) from Table IT, 
(2,0)40,1) and | (2,0)40,0). For n=4, we acquire threy 

new intrinsic functions: | (2,1)51,Ms), Ms=1, 0, —1. 

The matrices in the enlarged space are obtained be 
generalizing (6.6) to include the new functions: 


{¥ 1-8} | (Au)eoK,Ms)=Xa Oa! (Au)eoK,M 5) 
+250 Oo| (A'u’)eo'K',M s’), sia ial 
{¥ 1-8} | (\'u’)eo'K’,M s')=¥-0.| (N'u’)eo'K’,M 5’) 
+34 0a| (Au)eoK,Ms). 


The operators O, and O, are the same five appearing 
in (6.6). 

Generally, (see Table II) «)’=e)—3. Since }>1-s 
operating on €) can at most reach ¢9—3, O, must be 
unity or some combination of F44, Si, which will not 
change €9’. The operators Og must be the same as those 
considered in Sec. VII, for the second-order spin-orbit 
terms. We can then project J by Py,’ in (8.9) to obtain 
matrices for }- I-s, as before. 

For n=2, this second approximation is exact, since 
including (0,1) spans the whole space for p*. The spac- 
ing of the three lowest levels (J=1, 0, 1) of N“ can be 
reproduced for a~—4 or —5 Mev. 

For n=4, even the inclusion of (2.1) does not repro- 


S/= 


7.3 (5%) 


6.8 (3/2) 
6.76 (7/2) 


3/o 





8" O~— 4 Mev a~— 4 Mev 


Fic. 7. Comparison of calculated and experimental spectra for 
A=11, using the Kurath or Meshkov mixtures, for a~—4.0 and 
-5.0 Mev. 
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duce the 4.43-Mev excitation of the J=2 level above 
ground. For n=3, the problems is complicated by the 
presence :of two possible spins, S=0 and 2, for (1,1), 
and was not pursued, because of the scarcity of experi- 
mental data with which to compare for C® and N®, 


IX. CONCLUSIONS 


The perturbation calculations based on the intrinsic 
representations seem to provide a fair picture of the 
lower spectra of many of the 1p shell nuclei. This prob- 
ably results from the dominance of C, the Casimir 
operator of the group SU;3, in the central two-particle 
potential in the 1p shell, which causes a large separa- 
tion of states of different (Au). The perturbation matrix 
elements were easily obtained in this scheme, because 
of the convenient properties of the generators of SU;, 
operating on states of maximum €. 

The methods presented for calculating matrix ele- 
ments can be used in other shells of the harmonic oscil- 
lator. Whether perturbation calculations will produce a 
reasonable picture of the energy spectra depends in 
part on the importance of the Casimir term in the two- 
particle interaction in that shell. In general, the central 
force problem is much more complicated. An investiga- 
tion of these calculations for the 2s—1d shell has been 
carried out by Banerjee and Levinson.'® 

Kurath and Pi¢man!® have developed an approach to 
the 1p shell using Nilsson’s distorted wave functions to 
generate the intermediate-coupling wave functions. In 
the limit of no spin-orbit force, the Nilsson functions 
become the functions of our intrinsic representation. 
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Fic. 8. Energy spacing as a function of a, relative to J =3, for 
n=6. Solid line: perturbation calculation. Broken line: Kurath 
calculation, K=—1 Mev. 


18 ©, Levinson and M. K. Banerjee (to be published). 
16 TD), Kurath and L. Pigman, Nuclear Phys. 10, 313 (1959). 
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Fic. 9. Comparison of calculated and experimental spectra 
for A=10, using Kurath mixture, a~—4.0 Mev for T=0, 
a~—3.0 Mev for T=1. 


The connection of the Kurath-Pi¢man treatment with 
our perturbation method is discussed in the dissertation 
from which this paper is extracted,'’ and will be pre- 
sented in a future paper. 
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APPENDIX 


Equations (6.6) become a set of simultaneous equa- 
tions in A, B, C, D, and E when both sides are multi- 
plied on the left by ((Auw)eoK,Ms|O.*, where O, is each 
of the five operators on the right side of (6.6). The 
homogeneous terms, which are obtained from the right 
side of (6.6), are calculated by using (2.4) and the fact 
that Fs; or F; acting on (e9K) yields zero. We find 


((Aw)eoK,M s\ 1-1] Aw)eoK,Ms)=1, 


(Si FF 15 = 4 (SS (H2— H)) 
=1(S+Ms)(S—Ms+1)(e—K), 


(Al) 


(A2) 


17 See asterisk reference. 
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where we have used (S,M s|S,S_|S,Ms)=}(S+Ms) 
xX (S— Mst+ 1). Also 


(Si F_4F sF_sF sS_) 
= 4$(S,S_)(F_4(H2+H1)F 4) 
=4$(S,S_){(H2+Hi+2)F_4Fs) 
=3(S+Ms)(S—Ms+1)(e+K+2) 
X (3u—3K)(Sut+3K+1). (A3) 


In the last line we have used the fact that — (4/3) F 44 
acts like J, in a space with “angular momentum” 
J= su, and M ;= 1K.» 

Similarly, 


(S_F5F_sS,)=}(S—Ms)(S+Ms+1)(e+K), (A4) 


DANIEL S. 


KOLTUN 


(S_F PF F_iF_4S,) 
= 1 (S—Ms)(S+M 5-1) (egeK + 2) 
X (2u+2K) Gu—3K+1). 
There are two off-diagonal terms: 
(SF F_sF4S_)= (S,S_)(P_aF 44) 
=1(S+Ms)(S—Ms+1) 
X (Su—3K)(Sut+3K+1), 
(S_FF_,F_«S,)=}(S—Ms)(S+Ms+1) 
X (ut 3K) (Su—3K+1). 


(AS) 


(A6) 


(A7) 


The inhomogeneous terms, which come from the left 
side of (6.6), must be calculated_separately for each 
case, although the commutors may be used to reduce 
the operators: 


(S4F 1 ¥ F_()S_(i)) =3(S+ DS LA2()— Ai) |S_@), 

(S_Fs ; F_s(i)S,(i)) =3(S_ | {A2()+ Ai 1S, (0), 
S,F_4F5 ¥; F_1(i)S_(i)) = (Si F_4 Es Fa(i)S_(@), 
(S_FyF, >; F_s(i)S,(i)) = (S_Fs Di F_s() S40). 


The right sides of these equations are calculated by using the determinant forms (Table II) and (6.7). 
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Quantum Mechanical Calculation of Méssbauer Transmission*} 


SamuEL M. Harristf§$ 
University of Illinois, Urbana, Illinoi 
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A quantum mechanical calculation of the time-dependent Méssbauer transmission has been performed 
neglecting solid-state effects. The source considered consists of nuclei which decay via a two-photon cascade, 
the second of which is emitted without recoil and is subject to resonant absorption by a foil whose r« 
may be shifted due to a small relative velocity between source and absorber. The transmission is obtained 
when the transmitted recoiless photon is measured in coincidence with the first photon of the cascade. The 
result is in agreement with that obtained by considering the absorber as a classical dielectric slab capable 
of absorption and dispersion. The initial condition has been investigated in detail by considering the full 
cascade. In this manner, one sees that the usual simple assumption that the nucleus is 1n the first excited 
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state immediately after the emission of the first photon, gives the correct boundary condition 


INTRODUCTION 


HE most common Méssbauer experiment is 
performed by measuring the transmission of 
recoiless radiation through a thin resonant absorber 
which may be in motion relative to the source. In this 
manner, the hyperfine structure of the isotope employed 
* Work partially supported by joint contract with the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

+ Based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at the 
University of Lllinois. 

t Some of this work was performed while the author was a 
Gulf Research and Development Corporation Fellow. 

§ Present address: Institut fiir theoretische Kernphysik der 
Universitat Bonn, Bonn, West Germany. 


may be investigated.’ An interesting variation of this 
simple experiment has been performed by several 
roups.2-5 They make use of the most popular 
grou} ) po} 
Méssbauer isotope, Fe®’. The source contains Co*’ 
which decays by electron capture to Fe’ which 
decays in turn by a 122-kev photon followed by a 

1S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 

?F. J. Lynch, R. E. Holland, and M. Hamermesh, Phys. Rev 
120, 513 (1960). 

*R. E. Holland, F. J. Lynch, G. J 
Phys. Rev. Letters 4, 181 (1960). 

*C.S. Wu, Y. K. Lee, N. Benczer-Koller, and P. Simms, Phys. 
Rev. Letters 5, 432 (1960). 

SE. L. Garwin, University of Illinois, Urbana, Illinois, 1960 
(unpublished). 


Perlow, and S. S. Hanna, 
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14.4-kev photon (competing with internal conversion) 
to the ground state. The 14.4-kev photon is the one 
which is emitted without recoil about 60% of the time 
even at room temperature.® These investigators measure 
the transmission of the 14.4-kev photon through a 
resonant absorber foil. The recoiless photons, however, 
are counted in delayed coincidence with the 122-kev 
photons. The spectrum of transmitted radiation gives 
information on the temporal aspects of the emission 
and absorption processes involved, with well-defined 
initial conditions. In this paper, an attempt is made to 
calculate the line shape (transmission vs absorber 
velocity) of the transmitted radiation as a function of 
the delay time, employing the principles of quantum 
mechanics. 

The experimental results are in general agreement 
with the theory developed here. For extremely short 
times, the transmitted line is greatly broadened. As 
the delay time grows longer, the line develops a damped 
oscillatory behavior, the central peak of which ap- 
proaches the natural linewidth. For very long times, 
the oscillations become quite rapid, and the central 
peak becomes narrower than the natural line while the 
area under the other peaks becomes more significant. 
One extremely interesting point is that for certain 
delays and relative velocities the transmission is greater 
than it would be if the absorber were not present. Thus, 
the resonant absorber seems to produce a time bunching 
of photons. 

Hamermesh’ has performed a simple classical calcu- 
lation of this effect. He assumes that the source and 
absorber are composed of a collection of single level 
damped harmonic oscillators with natural frequency 
wy and damping factor T. The radiation field emitted 
by the source can be represented as a damped electric 
field, 

a(t)=exp[i(wo+iI'/2)t]. (1) 


If this field is Fourier decomposed, each frequency 
component sees a different index of refraction n(w) as 
it traverses the absorber. The standard expression for 
the dielectric constant « (e=n?) of such a collection of 
damped oscillators is 


e(w)=1+97(wo?—w?+ iol). (2) 


In the above, wo’ is the resonant frequency of each 
absorber nucleus, and r is a constant which depends on 
the density and properties of the absorber nuclei. In 
this manner, the Doppler shift due to the possible 
relative motion of source and absorber is taken into 
account. The frequency distribution of the transmitted 
field a’(w) differs markedly from a(w), the field leaving 
the source, each component being altered by a frequency- 
dependent phase change due to the presence of the 


6S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 28 (1960). 

7M. Hamermesh, Argonne National Laboratory Report 
ANL-6111, 1960 (unpublished). 
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absorber of thickness d, 

a’ (w) = a(w) exp[iwdn(w) ]. (3) 
The inverse Fourier transform of (3) is a’(#), the square 
of the magnitude of which is the transmission, 


n 


T (t)=|a'() |?=e-™*| > 


(41Aw/8T)™(46T1)™/? 
XJ m{(BT2)4]|*. (4) 


In the above, we have Aw=wp—wy’, 8 is given by 
B=—(rd/T), and J,{.(@Tt)!] is the usual Bessel 
function of order m. Curves of the transmission have 
been plotted by Hamermesh for various values of the 
parameters 8 and (Aw/T). 


QUANTUM MECHANICAL APPROACH 


The time development of a quantum system is deter- 
mined by its Hamiltonian. In what is to follow, we 
separate the Hamiltonian into two parts, Ho, which 
includes the nuclear effects and the free radiation field, 
and H, the interaction term which is responsible for 
transitions between the pure states |¢,) of the free 
Hamiltonian. The true state |) (belonging to the total 
Hamiltonian) may be expanded in terms of the | ¢>), 


¥(t))=>°, a,(t)| op(t)). (5) 


In the usual manner,® we arrive at the coupled system 
of equations which the expansion amplitudes a,(t) 
must satisfy, 


id ,(t)= dom Am(t)e' @p—wm) t/ Pp H Om) +16 y5(t). (6) 


In the above, w, is the energy corresponding to | ¢,) 
(i.e., Ho| ¢p)=wp|¢,y)) and the time dependence of 
the matrix elements has been explicitly displayed. The 
inhomogeneous term expresses the boundary condition 
a,(0)=6,1; at t=0, the system is in the pure state 
corresponding to p=/. More useful than (6) is its 
Fourier transform.’ If we write 


x 


a,(t)= — (271) f dw exp[i(w,p—w)t]A,(w), (7) 


—x 
then (6) can be written as 
(w—wptie)A p(w) = dom Am(w)(¢p| | om)+8pr. (8) 


The introduction of +7 in (8) ensures that the system 
will display the correct behavior for <0 and gives us 
the proper causality conditions. 

For a single nucleus having only one excited level 
(at energy wo) and two competing modes of decay, 
radiative (matrix element (|H|)) and internal con- 
version (matrix element (|/|)), there exist only three 


8L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), p. 195. 

°W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), p. 163. 
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significant amplitudes. They are as follows: (1) A(w), 
nucleus in excited state, energy wo; (2) By(w), nucleus 
in ground state, one photon k present, energy wx; 
(3) C,(w), nucleus in ground state, one conversion 
electron p present, energy w,. If this nucleus is initially 
excited, (8) may be written as 


(w—wot+ie)A (w)=14+D0% Ax Bu (w)+ dp tpCp(w), (9a) 


(w—w,t+ie) By (w) = Hy*A (w), (9b) 
and 


(w—wptie)C,(w)=h,*A (w). (9c) 


For simplicity, (gex! Hx! gna) has been written as Hy 
and (¢ex|/p| Ygna) aS typ. When substituting (9b, 9c) 
into (9a), we obtain 


A (w) Hy, : 
(w—wotie) A (w)=1+)>, ———— 
(w—w,t+te) 
A(w) | hyp 2 
+> - ——. (10) 


(w—wytie) 


Each of the sums in (10) may be evaluated by first 
converting them to integrals and then employing the 
symbolic identity 


(xt+ie)—= P(1/x)—1t76(x). 


The 6-function contribution gives an imaginary term 
which results in a finite linewidth. The principal value 
term results in an energy shift of the line and will not 
be considered further since it may be eliminated by 
correctly choosing our expansion states. In this manner, 
(10) may be rewritten as 


A w)=[w—wot ty. 


=[e—wtil/2}", (11) 
where ¥., yr, and I are the partial internal conversion, 
partial radiative, and total linewidths, respectively. We 
find, for example, that yr is given by yr= Vw?| H\?/x 
where V is the volume of normalization and |H|? is 
the square of the matrix element averaged over all 
possible k directions. Let us for the present ignore 
polarization effects and consider Hy to depend only on 
k|. Finally, it should be noted that the Fourier trans- 
form of (11) leads to the simple usual exponential 
decay, |a(t)|*=exp(—T?). 

The simplest quantum mechanical model for resonant 
fluorescence is that in which only two nuclei participate, 
the source and the absorber. In general, we will never 
consider the details of the solid-state questions arising 
in connection with the conditions for recoiless emission 
or absorption. For our purposes, we will’ take all 
processes to be recoiless and will later attempt to 
overcome this restriction by a phenomenological ex- 
tension of our results. First we will consider a one- 
dimensional experiment in which the source nucleus is 
located at «=O and the absorber at x=x 9>0. The 
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initial condition is that the first photon of the source 
cascade is emitted at ‘=0. Thus, we are able to say 
that the source nucleus is in the first-excited level with 
unit probability at that instant. We can write (8) for 
this system as 


(w—wotiy./2)A (w)=1+D5. H.Bi(w), (12a) 

(w—wy+ie) By (w) = A (w)H*+C(w)Hy*e-*™, = (12b) 
and 

(w—wo' +iy./2)C (w)= Sox Bi(w)Axe*™. (12c) 

The three states of interest are as follows: (1) only 


source excited, energy wo, amplitude A(w); (2) both 
nuclei in ground state, one photon, &, present, energy 
wz, amplitude B,(w); (3) only absorber excited, energy 
wo’, amplitude C(w). 

We have written wo’ for the first energy level of the 
absorber to allow for the Doppler shift due to its motion 
relative to the source (wo’=wo+wov/c, where v is the 
absorber velocity). Actually, the various frequency 
components of the source radiation experience different 
Doppler shifts. A more careful calculation reveals that 
the only effect of this exact treatment (aside from 
adding mathematical complications) is to alter the 
final transmission by terms of higher order in v/c 
which would be immeasurable for such experiments 
because of the small relative velocities employed (v<1 
cm/sec, typically). 

In writing (12), we have already eliminated the 
amplitudes for internal conversion, resulting in the 
added factors of (iy./2), in the previously discussed 
manner. If the conversion coefficient 
Y->Yr) or the geometry favorable, the source nucleus 
will decay in the same manner as it would if the ab- 
sorber were absent. To good approximation, we may 
assume that A(w) is the same here as given by (11). 
When substituting (12b) and (11) into (12c), we obtain 


is large (i.e., 


C(w) = —hivre*(w—wotil'/2) 


X (wwe +i0/2). (13) 


This expression may be used in turn to solve for B,(w) 
via (12b), 


1 


B,(w) = H,* (w—wo til /2)7' (w— we +1 €) 
i(w—k) zo 


YR e€ 
x<}1-—1 
2 \W—- @ 


10 +i0'/2) 


(14) 


The time-dependent amplitude can now be obtained 
from (7). Finally, this allows us to calculate the spatial 
wave function of the radiation field, 

W(x,t)=>o, L-te**2-*89 5, (4) for 
—iL Haupt eer T2029) 


X[1—}tvR (wo—wo’)"(1—e 


t>x> xo 


t—z)) 1 
’ 


(15) 


where L is a normalization length. For *>o, the 
square of the magnitude of the wave function is the 








LATION OF 


transmission, 
T(r) 1 sin[ (wo—wo’)r ] 
* sin*[ 37 (wo—wo) ]}, 


where r=/—x. The various terms in (16) may be 
identified as the counting rate due to the emission from 
the source, the effect of absorption due to the absorber, 
and the subsequent re-emission from the absorber, 
respectively. This correspondence becomes more evi- 
dent if (16) is integrated over r. This latter case 
describes an experiment in which no coincidence 
measurement is made. The result is 


YR YR Ir’ 
m(-a 
2T T 7 (wo—wo )?+T? 
1/yYr . ih 
Apey "a 
Z r (wo— woo’)? 1? 


The ~—s of a photon emission for the source 
nucleus is yr/T’. The factor of } arises because only 
half of the emitted photons will be headed in the 
forward direction in this simple one-dimensional model. 
This explains the first term as-the source emission 
contribution. The second term is the absorption term 
since it merely multiplies the incident flux by the 
absorption cross section. The third term gives the 
probability of re-emission, the absorption multiplied 
by the appropriate conversion fraction (another factor 
of } enters here as in the first term). 


= sy RE “ve 1 — Va (wo— wo’) 


+y rR’ (wo wo ) (16) 


VERIFICATION OF THE t=0 BOUNDARY 
CONDITION 


The boundary condition previously used was the 
one in which the source was excited with unit proba- 
bility at ¢=0. All other amplitudes were taken to be 
zero at that time. This corresponds to the assumption 
that a measurement of the first cascade photon emitted 
by the source at /=0 establishes the state of the source 
nucleus. In this section both radiations in the 
will be included explicitly. 


cascade 
The source will be assumed 


D,.(w) . —tivyrH,* a 


(w—wo— 


Wk ar 


Substituting (20) and (21) back into (18c) gives the 
desired result for Cy,(w), 


Hi*H 
Crq(w)=— Mes citisiclaan 
(e—W+ih/2)e—en— 


webil /2) 


yRe\e—ok q)z0 
x{1-i EEE | (22) 
2(w—wo’ —w,+70'/2) 
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to have two excited states, one at energy W, the second 
at energy wo (W>w»). The Mossbauer level is the lower 
of these two. At /=0, the source is in the state with 
energy W. At some later time, it emits photon k and 
goes into the level at energy wo. At a still later time, 
photon g is emitted as the source nucleus goes into its 
ground state. This is the Méssbauer photon which 
may or may not be absorbed by the second nucleus. 
Four amplitudes must be nage for this problem. 
They are as follows: (1) A(w), the source at level W, 
no photons present; (2) Me w), the source at level wo, 
one photon present (&); (3) Ckg(w), be source in its 
ground state, two photons present (k,g); (4) Di(w), 
the absorber excited to energy w 9’, one photon present 
(Rk). 

The appropriate set of equations for these amplitudes 
is 


(w—W+ie)A (w) 
Wkt1Yc 


= i+>°; H,.B,(w), 
2) Bi. (w)= Ai* 


(18a) 


A(w) 
+2. 


(w—wo— 
oH Cro(w), (18b) 
+i€)Ckg(w) = H *[ By(w) 


+D,(w)e 


(W—-Wk— Wa 
ia], — (18c) 


and 
(w—wp— wo tiy-/2)D:.(w) 


The chain A— B->+C occurs as it would in the 
absence of the absorber to the same approximation as 
discussed previously. Thus, A(w) and B(w) can be 
obtained by solving (18a—-18c) after setting D(w) equal 
to zero. The result of this calculation is 


w—W+iA/2)—, (19) 


Yo Heei™Crg(w). (18d) 


A (w)= ( 
and 


By, (w) = Hy* (w— W+1A/2)7 (w—wo— we +10 /2)1, (20) 


where A is the linewidth of the first-excited state and 
I’ is the total linewidth of the second-excited state. The 
radiative linewidth of this second level will again be 
denoted by yr. We can now use (19, 20) together with 
(18c, 18d) to obtain C;,(w). Substituting (18c) into 
(18d) and using (20), we obtain 


ei(@—wk) x0 


2)(o—W +-7A/2)(w—wp—wo’ +iT'/2) 


We can now obtain the Fourier transform of (22), 
Cxq(t) = — (271) f dw exp[i(a.+wy—w)e ] 
XCrsloy.. (3) 


The wave function corresponding to this amplitude is 


=(L ant) f akdgC 


W(*1,%2,f) (w) exp[i(kx1—wxl) J 


Xexp[i(qx2—wel) ]. (24) 
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Obviously, ¥(%1,%2,4) can be considered as a probability 
amplitude. Therefore, |y(2x1,.2,t)|? is the probability 
of simultaneously finding the first photon at x, and the 
second photon at x2 at a time /. If we place a detector 
capable of sensing the first radiation at x, and another 
which detects the second at x2, then |W(x1,22,t)|? be- 
comes the probability of simultaneously counting both 
photons at the time ¢. If #,> 22, then the first photon 
was emitted from the source at a time 4;=!—2, and 
the second was emitted at a time f.=t—2x2. Thus, we 
have #;<¢, and a delay has been inserted into the 
counting system which is r=2x,;—2x2. In this manner, 
this calculation is seen to parallel the actual physical 
manipulations made in a laboratory delayed coin- 
cidence measurement. Since the experiment described 
above has no way of determining the length of time 
which the source nucleus spends before its first decay, 
we must integrate over the time ¢. Combining (23) 
and (24), and using the discussion of this paragraph, 
we obtain the transmission as a function of the delay 
time, 


T( r)= L? 2n)-* f dada’ dha dg’ dt C; (w)Cxg (w’)* 


te-t wk’+we'—w’ tei 


wet eq-e 


Xe' 


az2—wat) 


Xe kr+kr2—wkt) p— i(k’ r+k’ rw’ t) (25) 
The function C;,(w) has the proper analyticity so that 
the integrand is nonzero only for ‘>0. This allows us 
to perform the / integration from —*« to +. Since 
the time dependence in the integrand is completely 
specified, the integral over ¢ is the easiest to do. The 
result of this integration is 275(w’—w), so that 


T(r)= 


L2(2e)-8 f dasdkdk' dqdq! Cxq(w)C x: (w)* 


Ke 
For x2>29 and 720 we find 


T(r)= 


1, 


aVRE lr41—yR(wo—wn’) ' sin[ (wo—wo )7 } 


+r? (wo—wo') sin*[$(wo—wo')r J}. (27) 
This result is the same as that obtained in (16) except 
for the added factor of } here. This arises since only 
half of the first emitted radiation is detected by the 
counter. The rest is emitted in the backward direction. 

The detailed treatment of this section verifies the 
validity of the simpler treatment of boundary conditions 
which we have used up until now. Once performed 
rigorously, it is now sufficient to resort to the simpler 
treatment again which is what we will do in the re- 
mainder of this paper. 

Everything done up to this point may easily be 
repeated for a three-dimensional system. The only 
additional complications which arise are those of 
geometrical origin and in no way alter the general 
conclusions already reached. In this case, however, 
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the probability of the source being re-excited by re- 
emission from the absorber is small for reasonable 
source-absorber separation because of the small solid 
angle subtended by either nucleus at the site of the 
other. Therefore, the previous assumption concerning 
the simple exponential decay of the source is certainly 
valid here (even if there is no conversion present). 


THICK ABSORBERS 


Real experiments, however, are performed with 
absorber foils which are composed of many nuclei. 
Such a system is described in analogy to (12), by 

(w—wotiy.-/2)A (w)=1+D0% HiBx(w), 
(w—w tie) By (w) 


= H,*[A(@)+b: é 


(28a) 


k-r1C)(w) 1, (28b) 
and 


(w— wo’ +iy- 2)¢ "1(w) — 7 Hye k 1B, (w). (28¢ ) 


The amplitudes A (w) and By(w) have the same meaning 
as those in (12). Now, however, C;(w) is the amplitude 
for the excitation of the /th absorber nucleus (located 
at x;) with no photons present and all other nuclei in 
their ground states. 

Let us consider an absorber slab of cross section L* 
and thickness d. If the source is moved far from the 
absorber, the photons incident on the absorber may be 
considered as plane waves traveling in the positive z 
direction. Under this last approximation, (28b) becomes 


5(kz,0)5(k,,0)0(k-) 
(w—we tice) By(w) = Hy*} wolL— acl 
(w— a 


y+iT/2) 


> 


aut € K-31") (w) 


} 


(29) 


where we have again assumed that the source decays 
as it would if no absorber were present. The normali- 
zation has been chosen so that the total photon intensity 
incident on the absorber is (rye/I). In 
6(k,0) is the usual Kronecker delta function 


the above, 


5(k,O)=1 
0 


k 
kx+0, 


for 8) 

for 
and @(k) is the step function 

A(k)=1 

Q 


k>O 
for k<O. 


for 


The time origin has been chosen so that the originally 
emitted wave front reaches the origin at /=0. 
Combining (28c) and (29), we obtain 


TYRE 
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where the sums over k have been performed as before. 
Thus, we have reduced the problem to an integral 
equation for C;(w). The solution of (30) depends, of 
course, upon the spatial distribution of the absorber 
nuclei. The only case treated here will be the one in 
which the summation sign in (30) can be replaced by 
an integral (or consider the discrete lattice replaced by 
a continuous distribution). If the wavelength of the 
characteristic radiation is much larger than the typical 
spacing of absorber nuclei, then this approximation is 
a good one. The 14.4-kev photon in Fe” has \~10- 
cm, which is of the same order as the nuclear spacing 
in the absorber crystal. Thus, we must admit that this 
approximation does not appear to be too good here. 
Most Mdéssbauer experiments, however, use iron ab- 
sorbers which contain the natural abundance of Fe*? 
nuclei (i.e., 2.17%). In this case, the absorber nuclei 
will be situated on’ random lattice sites (only about 
one out of 50 will be occupied by a resonant absorber). 
The actual transmission will then be determined by 
the average concentration of active absorbers, and the 
continuous absorber will give a good approximation to 
the physical situation. (A detailed calculation for a 
one-dimensional random lattice has this 
argument.) 

Our formalism up to this point has been sufficiently 
general to include all absorber configurations. It can 
also be shown that for well-ordered lattices, one would 
expect resonant Bragg scattering as in the simple 
x-ray case. We will, however, restrict ourselves to the 
case where the continuous absorber approximation may 
be used. When we introduce an absorber density p(x), 
(30) may be rewritten as 


verified 


wyre’’* 


wol (w—wo til 2) 


YR = aiitail 
_—-— fax’ ox \C (x’ w)—— ; ‘Gee 
" 


2 w|/x—x’ 


(w—wo +10 /2)C (xjw) = —i 


For convenience, the absorber slab will be taken to be 
normal to the direction of the incident beam. Therefore, 
we have p(x)=p for all x and y when 0<z<d, and p(x) 
vanishes for all other space points. Using symmetry 
arguments, it is obvious that C(x,w) cannot depend on 
x or y. The integration over x and y can be performed 
and leads to 


, . ‘ e wy —" 
(w—wo +10/2)¢ (S,w) as 
wol(w — Wy til 2) 


TY RP . ala 
=<" dz’ C(2' w)et!? 
wo” 0 


The absolute value sign in the integrand can be elimi- 
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nated by separating the integral into two parts, 


, 


(w—wo +10 /2)C (3,0) = —i : 
wolL(w-—wotil 2) 


YRP if ; 
—1 dz C(z w)e'*-*¢ 
we 


0 


TY RC” 


d 
+f dz’ C(z’ w)e*?’-9* ]. (33) 


An iterative technique can be used to solve (33). If we 
first assume that the z dependence in C(z,w) is given 
entirely by the inhomogeneous term as exp(iwz), then 
this substitution for C(z’,w) in the first integral removes 
all z’ dependence from the integrand. The second 
integrand, however, will go as exp(2iwz’) which fluctu- 
ates rapidly as 2’ varies across the absorber, resulting 
in a small contribution. This latter integral can, in 
fact, be identified with waves traveling backward 
through the absorber. If this second integral is neg- 
lected, we can obtain an otherwise exact solution to 
(33), 


C(s,w) _ —i(ryr woL) 


X (w-—wo til 


Xexp (34) 


10°(w—wo +iT'/2) 

To obtain a quantitative estimate of the error intro- 
duced in neglecting the previously mentioned integral, 
it may be noted that a more exact solution of (33) has 
been investigated which retains the backward traveling 
waves. The lowest-order correction to (34) produces 
terms which contain added factors of (80/2w) and 
(8.°2z/2w) where Bo is given by 


Bo =—1(mpy R wo?) (w—wo +10 2) - 


The maximum value of |8/2w| is proportional to the 
number of absorber nuclei in a with side 
X=[2/E(kev) ]X 10-5 cm, since 


cube 


Bo/2w | max= 1 (yr/T) pr’. 
We have p!<3X10" cm™!, so that |8o/2w| maxK1 for 
reasonable transition energies. For Fe®’ absorbers, we 
have |8o/2w| max< 10-5 and |8.?2/2w| max<10-'d (cm). 
Thus for d<10-2 cm, the largest correction terms are 
of the order of 10-*. Thus, if (33) is valid, then (34) 
will give the transmission to within 0.1°% which is 
sufficient accuracy for our purposes considering that 
we have already neglected larger effects which will be 
mentioned later. 

We are now in a position to calculate the radiation 
field from (29) which for the continuous absorber 





1184 SAMUEL 


becomes 


(w—w,t+te) By (w) = Ay") I 


5(kz,0)6(k,,0)0(k-) 


(w—wo-+iI'/2) 


+ fax plade™C(e) (35) 


Using (34) and immediately making use of the lack of 


x and y dependence in C(z,w), we obtain 


H,*w L 
5(k2,0)6(k,,0) 


)) 


(36) 


: TPY RS 
Xexp{ —2 - : 
wo? (w—wo +71 


W Ww 


Thus we see that the only nonzero photon amplitude 
in this approximation occurs for kz=k,=0. The second 
term does give a finite amplitude for backward scat- 
tered photons which, however, is small because of the 
factor exp[ i(w—.)z | occurring in the integrand. Other 
terms of this order have already been neglected in 
using (34), and in order to be consistent, we will also 
omit this small contribution. To lowest order, only 
transmitted photons survive. The argument of 
exp[i(w—k,)z] is typically of the order of I'd 
where 7 is the mean life of the transition. For Fe*’, 
t~=10-7 sec so that (d/cr)~1/3X10-*d (cm). Hence, 
for reasonable foil thicknesses, this exponential factor 
can be replaced by unity. The remaining integral can 
be performed easily to yield 


d CT 


F 3, Ww 


: Tpy rd 
Xexp] —12 Ryan 
«9? (w— wo’ +iT'/2) 
The time dependent amplitude 5,'*4(¢) can be obtained 
by using (7). This latter integral over w is complicated 
by the presence of an essential singularity at w=wy’ 
—iI'/2 in addition to the simple poles at (wx—ie) and 
(wo—1I'/2). 
We can obtain the spatial wave function 
radiation field from },'*@(¢) as 


v(x,?) =>. L iei(k-x—wkt) by (1) 


f dk(2r)"L—e ke—wht) b, fwd (7) | 


where, in the last line, we have replaced the sum by 
an integral and made use of the “forward” property 
of the field amplitude. Combining (37), (7), and (38), 


of the 


(38) 


HARRIS 
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k +7¢€)(w—wy + iT 2) 
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It is useful to perform the & integration first. Assuming 
that H,* is a smooth function of k, we obtain for z>0, 


woL} Be 
¥(s,!)= fae. w(e—t 
Qn (w—-wW +77 2) 
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Toy rd 


: Tpy rd 
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This integral is of the same form as that considered by 
Hamermesh. The result of this last integration is, for 
t>z>0, 


0 (2,0) = —wol i Hao *e 


(40) 
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Consequently, the transmission per unit incident flux 
may be written as 


rly? 
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T(r)= (wYR 


2 a 
Pelt) }) [—twoAw(r/rpy rd) 


XI aL Lirpy rT d/w9" (G82) 


where r=/—z and Aw=wo—wo. This result is seen to 
be identical (except for normalization) with the classi- 
cally derived (4) if we make the correspondence 
B= (Aapdyr/wcT). 

One result worth noting is that if (4) or (42) is 
expanded in ascending powers of §, the first-order term 
in 8 agrees with the absorption term of (16). Since 8 
is proportional to absorber thickness, (16) gives the 
correct absorption for extremely thin absorber foils. 

An interesting problem that may be considered 
concerns the result of a measurement in which photons 
are detected for all 7. This is the usual simple counting 
experiment which does not make use of delayed co- 
incidence techniques. The result of integrating (42) 
over 7 can be written as 


4r YR 
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This is exactly the same result as that predicted by 
Visscher’ from simple considerations. The maximum 
cross section for a single absorption can be seen to be 
Tmax, Where 

Omax= (44/w0?) (yr/T). (44) 
CONCLUSION 


We have seen that a quantum mechanical derivation 
of the Méssbauer transmission (for absorbers which 
do not have sufficiently good crystalline structure so 
as to permit Bragg scattering) agrees with the previ- 
ously mentioned classical result of Hamermesh. In 
addition, the initial conditions were investigated in 
detail by considering the first radiation of the cascade 
which leads to the first-excited state (the Méssbauer 
level). We were able to explicitly verify that the same 
result is obtained as when we adopt the simpler ap- 
proach where we consider the nucleus to be in the first- 
excited state with unit probability immediately after 
the emission of the first photon. 

The actual problem contains complications not yet 
considered here. The solid-state aspects have not been 
taken into account. Let us say that the probability 
that any nuclear absorption or emission will be recoiless 
is given by the parameter f (determined from experi- 
ment or some other theory). The density of active 
absorbers is then essentially reduced from p to fp. In 
addition to this substitution in (42), we must also 
include an off-resonance flux which is given by (1—/) 
of the source radiation and cannot be affected by the 
absorber except for normal scatterings. The effective 
transmission then becomes 


T ett(7) = (A— f)Te™'+ fT (r), (45) 
in which T(r) is given by (42) with the substitution 
of fp for p. 

Equations (42) and (44) can be combined, which 
allows us to rewrite the transmission as a function of 
Tmax This is equivalent to setting B= pdommsax in (4). We 
have performed our previous calculations considering 

10 W. M. Visscher, “Evaluation of transmission integral,’’ Los 
Alamos Scientific Laboratory, 1960 (unpublished). 
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only “spinless photons.” For the case of a physical 
transition between nuclear levels with spins /.x and J,, 
we must use 


Oo max = 


=(— +1 YR 


wo? \ 27,+17 T 

in place of (44) when both source and absorber are 
unpolarized. In the event that we do have polarization, 
the angular dependence of the cross section must be 
taken into account. 

One of the most difficult problems to compensate for 
in the previous calculations, is that of hyperfine 
splitting. In reality, the emission and absorption spectra 
contain many lines due to the hyperfine interaction 
between crystalline fields and nuclear moments. In 
Fe*’, the excited and ground states have spins of } and 
>, respectively, so that a dipole transition produces a 
six-line spectrum. The simplest comparison with ex- 
periment may be obtained by assuming that each 
emission line only overlaps the corresponding absorp- 
tion line of the absorber. This requires that one must 
produce Doppler shifts in the absorber which are small 
when compared with the hyperfine splitting so that 
overlap of different components does not occur. This 
situation is easily obtained if the splittings are large 
compared with the linewidths involved. An interesting 
problem which arises is that for very short times, the 
lines become extremely broad. If the delay time is 
chosen to be short enough, then the lines are so broad 
that overlap must occur between different components. 
No suggestion of the effects caused by this phenomenon 
will be offered here. 
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The isomeric state of Sn" has been produced by thermal neutron irradiation of tin enriched in Sn 
Its half-life is found to be (20+1) min. The scintillation spectrum shows K x rays and a single gamma ray 
of 79+3 kev. The K-conversion coefficient (ex =95+15) and the half-life show that this isomeric transition 
is M3, and not M4, as has been reported. A (9+2)% electron capture branch from the isomeric state was 
found, and an upper limit of 10~ was placed on the ratio of positron emission to electron capture. The 
latter value limits the decay energy to the ground state of In'™ to <1.15 Mev. Spins and parities of 7/2+ 


for Sn'3” 


20 min) and 1/2+ for Sn" (118 day) are assigned. The isomeric ratio ¢ (Sn'")/o(Sn"™9) was 


found to be (0.41+0.06), and a value of (0.35+0.08) barn was obtained for the production cross section 


of the isomer. 


INTRODUCTION 


N isomer in Sn" with a half-life of (2743) min 

has been reported by Selinov and Chikhladze.' 
Conversion lines were observed in a beta-ray spec- 
trometer following positron decay of Sb"; a chemical 
separation confirmed the assignment to tin. The energy 
of the isomeric transition was found to be 79.3 kev 
and its K/L ratio 1.75. 

Previous to the work of Selinov and Chikhladze, 
Naidu*® had reported an (18+2)-min activity in tin 
exposed to slow neutrons; a Geiger counter with tin 
walls was used as source and detector. Nelson et al. 
had reported a (30+5)-min activity produced by the 
exposure of tin enriched in Sn" to slow neutrons. Also, 
Petroff* had reported a (19+1)-min activity emitting 
gamma rays of 78 kev produced by a Cd(a,m) or 
Cd(a,2n) reaction and had assigned it to a tin isotope 
of mass number greater than 112. 

By analogy with other isomers in this region, and 
from their internal conversion results, Selinov and 
Chikhladze concluded that the multipolarity of the 
isomeric transition was M4.* However, the half-life 
does not fit the well-established systematics of M4 
transitions (theoretical single-particle M4 half-life, 
5X10’ sec; theoretical single-particle M3 half-life, 40 
sec). The reported K/L ratio also fits better an M3 
rather than the M4 assignment, as the theoretical ratios 
are 0.95 for M4 and 2.2 for M3.° Because of this 
inconsistency in the multipolarity assignment, and 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission 

'T. P. Selinov and U. L 
U.S.S.R.) 38, 1012 (1960 
11, 728 (1960) ]. 

2 R. Naidu, Nature 137, 578 (1936). 

*C. M. Nelson, B. H. Ketelle, and G. E. Boyd, Oak Ridge 
National Laboratory Report ORNL-828, 1950 (unpublished). 

*M. Petroff, University of California Radiation Laboratory 
Report UCRL-3538, 1956 (unpublished). 

** Note added in proof. In a more recent report on their work 
[I. P. Selinov e¢ al., Izvest. Akad. Nauk S.S.S.R., Ser. Fiz. 25, 
848 (1961)], these authors suggest an (M3+ £4) or (E3+M4) 
assignment for the multipolarity, rather than the original M4 
assignment. 

5 The theoretical internal conversion coefficients quoted in the 
paper are taken from M. E. Rose, Internal Conversion Coefficients 

North-Holland Publishing Company, Amsterdam, 1958). 
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because of recent interest in the tin isotopes as a 
testing ground for the pairing-correlation nuclear 
model,® we have reinvestigated this isomer. 

The ground state of Sn"* has a half-life of 118 days. 
It decays by electron capture, with about 98% of its 
decays leading to the 1/2— isomeric state in In", which 
has a half-life of 1.7 hr and an energy of 393 kev above 
the 9/2+ ground state of In". It has been established 
by the work of Bhatki ef a/.,’ Girgis and Van Lieshout,*® 
Burson ef al.,? and Phillips and Hopkins,” that about 
2% of the decays of Sn"*# take place to a state in In'™ 
at 648 kev. The only de-excitation of this state observed 
by the first three groups was a 255-kev gamma ray; 
the absence of a crossover led these three groups to 
assign the spin of the 648-kev state as 1/2 or 3/2. The 
log ft value for the transition from Sn'? to the 648-kev 
state in In", when computed for any reasonable decay 
energy, fitted best a nonunique first-forbidden transi- 
tion, and since the ground state of Sn’, like all the 
low-spin near-ground states of the odd tin isotopes, 
most probably has even parity, the 648-kev state in 
In'® probably has odd parity. Phillips and Hopkins, 
in contradiction to the other three groups, seemed to 
observe a 648-kev crossover transition whose intensity 
was (6.0+0.7)% of that of the 255-kev transition; they 
concluded that the 648-kev state was 5/2—. In the 
recent work of Greenwood and Brannen,'' however, an 
upper limit of 0.1% of the 255-kev transition is put on 
the intensity of the possible 648-kev crossover, confirm- 
ing the conclusion of the first three groups.7-* Whereas 
Bhatki et al.’ had previously reported a decay energy 
of 36 kev for the decay of Sn"? to the 648-kev state 
in In"8, Greenwood and Brannen found a lower limit 
of 150 kev for this energy. 


6 L. S. Kisslinger and R. A. Sorensen, Kgl. Danske, Videnskab 


Selskab, Mat.-fys. Medd. 32, No. 9 (1960); R. A. Sorensen 
Nuclear Phys. 25, 674 (1961), and private communication 

7K. S. Bhatki, R. K. Gupta, S. Jha, and B. K. Madan, Nuovo 
cimento 6, 1461 (1957 

8 R. K. Girgis and R. Van Lieshout, Physica 24, 672 (1958 

*S. B. Burson, H. A. Grench, and L. C. Schmid, Phys. Rev 
115, 188 (1959). 

0 W. E. Phillips and J. I. Hopkins, Phys. Rev 

"R. C. Greenwood and E. Brannen, Phys. Rev 
(1961). 


119, 1315 (1960). 
122, 1849 
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M3 ISOMERIC 


EXPERIMENTAL WORK AND CONCLUSIONS 


in Sn'” were irradi- 
ated in the Brookhaven reactor for periods of several 
minutes. The sources were investigated with a sodium 
iodide crystal spectrometer coupled to a 256-channel 
analyzer. Two prominent peaks were observed, corre- 
sponding to energies of (79+3) kev and (26+1) kev, 
both decaying with a (20+1)-min half-life. (The AK 
X-ray energy in tin is 25.8 kev.) As this activity was 
much less prominent after irradiation of tin enriched in 
other isotopes,” the assignment of the 20-min activity 
to an isomer in Sn"* is confirmed. A sample spectrum 
is shown in Fig. 1. 


Samples of tin enriched to 72% 


Assuming that all the A x rays observed are due to 
internal conversion, an absolute A-conversion coeffi- 
cient of about 100 follows from the x/y intensity ratio, 
which fits M3 rather than M4 (theoretical K-conversion 
coefficients ; 83= 94, 84= 720). If there is any A-electron 
capture branch from the isomeric state, the A-con- 
version coefficient will be reduced and therefore be 
still further from the M4 conversion coefficient. 

To check the possibility of A capture from Sn'" to 
In''’, two experiments were performed. 

(1) A Sn"*™ source in fine powder form was placed 
between two thin plastic scintillators, so that the 
conversion electrons were counted in a 4m geometry 
(see Fig. 2). The gamma rays and A x rays were 
detected in a thin sodium iodide crystal protected by a 
beryllium absorber. The photon spectrum in anti- 
coincidence with the electrons was displayed on a 
256-channel analyzer. For calibration a Sn"!’™ source 
was used. In Sn" all the x rays should be in coinci- 
dence with conversion electrons; since the number of 


0 60 80 100 
CHANNEL 
Fic. 1. Nal scintillation pulse-height spectrum of Sn", 
showing A x rays and the 79-kev gamma ray. Both peaks showed 
a pure 20-min decay for many half-lives. The scale on the left 
refers to the 26-kev peak, and the scale on the right to the 79-kev 
peak. 


2 FE. der Mateosian and M. Sehgal (private communication). 
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. Anticoincidence arrangement used in searching for 
electron capture from Sn'™” (20 min). 


K x rays in anticoincidence with electrons was 5% of 
c 


the singles, presumably 5% of the electrons were not 
counted, either due to absorption in the source or due 
to the electronic bias necessary to eliminate noise. In 
Sn! (25+1%) of the K x rays were in anticoincidence 
with electrons. As the energy of the conversion electrons 
is on the average 60 kev in Sn!” as against 140 kev 
in Sn?" and since the same counting arrangement 
was used and the source thicknesses were similar, more 
electron losses are expected in Sn'®™, Therefore, we 
arrive at an upper limit of 20% for the relative number 
of K x rays not in with A-conversion 
electrons, giving, after correction for higher-shell con- 
version of the isomeric transition, an upper limit of 
14% for A-clectron capture. 

(2) The ratio of In to Sn K x rays, and thus the 
ratio of A capture to A internal conversion, was then 
determined by a critical absorption measurement. 
Absorber foils of Rh and Pd were calibrated by means 
of sources emitting pure In K x rays [Sn" (118 day) ] 
and pure Sn K x rays [Sn"'’™ (14 day) ]. It was found 
that (12+3)% of the Sn'®™ K x rays were In K x rays 
and the remaining 88% were Sn K x rays. 

As no 255-kev gamma ray is seen immediately after 
irradiation (see Fig. 3), we conclude that the electron 
capture occurs predominantly to the 9/2+ ground state 
of In'’. Since the decay energy to that state is larger 
than 0.88 Mev, the L/K capture ratio is approximately 
0.1; from this we conclude, after correcting for 
conversion of the isomeric transition in the higher 
shells, that the total electron capture branch is (8.9 
+2.3)%. 

As mentioned above, no other gamma ray of 20-min 
half-life was detected in the spectrum of Sn'8™, A 
transition of less than 30 kev might have escaped 
detection in the singles spectrum due to high internal 
conversion or by being masked by the x-ray peak or 
by noise. However, in the coincidence experiments the 
79-kev gamma ray was found to be not in coincidence 


coincidence 


8 Orbital electron capture ratios are taken from Nuclear 
Spectroscopy Tables, edited by A. H. Wapstra et al. (North 
Holland Publishing Company, Amsterdam, 1959). 
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Fic. 3. Scintillation spectra of tin enriched in Sn" irradiated 
with thermal neutrons. From these and other similar spectra the 
activation cross section of Sn™™ relative to that for other tin 
activities was deduced, and an upper limit was placed on the 
intensity of a 255-kev gamma ray in the decay of Sn'™", 


(less than 5%) with any electrons. Therefore, an upper 
limit of about 10 kev can be placed on the energy of 
any gamma ray in cascade with the 79-kev M3 transi- 
tion, unless its half-life is longer than 10-7 sec. 

A search for annihilation radiation coincidences led 
to an upper limit of 10~° for positron emission per 
isomeric transition. Hence we obtain an upper limit for 
the ratio 8*/E.C.<10~. This leads to an upper limit for 
the total decay energy, Q(Sn™"— In')<1.15 Mev. 
The lower limit of Greenwood and Brannen" for the 
decay energy from Sn'“? to In" (648-kev state) implies 
a lower limit of 0.88 Mev for the decay energy from 
Sn" to In", The log ft value for electron capture of 
1.15 Mev is 4.6+0.1; for electron capture of 0.88 Mev 
it is 4.4+0.1. 

After correcting for the measured electron capture 
branch and also for the Auger effect, we obtain from 
the x/y ratio a K-conversion coefficient ¢,=95+15 
for the isomeric transition. This is to be compared to 
the theoretical value 8;= 94. 

From the measured electron-capture branch and 
from the intensity ratio of the 79-kev and 393-kev 
gamma rays we can estimate the ratio of the cross 
sections for the production of Sn"*" and Sn", We find 


om= (0.41+0.06)a,. 


The cross section for the activation of Sn"? has been 
reported as (1.30.3) b.* We conclude that this value 
represents 


o,+0.91lom, 


4 Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), 2nd ed. 


AND 


SCHARFF-GOLDHABER 


and then we find 


o,=0.9+0.3 b, 


om=0.39+0.10 b. 


An independent check on the isomeric cross section 
has been made by comparing it with the activation of 
the 160-kev gamma ray in the decay of 40-min Sn 
We find 


Om— %113m— (2.0+0.2 )7123m- 


Since the tabulated value of 123m is (0.16+0.04) b,™ 
we find 
om=0.32+0.08 b, 


in agreement with our other measurements. Combining 
the two values, we arrive at a cross section of (0.35 
+0.08) b. The results are in agreement with the 
isomeric ratio rule,'® which states that the ratio of 
cross sections for the production of two isomeric states 
by slow neutron capture is such that the isomeric state 
with spin closest to that of the compound nucleus is 
favored. 

The partial half-life of the isomeric transition, after 
correction for the electron-capture branch, is 22 min, 
and the radiative part alone has a partial half-life of 
2.0X 10° sec. This implies a hindrance of 33 compared 
to the Weisskopf single-particle estimate with a nuclear 
radius constant of 1.2X10-" cm. The transition is / 
forbidden by one unit. Little is known about the speed 
of /-forbidden M3 transitions. The transition in Sn'™ 
may, however, be compared with the M3 transition in 
In'”, which is probably best interpreted as the transition 


[ (go/2*) p(Si/2) m Jar — L (89/2 *) 0822) n his, 


and thus corresponds to the same odd-neutron transi- 
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Fic. 4. Proposed decay scheme of Sn™" 


18, der Mateosian and M. Goldhaber, Phys. Rev. 108, 766 
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Fic. 5. Experimental levels in odd-mass tin isotopes near Sn‘ 
compared with results of pairing-correlation model calculations 
by Kisslinger and Sorensen and by Sorensen.* The experimental 
levels are shown. as heavy bars and the theoretical level positions 
are shown as open circles, with a solid line connecting levels of 
the same spin. The theoretical energies include terms due to 
coupling to electric quadrupole vibrational modes. The figure 
was drawn from numbers supplied in a private communication 
from R. A. Sorensen. It is seen that in Sn‘ the relative positions 
of the 7/2+ and 1/2+ levels are found to be reversed from the 
order predicted by the calculation. However, the discrepancy is 
only 0.1 Mev, which is about the accuracy expected from the 
calculation 


tion. The In transition is hindered 5.30.5 times 
more than the Sn! transition. 


LEVEL SCHEME 
Although the ground-state spin of Sn" has not been 
definitely measured, the 118-day decay is consistent 
only with a spin of 1/2 or 3/2. The low-lying (shell 
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model, or one-quasi-particle) states in the odd tin 
isotopes are 1/2+, 3/2+, 5/2+, 7/2+, and 11/2-—. 
Our results, indicating an M3 transition directly to the 
ground state, are consistent only with a 7/2+ isomeric 
level, decaying partly by isomeric transition to what 
then must be assigned as the 1/2+ ground state of 
Sn’, and partly by electron capture to the 9/2+ 
ground state of In" (see Fig. 4). 

From the absence of the 255-kev gamma ray in our 
experiment a lower limit of one year is obtained for the 
partial half-life for electron capture from Sn"™*™ to the 
648-kev level in In"*. This corresponds to a lower limit 
of 7.3 for the log ft value if the decay energy is 0.50 Mev 
and a lower limit of 6.6 if the decay energy is 0.23 Mev. 
These limits are consistent with the assignments 
(1/2—, 3/2—, 5/2—) for the 648-kev level. However, 
the fact that the internal conversion coefficient of the 
255-kev transition has been measured by Burson et al.,° 
and is consistent only with an M1 or mixed M1+£2 
multipolarity, seems to limit the allowed spins for the 
648-kev level to 1/2 and 3/2. 

Recent work by Kisslinger and Sorensen® uses the 
pair-correlation model to predict level positions and 
wave functions for the tin (and other single-closed-shell) 
nuclei. The model has a number of successes and, with 
the parameters the authors select, seems to predict the 
positions of the low-lying levels in the odd-mass tin 
isotopes to within about 0.1 Mev. For Sn" it predicts 
a ground state of 7/2+ and a first excited state at 0.02 
Mev of 1/2+. We find that the ground state is 1/2+ 
and that the 7/2+- state is 0.08 Mev above it. Figure 5 
compares the predictions of the model with experi- 
mentally known levels in odd-mass tin nuclei in the 
neighborhood of Sn", 
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(d,p) Polarization Measurements of Excited-State Reactions* 
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A helium gas polarimeter has been built for use in conjunction with a heavy-particle magnetic spec 
trometer, which allows measurements to be made of the polarizations of proton groups corresponding to 
nearby nuclear states. The polarimeter was calibrated by measuring the left-right asymmetry of second 
scattered recoil protons from a hydrogen target bombarded by 21.8-Mev alpha particles. The following 
(d,p) polarizations were measured at a deuteron energy of 10.8 Mev and a laboratory scattering angle of 
12.5°, listed according to the residual nuclear state and using the quantization axis n=kaXk,. C™ ground 
state: —0.32+0.05; C™ 3.09-Mev state: +0.03+0.04; Mg 3.40-Mev state: —0.05+0.05 ; Ca*! 1.95-Mev 
state: +0.014+0.043; Ca*! 3.95-Mev state: —0.21+0.05. The Mg result agrees within experimental errors 
with the polarization magnitude predicted by Martin et al. from (d,py) angular correlation measurements 
made at a slightly different angle. If the two Ca states investigated are p-neutron states with j7=}$ and 3, 
respectively, Huby et al. have shown that the ratio of the corresponding proton polarizations should be 
—0.5. The experimental ratio, which is subject to large error because of the near zero result for the 1.95-Mev 


state, is —0.07_».23*°-!8. This discrepancy may indicate the importance of spin-orbit forces in the distorting 


potentials. 


I. INTRODUCTION 

HE theory of the deuteron stripping reaction has 
enjoyed wide application to experimental nuclear 
physics. In its original formulations,'* the qualitative 
features of the angular distributions of the emerging 
nucleons were predicted successfully by describing the 
incoming deuteron and outgoing nucleon by their plane- 
wave asymptotic limits. The forward peak of the experi- 
mental angular distributions in general agreed very well 
with the simple theory, and unambiguous assignments 
of the orbital angular momentum transfers were usually 

possible by such comparisons. 

In an effort to account for the discrepancy between 
theory and experiment at angles beyond the first maxi- 
mum of the angular distribution, several authors*-® 
tried to improve the stripping theory by using wave 
functions distorted by the nuclear and Coulomb po- 
tentials to describe the incoming and outgoing particles. 
One of the consequences of such a distorted-wave 
analysis is that the outgoing nucleons are expected to be 
polarized.*:? A number of measurements of the polariza- 
tion of the protons produced in (d,p) reactions* have 
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shown this to be true. Up until the present writing, 
the polarization has with two exceptions been found to 
to be in agreement with a semiclassical description’ in 
which the distortion of the incident deuteron wave is 
greater than the distortion of the outgoing proton wave. 
Using the Basel sign convention for polarizations 
(n=kzXk,), this description results in the sign rule 
P= when the captured neutron has total angular 
momentum j=/+}3. The two exceptions reported are 
the ground-state transitions in the reactions B'°(d,p),'* 
and Ca(d,p)."!% An additional exception is suggested 
by the present work. 

One of the difficulties with distorted-wave theories 
from an experimental standpoint is that the actual 
comparisons between theory and experiment require 
extensive computer calculations which are rather sensi- 
tive to the details of the distorting potentials chosen. 
Huby et al.!® have presented a general treatment of 
distorted-wave theory in which they propose experi- 
mental tests which are independent of the details of the 
distortions. These tests concern the relation between the 
(d,py) angular correlations and the proton polarizations ; 
if satisfied they allow measurements of these quantities 
to establish experimentally the amount of distortion 
present in a particular reaction. 

One crucial assumption made in the description by 
Huby et al. is that there are no spin-dependent forces 
present in the distorting potentials. That such forces 
should be of minor importance in stripping polarizations 
had also been suggested by the earlier work of Newns 
and Refai.* However, this point has been discussed by 
Austern,'* who maintained that the spin-orbit force in 
the distorting potential should in general be important. 
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Very recent theoretical calculations!*-!’ indeed show this 
force to give a very sizable contribution. The results of 
the following discussion of the paper by Huby et al.'® are 
therefore placed in some doubt because of the neglect of 
such forces. The present experiment was carried out in 
an attempt to verify the predictions of Huby et al. before 
these recent theoretical developments became known. 
Since the results appear to disagree rather seriously with 
one of the predictions of Huby ef al., they may indeed 
indicate experimental evidence for the importance of 
spin-dependent forces. 

With the assumption that there are no spin-dependent 
forces present in the distorting potentials, Huby et al. 
show that the component of the polarization of the 
proton spin in the direction of the quantization axis 
n=k,Xk, is given by 


Wf Oy43" Oy (m) 
P(k,,ka)= _ | : (1) 
3L1/+1 L 43(0141°+0,_17) 


3 


for the case in which only one value of / is necessary to 
describe the orbital angular momentum of the captured 
neutron. In this equation, the 6; represent the reduced 
widths corresponding to total angular momentum trans- 
fer j=/+}. The quantity (m) is the mean value of the 
orbital angular momentum / along the quantization 
axis, and is given by 


(m)= (> m m| Bim|?)/ (dm! Bim|?), (2) 


where the matrix elements B;,, are the amplitudes for 
the absorption of a neutron with quantum numbers / 
and m. These B;,, which are functions of the scattering 
angle, may be considered as unknown parameters to be 
fixed by the experiments, and serve as a common meet- 
ing ground with the theory which predicts them from 
the distorting potentials. 

Equation (1) shows that upper limits are placed on 
the magnitude of the polarization given by | P| $3 if 
j=l—4 and | P| S$43[1/(/+1) ] if 7=/4+4. Furthermore, 
if one takes the ratio of the polarizations of the protons 
corresponding to neutron capture to two levels with 
j=l+4 and j=/—} in the same or neighboring nuclei, 
then for similar energies and corresponding proton 
directions Eq. (1) predicts that 


Piys P, =—[l (+1) ]. (3) 


For the special case /=1, a parameter \ defined by 


Huby ef al. as 
By, 1| B, 1 | , 
A= | \+ (4) 
By | By 1|- 


can be experimentally determined from the (d,py) 
angular correlation. Furthermore, for this case the 


17 1). Robson, Nuclear Phys. 22, 34 (1961). 
‘8 W. R. Gibbs, Rice Institute Ph.D. thesis, 1961 (unpublished). 
9G. R. Satchler (private communication). 
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proton polarization is given by 


2 (—1)7-3( By, 2 By. 1 *) 


2 (1—)*)! 
— =+ —, 
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If \ is determined in the angular correlation measure- 
ments, it may be used to predict the magnitude (but not 
the sign) of the polarization using Eq. (5), and also to 
determine the magnitude of the ratio B,,_,/B,,; or its 
reciprocal by Eq. (4). Polarization measurements can in 
addition then determine the magnitude of this ratio 
uniquely by the use of Eq. (5). Finally, it is then possible 
in principle for the theory to fix the scattering potentials 
so as to yield the observed ratio. 

A measurement of the (d,py) correlation for the re- 
action Mg*4(d,p)Mg*5* (3.40 Mev) has been carried out 
for a deuteron bombarding energy of 15 Mev and proton 
angles of 15° and 45° by Martin et al.” at the University 
of Pittsburgh. From the values of \ obtained from their 
experimental correlation results, Eq. (5) predicts polari- 
zations | P(15°)| =0.096+0.026 and | P(45°)| =0.101 
+0.019. In the present experiment, a measurement is 
reported of the polarization of the protons emitted in 
the identical reaction, but at an angle of 12.5° and for a 
lower bombarding deuteron energy (10.8 Mev). 

In an attempt to check the prediction of Eq. (3), 
polarization measurements were also performed on 
two /=1 neutron capture states in the reaction 
Ca“(d,p)Ca"*. The levels chosen were the states at 
excitation energies of 1.95 Mev and 3.95 Mev in Ca", 
which have been tentatively assigned! as p; and p; 
states, respectively. A p; state is also reported at 2.47 
Mev, but it was not included in this study because its 
yield is only about one-third that of the 3.95-Mev state. 


Il. EXPERIMENTAL METHOD 
A. Experimental Arrangement 


Measurements were made by the familiar double- 
scattering method. In this case the protons were polar- 
ized in the (d,p) reaction in the first target, and the 
analysis was performed by measuring the left-right 
asymmetry in the scattering from a second target of 
helium. If P; and P2 are the proton polarizations result- 
ing from the interactions of unpolarized particles with 
the first and second targets, respectively, then 


P,P2=(R—L)/(R+L), (6) 


where R and L are the total number of counts in the 
right and left counters, respectively. The polarizations 
P, and P, are taken to be positive in each case when the 
respective polarization vectors are in the direction 
of kin X Kou. 


In order for the counting rates after second scattering 


20 J. P. Martin, K. S. Quisenberry, and C. A. Low, Jr., Phys. 
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to be high enough for the experiment to be performed 
with reasonable economy, the second target must be as 
thick as possible. However, a thick target is incompatible 
with good energy resolution. If the polarization of the 
proton group corresponding to excitation of a single 
nuclear level is to be measured, it should be well resolved 
from groups corresponding to neighboring states.” In 
order to get around the opposing requirements of a thick 
second target and reasonable energy resolution, a heavy- 
particle magnetic spectrometer was used in the present 
investigation to separate the proton groups from the 
first target. The analyzing polarimeter, consisting of a 
helium target made as thick as feasible, was then placed 
at the spectrometer exit where it was required only to 
determine the polarization and not the energy separa- 
tion of different groups. This technique has been used 
before*® but with reduced energy resolution. 
Unfortunately, determining P,: for the analyzer is 
actually complicated by the interposition of the spec- 
trometer between the first and the second targets. Be- 
cause of the particular geometry of the spectrometer 
system, it becomes possible for the proton spin vector to 
precess in the magnetic field of the spectrometer in such 
a way as to replace part of the transverse polarization 
of the protons by a longitudinal polarization which is 
unobservable. This has the effect of adding a third factor 
that is not well known to the product P,P». All polariza- 
tions measured in the present work were therefore ob- 
tained at a laboratory observation angle of 12.5". which 
with the existing physical layout of the experimental 
apparatus is the only angle for which no depolarization 
occurs. Fortunately, for most of the reactions studied, 
this angle corresponds fairly closely to the peaks of the 
observed angular distributions. The analyzing power of 








Fic. 1. Cross-sectional view of the experimental arrangement 
The polarimeter is located just beyond the focus of the 20-in. 
radius double-focusing magnetic spectrometer. 


*2 This requirement of course limits the thickness of the first 
target, regardless of the second scattering (analysis) measurement. 
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the polarimeter P, was found by substituting a-p elastic 
scattering as the polarizing reaction, in which case P, is 
known from the phase-shift analyses of this interaction. 
As a further check of the equipment, the reactions 
C®(d,p)C™ to the ground and first excited states were 
studied, since these polarizations have already been 
measured for several deuteron energies and laboratory 
angles at other laboratories.*~"” 

The experimental arrangement of the cyclotron and 
the magnetic spectrometer itself was the same as that 
used previously.*** The polarimeter was connected to 
the exit of the spectrometer by a rotating, vacuum-tight 
joint, so that the polarimeter could be rotated 360° 
about its symmetry axis. A cross-sectional view of the 
target chamber, spectrometer, and polarimeter is shown 
in Fig. 1. Partially polarized protons from the (d,p) 
reaction in the chamber momentum 
analyzed by the spectrometer before entering the 
polarimeter. The protons were then scattered in the 
polarimeter, which consisted of a gas cell containing 
high-pressure helium, and detected by two scintillation 
counters placed symmetrically opposite one another. 


target were 


Because of the high neutron flux near the deuteron 
beam and the close proximity of the polarimeter to the 
first scattering chamber, it was initially found that the 
number of background counts was comparable to the 
number of scattered protons, even with a concrete block 
and paraffin hut surrounding the polarimeter. This 
difficulty was overcome by placing a 2-mil plastic scintil- 
lator (hereafter referred to as the “dE/da 
front of the entrance to the polarimeter, and requiring a 


counter’’) in 


pulse in one of the side counters to be in coincidence 
with a pulse from the dE/dx counter before the former 
was recorded. The proton energies involved in this 
investigation were in the range of 10-16 Mev, so that 
only about 0.6 Mev was lost in the dE/dx counter. 

A cross-sectional view of the stainless steel polarimeter 
is shown in Fig. 2. The partially polarized proton beam 
from the first target entered from the left, passing 
through a ;s-in.-diam collimator (b) in front of the 
dE/dx scintillator (a). Following the dE/dx counter, the 
energy of the protons was degraded, if necessary, by a 
set of seven metal foils. In this way the proton energy 
at the second scattering was adjusted to about 9 Mev 
for all of the reactions under study. These foils, covering 
particle ranges from 1 to 285 mg/cm? of aluminum, could 
be inserted independently into the path of the protons. 
The degradation of the proton energy presumably 
affected their polarization only a negligible amount,” 
but the number of particles entering the polarimeter was 
reduced by multiple scattering in these foils. For all 
background runs, an eighth foil made of ;’g-in. copper 
inserted between the dE/da and the 


was counter 
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Fic. 2. Enlarged view of the 
polarimeter, showing the four 
scintillation counters employed 
in the present experiment. De 
tails concerning these counters, 
apertures, absorbers, etc., are 
given in the text. 
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polarimeter to stop the protons before they entered the 
polarimeter. The observed background then presumably 
corresponded to chance coincidences between protons in 
the dE/dx counter and neutron-induced charged parti- 
cles in the side counters. 

At the main entrance to the gas cell two more ;s-in.- 
diam collimators (b’ and d) were located. Between these 
a 1-mil nickel window (c) sealed the 10 atm of helium 
pressure in the polarimeter from the spectrometer. The 
scattering volume (e) was viewed by the side counter 
through a series of collimating vanes set at an angle of 
65° with respect to the symmetry axis of the polarimeter, 
using a design similar to that reported by Brockman.*® 
The 20-mil brass vanes defined the detector solid angle 
and target thickness, thus making the effective scatter- 
ing volume large without a sacrifice in angular resolu- 
tion. A scattering angle of 65°+6° was chosen since 
contour maps of proton polarization produced in p-a 
scattering versus proton energy and scattering angle?” 
indicated that at 65° the polarization is roughly inde- 
pendent of energy over the range from 7 to 18 Mev. 

\ fourth scintillation counter (f), referred to as the 
“center counter,” was located at the back of the polarim- 
eter and used to monitor protons passing straight 
through the gas cell without scattering. 

To register proton counts from the two side counters, 
it was necessary in this experiment to record the pulse 
spectrum in a multichannel analyzer because the back- 
ground counts increased rapidly near the low-energy end 
of the scattered proton spectrum. However, only one 
20-channel pulse-height analyzer was available at the 
time this experiment was performed. Splitting this into 
two 10-channel analyzers without altering the internal 


26K. W. Brockman, Jr., Phys. Rev. 110, 163 (1958). 
27 G. C. Phillips and P. D. Miller, Phys. Rev. 115, 1268 (1959) 


wiring led to the circuit shown in block-diagram form 
in Fig. 3. The circuitry for all four counters is shown in 
this figure. 

One counter, say the left, was assigned channels 11-20 
and surplus, while the other (right) counter was assigned 
channels 1-10. The left counter was prevented from 
counting below channel 11 by the proper setting of the 
pulse-height selector on the left amplifier. Preventing 
the right counter from counting above channel 10 was 
accomplished by shutting off the entire 20-channel 
analyzer with an anticoincidence gate from a separate 
(model 153) amplifier whose input was in parallel with 
the right amplifier. If the signal from the right counter 
was above channel 10, this gate was also counted in a 
separate right-surplus scaler. 
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Fic. 3. Block diagram of the electronics associated with the 
four counters used in the present experiment. The right and left 
counters were displayed in 10 channels each of a 20-channel 
analyzer by appropriate discrimination and gating, as indicated 
in this diagram 
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B. Experimental Procedure 


? 


The “‘first targets” were made as thick as could be 
done conveniently without causing the proton groups 
corresponding to states of the residual nuclei to overlap 
(calcium was an exception, as will be discussed in 
Sec. II.C.) 

The calcium and magnesium targets were prepared 
by rolling pieces of the oxide-free natural metal to 
thicknesses of approximately 10 mg/cm*. A carbon 
target 10 mg/cm? thick was prepared by applying a 
layer of colloidal graphite in alcohol solution to a glass 
plate, and then lifting off the self-supporting layer 
following evaporation of the alcohol. Solid targets con- 
taining hydrogen were made by sandwiching two }-mil 
layers of polyethylene between three layers of gold leaf. 

A complete data run consisted first of aligning the 
deuteron beam on the center axis of the first target, and 
then using the spectrometer and the center counter to 
obtain the momentum spectrum of the proton group 
corresponding to the nuclear level of interest in the 
residual nucleus. Typical momentum spectra obtained 
in this way are shown in Figs. 4-6. The spectrometer was 
then set to focus protons at the peak of the spectrum, 
and a polarization data run and a background run were 
taken using the side counters. Lengths of the data and 
background runs were chosen so that the whole pro- 
cedure could be repeated about every 2 hr. After all 
reactions had been studied, the polarimeter was rotated 
180° about its axis, and all the measurements were 
repeated. 

In order to keep the energy of the protons at the 
center of the helium target the same for all reactions 
studied, in each case the spectrum of the center counter 
was separately displayed on the full 20-channel analyzer. 
With a helium pressure of 131+2 psi gauge, the foil 
combination was adjusted to give the same pulse height 
to within +2°%. Allowing for the differences in helium 
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Fic. 4. Momentum spectrum of protons corresponding to the 
ground and first excited states of C™%, whose polarizations were 
measured in the present work to compare with previous results. 
The dashed lines represent the maximum momentum interval 
accepted by the polarimeter apertures during an actual! polariza- 
tion run. 
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pressure, the energies of the protons from the several 
reactions should not have differed by more than +3% 
at the center of the polarimeter. 


C. Data Analysis and Corrections 


The raw data consisted of 10 to 30 individual pairs of 
10-channel spectra for the right and left counters for 
each level studied. These were accumulated when possi- 
ble into one graph for each counter. Background data 
were also accumulated into one graph, and normalized 
to the same total beam charge striking the Faraday cup. 
The background was then subtracted from the raw data, 
and the statistical error was calculated for each point. 
A spectrum of the data after background subtraction 
for the C"(d,p)C™ ground-state reaction is shown in 
Figs. 7 and 8. The proton peak in both counters shows 
a low-energy tail which was present in all the data taken 
but often erratic in its energy distribution. This tail 
was presumably due to multiple scattering from the 
collimators and the vanes defining the polarimeter 
scattering angle, and was therefore not included when 
calculating P;P:. The point of demarcation between the 
peak and the tail was decided upon visually, and in all 
but one case the choice seemed to be clear cut. Its selec- 
tion did introduce some uncertainty, but the error was 
estimated to be less than 0.3% in the total count for 
each counter. 

Due to the finite extent and shape of the spectrometer 
acceptance angle, one counter can receive more counts 
than the other, even in the absence of polarization. This 
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Fic. 5. Momentum spectrum of protons corresponding to the 
3.40-Mev excited state of Mg”**. The dashed lines have the same 
significance as in Fig. 4. 
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sort of an effect cannot be eliminated by rotation of the 
polarimeter through 180°. Therefore, the raw data had 
to be corrected for the variation of the proton angular 
distribution from the first target over the acceptance 
angle of the spectrometer, and for the double-trapezoid 
shape of the spectrometer acceptance angle. 

Uncertainties in the magnitude of the product P,P, 
arose from sources other than counting statistics. One 
such source of uncertainty was a possible motion of the 
deuteron beam spot on the first target ; this would have 
tended to move the focus of the spectrometer off the 
symmetry axis of the polarimeter. If such a motion 
occurred over intervals of some hours, it was corrected 
each time a new momentum spectrum was taken with 
the spectrometer, since the spectrometer magnetic field 
was always adjusted to give a maximum proton flux 
in the polarimeter (as seen by the center counter). 
Possible motion of the beam spot during periods of time 
short compared to the length of the data run were as- 
sumed to be random with the result that the net asym- 
metry would be expected to be zero. A similar type of 
uncertainty arose from possible changes in the beam 
energy or from errors in adjusting the spectrometer to 
give the maximum proton flux in the polarimeter. These 
latter causes of uncertainty were found to be small com- 
pared to the uncertainty due to counting statistics. 

In the case of calcium, the failure to resolve com- 
pletely the proton groups corresponding to excitation of 
the 1.95- and 3.95-Mev states from proton groups 
corresponding to the excitation of neighboring levels 
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Fic. 6. Momentum spectra of protons corresponding to the 
1.95- and 3.95-Mev levels of Ca*'. The momentum interval 
accepted by the polarimeter apertures during the polarization 
runs (as indicated by the dashed lines) included very small con- 
tributions from nearby unresolved states as discussed in the text. 
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Fic. 7. Pulse height spectrum of C® ground-state protons after 
second scattering in the helium gas cell into the right counter, 
as displayed in ten channels of the 20-channel analyzer. The 
“180°” does not refer to either first or second scattering angles, 
but is simply the angular setting of the polarimeter in its allowed 
360° rotation about the axis of the proton beam leaving the 
spectrometer. Another complete run was taken in every case in 
the so-called ‘‘0°” polarimeter position to determine the asymmetry 
in counting efficiencies (“‘K”’ in Table II). 


caused small uncertainties which were also found to be 
smaller than the statistical limits. A level at 2.014 Mev, 
which is probably formed by d-state neutron capture,” 
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Fic. 8. Pulse-height spectrum of C ground-state protons after 
second-scattering into the left counter in the ‘‘180°” position, as 
explained in the caption of Fig. 7. Because the effective gains of 
the system were different for one set of 10 channels from the other, 
it was convenient to run the peak in the top 10 channels mostly in 
surplus, so that the tail could be examined carefully as shown here. 
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was estimated to have contributed about 1% to the 
total number of protons entering the polarimeter during 
the study of the 1.95-Mev state. For the 3.95-Mev level, 
there are six nearby unresolved states which contributed 
an estimated total of about 5% to the total proton 
counting rate. Only one of these unresolved states 
(E,= 3.74 Mev) has a forward-peaked angular distribu- 
tion resembling a Butler curve,” but it is far enough re- 
moved in energy that it could only contribute a small 
fraction of the total 5%. 

It should finally be emphasized that the chief defect in 
this experiment might be considered to be the failure to 
achieve a completely independent experimental meas- 
urement of the over-all asymmetry of the entire system. 
The rotation of the polarimeter through 180° measures 
only the asymmetry in counting efficiency of the side 
counters, but does not include any possible asymmetry 
due to the protons passing off axis through the polarim- 
eter. It rather certain that (aside from the 
corrections already discussed) this effect cannot be large, 
because the spectrometer was always kept tuned for 
maximum counting rate in the center counter, and the 
axis of the polarimeter-center counter system was con- 
structed to be accurately aligned. However, two at- 
tempts were made to measure any remaining asym- 
metries experimentally. In the first case elastic alpha 
particles were scattered from the first target through the 
entire spectrometer polarimeter system. Unfortunately, 
the alpha energy was so low after second scattering into 
the side counters that the alphas could not be separated 
from background. In the second attempt, the spec- 
trometer was moved to a laboratory observation angle 
of 90°, while the polarimeter was left in its standard 
position. In this case, the second scattered protons would 
have corresponded to “up-down” scattering rather than 
“right—left” scattering, and no asymmetry should have 
been observed. However, the proton yield from available 
(d,p) reactions at 90° was too low to give a usable 
counting rate after the second scattering. Thus the best 
test of the over-all inherent asymmetry of the apparatus 
was given in the measurement of the polarization of the 
proton group corresponding to the 3.09-Mev state of 
C1* as will be discussed in Sec. IV. 


seems 


III. RESULTS 


Polarization data for the calibration of the polarimeter 
using a-p scattering at the first target are shown in 
Table I. The result for P. is based upon an assumed 


TaBLe I. Results of the calibration of the polarimeter using 
partially polarized protons recoiling from a hydrogen target 
bombarded with 21.7-Mev alpha particles. The polarimeter ana 
lyzing power P» obtained in this way was then used for all measure 
ments listed in Table II. 


P\P2 P, 


(corrected) 


P,P: 


(uncorrected ) 


Geometric 
correction 





+0.416+0.015 —0.009+0.010 +0.406+0.021 —0.67+0.05 


ASD D. W. 


MILLER 


value®’ of P; of —0.61+0.03 obtained from the contour 
maps of Phillips and Miller?’ for a center-of-mass scat- 
tering angle for the inverse p-a scattering of 155° and 
proton energy of 5.5 Mev. The error listed for P: in 
Table I includes both statistical and estimated geo- 
metrical errors. 

Results of the polarizations from the (d,p) reactions 
are collected in Table II. The errors quoted for the 
uncorrected product P,P» are only statistical. Geometric 
corrections quoted include the correction for the angular 
distribution of the protons [which is proportional to 
[1/o(@) }do(8)/d0] and the correction for the trapezoidal 
shape of the spectrometer acceptance angle. The relative 
error for the geometric correction is large primarily 
because of the difficulty in obtaining an accurate angu- 
lar distribution for angles less than 12.5°. All differential 
cross sections o(@) used in these corrections were ex- 
tracted from the data of other authors, since the spec- 
trometer employed in this experiment cannot readily be 
used for scattering angles less than 12.5°. 

The quantity A in the fifth column of Table II 
represents the ratio of the effective counting efficiencies 
of the polarimeter side counters. It was obtained by 
taking the square root of the ratio of the asymmetries 
observed experimentally when the polarimeter was in 
its normal position and when it was rotated 180°. 
Although this correction was always applied to the data, 
it is shown in Table II explicitly to give an idea of the 
consistency of this result in various data runs. 

The corrected value for P,P. is shown in Table II 
together with the total estimated uncertainty (statistical 
and geometrical). All results for P; have been calculated 
using the value of P, given in Table I. The quoted un- 
certainty in P; was obtained from the rms sum of the 
percentage errors in P, of Table | and of the corrected 
P,P. of Table IT. 

From the results for calcium, it is found that the ratio 
of the product polarizations for the proton groups 
corresponding to the 1.95- and 3.95-Mev states of Ca*'*is 


P\P2(1.95)/ Py P2(3.95 Fiscal i 


0.07_o.25t?-18 


25 


This ratio is clearly independent of the value chosen 


for P, in obtaining the absolute polarizations. 


IV. DISCUSSION 
a-p Scattering 


This measurement was performed to provide a calibra- 
tion of the analyzing power P, of the polarimeter. It 
also provided a check on the over-all consistency of the 
system, since both P; and P, can be estimated with fair 
accuracy from the polarization curves calculated by 
Juveland and Jentschke® and by Phillips and Miller.?’ 


28 The error quoted for P; is simply an estimate of the error in 
reading the contour map, and does not include any errors incurred 
in the original calculations of reference 27 of the polarizations for 
p-a phase-shift data. 
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TABLE II. Proton polarizations (P1) obtained for all of the (d,p) reactions investigated in this work. The geometric 
correction and the relative counting efficiency K of the side counters are discussed in the text. 


PP 


(uncorrected) 


Final 
nucleus 


Average 
Oc.m 


Ci gs. +0.21340.017 — 


Geometric 
correction K 


+-0.003-+0.020 


P,P2 
(corrected) P; 


1.070 


13.3 +0.216-+0.026 —0.3240.05 

C8 (3.09) 14.1 +0.040+0.015 —0,059-+0.020 1.076 —0.019-+0.025 +0.029-+0.039 

Mg (3.40) 12.9 +0.043+0.018 —0.010+0.020 1.060 +0.033-0.027 —0.050+0.042 

Ca* (1.95) 12.64 —0.019+0.018 +0.010-40.020 1.060 —0.009-+0.027 +0.014+0.043 

Ca‘! (3.95) 12.69 +0.129+0.020 +0.010+0.020 1.061 +0.139-+0,028 ~0.21-40.05 
Assuming the value of P;= —0.61+40.03, the measured —0.17 for center-of-mass scattering angles between 
value for P: of —0.67+0.05 agrees within.experimental 15.5° and 30° and for deuteron energies ranging from 


errors with the value of —0.71+0.03, obtained from the 
contour maps. Using the polarization curve of reference 
7, it was also estimated that the value of P» should 
change by no more than +0.01 over the +300 kev 
uncertainty in the energy of the second scattering. The 
biggest source of uncertainty in the analyzing power 
P, of the polarimeter probably lies in the estimate of P; 
in the a-p scattering calibration; until the phase-shift 
calculations of the polarizations can be verified experi- 
mentally at our energy, it must be assumed that the 
value of P; taken from these phase shift analyses is 
correct.”9 


C'8* (3.09 Mev) 


Previous measurements have been made of the polari- 
zation of this group by Hensel and Parkinson® and by 
Juveland and Jentschke.® Results of these two experi- 
ments and of the present work are given in Table III. 
At the forward angles, the present measurement agrees 
well with Juveland ef al., and within experimental errors 
with Hensel e¢ al., in spite of differences in deuteron 
energy and angle. This result is important because it 
shows that no large unknown asymmetries appear in 
the present apparatus. 

t is important to note that this reaction corresponds 
to /=0 neutron capture, for which case polarization of 
the emitted protons can only be due to spin-dependent 
forces in the distorting potentials. Although very recent 
theoretical work!”:!*.® does show the possibility of large 
polarizations arising from this source, the polarizations 
expected at forward angles assuming reasonable dis- 
tortion parameters for the present reaction turn out to 
be small!® as is found experimentally. 


C}3 


The ground state of C™ is obtained by p; neutron 
capture. The polarization of the proton group corre- 
sponding to this transition has been measured for several 
deuteron energies.*~” In all previous experiments, the 
measured polarizations have clustered near a value of 


2° Tables I and IT include the corrected product P,P: for every 
reaction. Thus if a better value of P; in the a-p scattering becomes 
available, a new value of P» for the polarimeter can be calculated 
in Table I, and all of the results of Table IT modified accordingly 

”W. Tobocman and W. R 
295 (1961). 


Gibbs, Bull. Am. Phys. Soc. 6, 


4-12 Mev. (See Allas and Shull” for a summary of these 
measurements.) The polarization of —0.32+0.05 re- 
ported here is considerably larger than would be ex- 
pected in comparison with previous data, although our 
value has been obtained for a laboratory observation 
angle which is the smallest used to date. This suggests 
the possibility that the polarization of this proton group 
rises sharply at small scattering angles before vanishing 
at 0°. 


Mg” (3.40 Mev) 


The polarization of the proton group corresponding 
to this state was measured in order to compare with the 
results of Martin ef al.” obtained by (d,py) angular 
correlation measurements at a deuteron energy of 15 
Mev anid a proton emission angle of 15°. Table IV shows 
a comparison of the significant quantities which can be 
extracted from both experiments. It will be noted that 
though the results do not coincide, they all agree within 
the experimental errors quoted. The parameter X is a 
measure of the amount of distortion present in the inter- 
action, and it must lie between the limits 0<\A <1, where 
\= 1 corresponds to the plane-wave Butler theory. \ was 
obtained by Martin et al. directly from their measured 
correlation parameters, and in the present work from 
the measured polarization using Eq. (5). Table IV shows 
that both experiments indicate that distortion effects 
are present. A correlation experiment can give the argu- 
ment of the complex ratio B,_:/B,,, as well as the 
magnitude of the ratio, except that it cannot distinguish 
between this magnitude and its reciprocal. The present 
measurement gives the magnitude of the ratio uniquely 
using Eq. (5), and Table IV shows that the magnitude 
quoted by Martin ef al. in their Table I is apparently 
the correct one. Similarly, the correlation experiment 


TABLE IIT. Summary of measurements of the polarization of 
protons produced in the C#(d,p)C* (3.09 Mev) reaction. 





Ea (Mev) ae Polarization 


7.8 16.8 0.00+0.03 bad 
7.8 50 +-() 04+0.04 & 
11.9 15.5 +0.06+0.05 9 
11.9 37.0 0.11+0.14 9 
10.8 14.1 +0.03+0.04 Present work 
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TABLE IV. Comparison of the results of the present experiment obtained for the polarization of the protons produced in the 
Mg*™ (d,p)Mg*** (3.40 Mev) reaction with the (d,p7) angular correlation measurements of reference 20 for the same reaction. Remarks 
on the significance of this comparison in view of differences in experimental conditions and theoretical uncertainties are given in the text. 








Proton 
Ea emission 
Reference (Mev) angle nN 
Martin et al. 15 15° 0.82+0.11 
Present work 10.8 12.5 0.95_9.12*°- 


| Bi, -1/Bi.1 P 


1,910.74 
1.36_» 2° ad 


0.096+0.026 
~0.050+0.042 


Predicted magnitude 
Measured 





predicts the magnitude of the polarization expected but 
not the sign. Combining this magnitude prediction with 
the results of the present measurement suggests that 
the actual polarization is negative. 

It must be emphasized, however, that the two experi- 
ments being compared were performed at slightly 
different angles (12.5° and 15° lab) and considerably 
different bombarding energies (10.8 and 15 Mev). Since 
the matrix elements B;,, are angle dependent and can 
vary rapidly, the apparent agreement in Table IV may 
not be significant. Furthermore, the theoretical basis of 
this comparison assumes no spin-orbit coupling in the 
distorting potentials, which now seems to be a doubtful 
approximation. 

Since the 3.40-Mev level of Mg”® has a py, character, 
the expected polarization according to the Huby et al. 
formulation is given by Eq. (1) as P=§(m), where (m) 
is the mean value of the component of orbital angular 
momentum along the quantization axis defined by 
Eq. (2). According to the “rule” for the sign of the 
polarization proposed by various authors’ (P=+ for 
j=!+}4), positive values of (m) are expected. Positive 
values result from the assumption that the distortion of 
the incoming deuteron wave is greater than the distor- 
tion of the outgoing proton wave. The present measure- 
ment for Mg**(d,p)Mg*** (3.40 Mev) represents another 
example, in addition to the B°(d,p)B" and Ca(d,p)Ca* 
ground-state reactions,'':'* which suggests that (m) is 
negative. Hence, exceptions. to the above expectation 
that (m) is positive now appear to have been found over 
the range of atomic weights from 11 to 41. 


Ca*'* (1.95 Mev) and Ca*'* (3.95 Mev) 


The experimental ratio of —0.07_9 »*°* obtained for 
the polarizations of the proton groups corresponding 
to these two states seems to lie clearly outside the limits 
of experimental error from the result of —0.5* expected 


%1 It is interesting to note from Table II and Eq. (1) that the 
quantity (m) is positive for the 3.95-Mev state of Ca** (and 
possibly positive for the 1.95-Mev state) in agreement with the 
polarization sign “‘rule’”’ just mentioned. However, the polarization 
found in references 11 and 13 for the proton group corresponding 
to the ground state of the same nucleus indicates a negative value 
for (m 

32 Tt should be mentioned that the theoretical polarization ratio 
does not depend upon the reduced widths of the nuclear levels 
involved provided only one j value can participate for each level 








from Eq. (3). Several possible explanations for this dis- 
crepancy may be proposed. From an experimental 
standpoint, since the result obtained for the 1.95-Mev 
level is so nearly zero, it is clear that the ratio is very 
sensitive to experimental errors in this particular meas- 
urement. However, any reasonable systematic error, 
such as an unknown inherent asymmetry in the ap- 
paratus, could not simultaneously give agreement for 
the ratio here in question and the other measurements 
already discussed. Further, as pointed out in Sec. IT.C, 
it does not appear that the contribution of nearby levels 
would appreciably affect the polarization measurements 
for the proton groups in question. Finally, it is possible 
that the 3.95-Mev state does not have p; character, 
although this seems rather unlikely.2!* 

From the theoretical standpoint, several explanations 
for the discrepancy can be proposed. Probably the most 
likely possibility is the failure of the theory to take into 
account spin-orbit coupling in the distorted waves, as 
has already been discussed earlier. Another possibility 
arises from the fact that (m) depends slowly upon the 
reaction Q normally, but if the single angle chosen in the 
present experiment happens to be in a region where the 
polarization is varying rapidly with angle, this Q de- 
pendence might give a considerably different ratio at 
the particular angle employed. In any event the theo- 
retical uncertainties appear to be comparable to the 
experimental uncertainties, so that further work in both 
areas would appear to be useful. 
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(as in the present case where Ca“ has zero spin). This can be seen 
from Eq. (1) where the reduced widths cancel out in this case. 
% H. E. Mitler, Nuclear Phys. 23, 200 (1961). 
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A calculation of the radiation anisotropy is made for the electromagnetic transition of Li’ from the first 
excited state to the ground state on the assumption that a weak parity-nonconserving internucleon potential 


admixes into the two levels small amounts of wave function with the ‘‘wrong’ 


, 


parity and permits a small 


/-1 transition to interfere with the normal M1 transition. The asymmetry is of the form 1+ cos@ and our 


results give |a| ~10~8 assuming that the potential stems from the self-interacting current theory of weak 


interactions. 


I. INTRODUCTION 


ARITY nonconservation, though well established in 
the weak interactions, has yet to be found in the 
strong interactions. On the assumption that electro- 
magnetic interactions conserve parity, Blin-Stoyle! has 
shown that there will arise, as a result of a parity non- 
conserving internucleon potential, small asymmetries in 
the radiation pattern of certain nuclei due to interference 
between multipoles of the same order. The asymmetry 
has the form 1+ a cos@, where 


m*e 1 
ax — : 
Mr 2 eL 

with e, and m_,, the reduced matrix elements of multi- 
pole order L suitably defined so that they are relatively 
real. The most advantageous case to choose, experi- 
mentally, is one in which the normally occurring transi- 
tion is M1 and the irregular transition (due to small 
admixtures of states of the ‘‘wrong” parity) is £1 since 
the e; matrix element is usually larger than the my. 

Li’ is a nucleus which has been used experimentally” 
for the investigation of this effect and which is also 
amenable to detailed theoretical calculation. The first- 
excited state of Li’ (0.478 Mev) decays by M1 radiation 
to the ground state with AJ= +1 and no parity change 
(4-— > $-). However, small amounts of $+ or }* states 
mixed into the 4~ and }~ states, respectively, will cause 
a small £1 transition and we may write |a| ~ | e:/m;|. 
If the weak interactions are interpreted in terms of 
self-interacting charged currents (with or without an 
intermediate neutral boson), then the lowest order par- 
ity-nonconserving internucleon potential gives approxi- 
mately no effect in LS or jj coupling! although an effect 
is obtained in intermediate coupling. On the other hand, 
if neutral currents are allowed as suggested, for example, 
by Lee and Yang,’ then an effect is obtained in the LS 
extreme. Therefore, in the following, appropriate inter- 
mediate coupled wave functions are used to calculate 

e,/m,| for two cases: (a) with only charged currents, 
and (b) with neutral currents allowed. 


1 R. J. Blin-Stoyle, Phys. Rev. 120, 181 (1960). 
2D. H. Wilkinson, Phys. Rev. 109, 1614 (1958). 
3T. D. Lee and C. N. Yang, Phys. Rev. 119, 1410 (1960). 


II. CALCULATION OF a 


We use the static parity nonconserving potential‘ 
derived on the assumption of a conserved self-interacting 
current for weak interactions 


GPst 2 1 
Vu=— ( rar )e tere 
2rhc\r pr’ yPr' 


‘(0'Xo?) (4! —7.'72) =X Sel, 


with r=r,—re and (1) 
Gfyl 2 1 

X2=— ( +—t+ ). seat 
Qarhc\r* ur® pr? 


Sp=e0'Xe?, Ty=(2!-2?—7,'7,7), 
where G is the weak four-fermion coupling constant 
(G~1.4X10- erg-cm’), f is the renormalized pseudo- 
vector coupling constant (/?~0.08 in units of fc), and 
1/u is the pion Compton wavelength. If the existence of 
a neutral current is assumed, the only change occurs in 
the isotopic spin part® which becomes simply T}.= *!- ¢?. 
The following wave functions, neglecting the four- 
particle core of Li’ ,were used for the calculation®: 


¥(J=3, My=3)=0.966 “P[3 |—0.0114 “P21 | 
+0.221 *P[21 ]+0.095 “D[21 ] 
—0.094*D[21], (2) 


,Ms=4)=0.940 “P[3 ]+0.309 2P[21 | 


+0.127 *P[21]—0.053 “D[21 ] 
+0.047 *S[111], (3) 


¥(J= 


tol 


where the notation is 27+'?S+'Z[\] and A designates 
the spatial symmetry properties of the wave function. 
The various states were then expressed with the aid 
of frictional parentage coefficients in such a way as 
to separate out the third particle in the usual manner. 
The potentia! was then allowed to act between particles 


'R. J. Blin-Stoyle, Phys. Rev. 118, 1605 (1960). Higher order 
contributions to this potential would not radically alter its general 
form. 

5G. Barton, Nuovo cimento 19, 512 (1961). 

6J. M. Soper (private communication). These values were 
derived'with a/k=1.4 and L/k=4.62. 
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1 and 2. The single-particle wave functions were taken 
to be properly normalized P-shell oscillator functions 
of the form r exp(—r?/ 20"). 

Equation (39) of reference 1, derived using a com- 
pleteness approximation, was used as a basis for the 
calculation : 


(yy E1 yy’) 


e 
si (py pia C( 1+7,° yr Vin 


2hw i#k 


+Vj(l+7.)r]iyy"’), (4) 


where fiw is the oscillator spacing and was taken to be 
20 Mev. By use of the Wigner-Eckert theorem and the 
symmetry properties of the potential and the wave 
functions involved, we may write 


e:| = | (Wy! | E1| 'yy) 


i 


= (6¢/ hw) (3)} 
x y;' ‘Sir 7? y;!) , 


7% 


“levi? 


(5) 
where r,= 1+7,. In the case of no neutral boson current 

we have 
€1| = (6¢/ hw) (3)! (yy? z: 
‘Sio(74!72+ 7_'7,2) | y})|, 





(6) 


where r4.= (1/V2)(rztir,). 

It turns out, after making a transformation to relative 
and center-of-mass coordinates, that all the integrals 
either can be done analytically or reduced to the com- 
plementary error function. 


III. RESULTS AND DISCUSSION 


In the case (a) the calculation yields | e,;) = 1.25 10-*' 
and using a value’ of the M1 lifetime r= 1.1K 10~" sec 
we get, by the usual formula, _m,| = 1.34 10-* so that 

a! = | e,/m,' =0.93X10-®. In case (b) the calculation 
gives e, =0.58K10-" and a) ~0.42X10-, about the 
same order of magnitude. These values were computed 
for a value of the parameter b>=2X10-" cm and for a 
cutoff of e=0.6X10-" cm in the relative coordinate. 
Such a cutoff is necessary to prevent the integrals from 
diverging and also simulates the effect of a strong re- 
pulsive core in the regular parity-conserving inter- 
nuclear potential. Further investigation showed that 
these results were very insensitive to a shift in b 
(6=1.5X10-" cm changed the final value by less than 
a factor of two) and to a shift in ¢ until e became very 
small since ultimately in the limit of e— 0 some of the 


7C. P. Swann, V. K. Rasmussen, and F. R. Metzger, Phys. Rev. 
114, 862 (1959). 
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integrals diverge. Since the divergent terms go as 1/e, 
the lowering of ¢ from e=0.6 fermi to, say, e=0.4 fermi 
has little effect. These terms do not dominate the other 
(i.e., nondivergent) terms that appear until «0.01 
fermi. 

The reason that cases (a) and (b) do not differ more 
is due to the fact that there is a great deal of destructive 
interference in both cases. Though there are more non- 
vanishing terms in case (a), they tend to cancel each 
other leaving very little net result. For this reason, the 
same calculation for a different nucleus in this region 
might show a much bigger difference in the two cases. 

The actual experiment requires a polarization of the 
nucleus but this could be accomplished by various 
means® with polarizations of order unity. Even with 
such polarizations, the experiment is, at present, outside 
the range of experimental feasibility. The one previous 
experiment done on this nucleus? yielded an upper limit 
on the amplitude of the irregular part of the wave 
function® of $< 10-? which is a long way from the 
expected value for §."° If the strength of the £1 matrix 
element in this region (around Li’) is taken to be" 10-* 
then we get, in the most favorable case of |a| =0.93 
X 10-8, that F=1.25X10~* since FR=a, where R is the 
ratio of a normal F1 transition to a normal M1 transi- 
tion in the P shell.? It should be noted that the estimate 
made for R in reference 2 does not hold here as this M1 
matrix element is anomalously large for this region 
(see reference 11). 

It should also be pointed out that it is possible to look 
for a partial circular polarization of the emitted y’s in 
such a nucleus since by Eq. (30) of reference 1 we have, 
for the degree of circular polarization of the emitted y’s, 


2>>1. m,*e; 
> 1(| mz|\?+| ez!) 


in case (a) assuming the m, and e, transitions to be the 
only significant ones. This is for unoriented nuclei, which 
obviates the problem of polarization which may in the 
asymmetry effect lessen the magnitude of a by ~}$. 
Hence, experimentally, one picks up a factor of 4 over 
the other experiment, but at the expense of having to 
detect circularly polarized radiation. 


‘ 


6 or 6=2X10°5, 


§5R. J. Blin-Stoyle and M. A. Grace, Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42, p. 555. 

*T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). The 
argument given above is strictly true only in the case that just 
one “wrong” parity state mixes in with the regular wave function. 

10 L. Grodzins and F. Genovese, Phys. Rev. 121, 228 (1961) have 
carried out an asymmetry experiment of the type described in this 
paper on Fe and conclude that ¥< 1075 


1 A. M. Lane, Revs. Modern Phys. 32, 519 (1960 
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The absorption mean free path L of star-producing radiation was determined by means of the local produc 
tion of neutrons in condensed materials; for that purpose a neutron monitor was installed in an aircraft, 


)? 


and two flights were performed at the geomagnetic latitudes 23.3°S (Buenos Aires, Repdblica Argentina) and 
15°S (Asunci6n, Repadblica del Paraguay). The results show an increase in L of about 20% for an altitude 
increase of 6000 min Buenos Aires, and of 40°7 in Asunci6n, for the same altitude increase; the total L value 
in Asunci6n was found to be 175 g cm~?, while in Buenos Aires it was 163 g cm~?, that is, approximately 


&°7, lower. 


INTRODUCTION 


ANY experiments with different methods of de- 
tection have been carried out by several au- 

in order to establish a relationship between 
the nucleonic intensity and the production of stars in 
the atmosphere, and thereby to draw conclusions about 
the primary cosmic radiation. In the equilibrium region 
of the atmosphere (200-600 gcm~*) the intensity varied 
approximately according to the exponential 
I= Iye~*'", where x is the atmospheric thickness, and 
L the absorption mean free path of star-producing 


thors,! 


law 


radiation. 

These experiments have shown that the absorption 
mean free path depends on the geomagnetic latitude 
and altitude and becomes independent of the first 
for atmospheric thickness higher than 600 gem. The 
fundamental purpose of this work is to confirm experi- 
mentally these conclusions for the southern hemisphere, 
where there are practically no available data on the 
absorption mean free path of the nucleonic component. 
Two flights were performed; the first one took place on 
August 3, 1959, from Buenos Aires (A=23.3°S) to 
Asuncién, Paraguay (A= 15°S), reaching a top altitude 
of 10000 m. The second flight took place in the same 
year on November 27, over Buenos Aires, and a top 
altitude of 12 400 m was then reached. 


APPARATUS AND SYSTEM OF MEASUREMENT 


A neutron monitor pile was used, of the type adopted 
by Simpson and other investigators, specially designed 
to perform experiments on aircraft. Therefore, our 
method of observation consists in the measurement of 
the nucleonic component of cosmic radiation, by record- 
ing the neutrons produced in the nuclear reactions 
generated by that component in condensed materials. 
The neutrons were detected by means of two BF; 


1L. C. L. Yuan, Phys. Rev. 76, 1267 (1949); 81, 175 (1951 
2 J. A. Simpson, Phys. Rev. 83, 1175 (1959). 

J. A. Simpson, W. Fonger, and S. B. Treiman, Phys. Rev. 
90, 934 (1953) 

‘J. A. Simpson and W. C. Fagot, Phys. Rev. 90, 1068 (1953) 

>R. K. Soberman, Cosmic-Ray Project Technical Report, 
Prepared for Office of Naval Research, Nuclear-Physics Branch, 
Washington, D. C. (unpublished). 

® R. K. Soberman, Phys. Rev. 102, 1399 (1956). 
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proportional counters, enriched to 96% of the B® 
isotope, surrounded by paraffin as moderator, and using 
lead as generating material. The two BF; counters were 
connected in parallel, their Amphenol ends being joined 
by means of a conductor; from these ends an internal 
connection leads to the input of an amplifier placed upon 
the pile; the connection was made by means of a stiff 
conductor placed in the axis of a pipe, as shown in 
Fig. 1, so as to be perfectly insulated by approximately 
3 cm of air; the pipe was joined by a screw end to the 
connection box, it ran through a paraffin box, and 
reached the amplifier’s base with the other screw end. 
This disposition avoids the use of moving connectors, 
which are unsatisfactory because of the spurious pulses 
that may arise from sudden motions. The amplifier’s 
output was connected to the recording circuit or scaler. 
Two automatic counters and a clock were installed on 
a panel which was photographed with a film camera, 
automatically operated every minute; this frequency 
was found to be sufficient for good statistics. 


INSTALLATION ON BOARD THE AIRCRAFT 


In order to simplify the installation, the whole set, 
was placed into a wooden box whose front part could be 
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Fic. 1. Shows the rigid connection to avoid spurious 
pulses that may arise from sudden motions. 
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Fic. 2. Data obtained for Buenos Aires (A= 23.3°S) 
during the second flight on November 27, 1959. 


easily taken apart, so as to allow quick inspection or 
repairing. All the electronic attachments, as well as the 
highly balanced (1/10 000) source of power supplying 
the proper voltage, were placed above the cover. The 
installation was made in the freight cabin of the air- 
craft. A converter was employed to change voltage from 
18 v de (aircraft power) to 220 v ac, 50 cps, as required 
for operating our equipment. The altitude data were 
obtained every minute by direct reading from the 
altimeter. 


CORRECTIONS 


The first correction was due to possible losses in the 
automatic counter; the well-known relation V=.Vo/ 
(1—NoT) was applied, where Vo represented the re- 
corded counting and 7, the dead time of the counter. 

The second correction was the zero adjustment of 
the altimeter. During the first flight, Buenos Aires 
Asuncién, the pressure was 1021 millibars in Buenos 
Aires, and 1013 in Asuncién; in the second flight 
(Buenos Aires) the pressure was 1010 millibars. All 
the data were referred to the normal pressure of 1013 
millibars. The adjustment was performed by applying 
Simpson’s? pressure coefficient (0.96%/mm Hg). 

Variations of fuel consumption by the aircraft had 
no influence on the intensity measurements, which re- 
mained constant for different consumption at constant 
altitude. Finally, there was no need of a correction due 
to variations in the primary cosmic radiation, as the 





Ce 


a 


a eee be 


INTENSITY FOL"Ynun) 


& 


ee ee ee a a a 

ATMOSPHERIC DEPTH (9 <m*) 

Fic. 3. Data obtained for Asuncién del Paraguay (A=15°S) 
during the first flight on August 3, 1959. 
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average intensity during both flight periods proved to 
be constant according to the measurements of intensity 
and pressure recorded the days before, during, and after 
the flights, in the ground cosmic radiation laboratory 
in Buenos Aires. 


RESULTS AND CONCLUSIONS 


The corrected data have been plotted in Fig. 2 for 
Buenos Aires and Fig. 3 for Asuncién del Paraguay. 
The intensity per minute is represented against the 
atmospheric thickness. The results obtained from the 
graphs are shown in Table I. Considering this table, it is 
seen that the absorption mean free path changes with 
altitude from 145 gcm~ for an average altitude of 4900 
m up to 182 g cm™ for an average altitude of 10 400 m, 
in Buenos Aires. In Asuncién, L changes from 149 
g cm™ at 3600 m, up to 209 g cm™ for an altitude of 
9500 m; furthermore, a variation of the absorption 
mean free path maybe observed as a function of geo- 


500 400 300 
ATMOSPHERIC DEPTH (3 cm *) 
Fic. 4. Curves obtained by Simpson in the Northern Hemisphere 
Included are the curves mentioned in this paper. 


magnetic latitude \: for Buenos Aires (A= 23.3°S) the 
total L was found to be 163 g cm~*, While in Asuncién 
(A= 15°S), it amounts to 175 g cm~. Another conclusion 
that may be drawn from Table I is that the absorption 
mean free path is independent of the geomagnetic 
latitude X for atmospheric thickness higher than 600 


TABLE I. Values of absorption mean free path for Buenos Aires 
and Asuncié6n del Paraguay at several atmospheric depths 


Atmospheric depth (m) 


1650-5650 
5800-8400 
9000-10 000 
3200-5700 
5950-8200 
8250-9675" 
8625-12 100 


Nm Un eww 


® This value corresponds to the first flight in Buenos Aire 
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g cm™; the value of L is found to be 145 g cm~ for 
Buenos Aires, and 149 g cm~ for Asunci6n. 

Finally, Fig. 4 shows the curves obtained by Simpson 
in the northern hemisphere for the variation of the 
absorption mean free path as a function of the atmos- 
pheric thickness, with the geomagnetic latitude \ as a 
parameter; we have there introduced our own values 
for \=23.3°S (Buenos Aires) and A= 15°S (Asuncién). 
They show a good agreement within our experimental 
errors. 

Our results are thus consistent with Simpson’s 
suggestions** that the variation of the absorption mean 
free path with geomagnetic latitude and with altitude 
must be a consequence of the average energy of the 
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primary nucleons as they start the nucleonic shower 
and of the degradation of the energy through collision 
and nuclear interaction phenomena along the penetra- 


tion of the nucleons into the depths of the atmosphere. 
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Estimate of the Nucleon Mass Difference from Hofstadter’s New Form Factors 
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It is shown that the set of isotopic form factors recently proposed by Hofstadter and Herman seems 
favorable for an explanation of the observed nucleon mass difference in terms of the electromagnetic self 
energy, if an extended core radius is suitably introduced. 


N attempt has been made' to explain the observed 

nucleon mass difference, M,—M,=1.29 Mev, by 
assuming trial form factors which deviate from Hof- 
stadter’s old form factors determined by the electron 
scattering experiments at rather small values of the 
momentum transfer g. Meanwhile, according to the new 
experimental data?’ on the electromagnetic structure of 
the proton and neutron, Hofstadter and Herman‘ have 
recently presented a tempting unified interpretation of 
the nucleon form factors. They have found the four 
isotopic form factors of the Clementel and Villi (C-V) 
form.’ Although the C-V form is interesting from the 
viewpoint of the dispersion relations, their form factors 
do not give a convergent result for the nucleon mass 
difference.’ It should be noted, however, that the signs 
of the core terms in the Hofstadter new isotopic form 
factors just satisfy the previously conjectured condition 
under which the nucleon mass difference can be ex- 


1H. Katsumori, Progr. Theoret. Phys. (Kyoto) 24, 35 (1960). 
2 F. Bumiller, M. Croissiaux, and R. Hofstadter, Phys. Rev. 
Letters 5, 261 (1960); R. Hofstadter, F. Bumiller, and M. Crois- 


siaux, ibid. 5, 263 (1960); R. R. Wilson, K. Berkelman, J. M. 
Cassels, and D. N. Olson, Nature 188, 94 (1960). 

8D. N. Olson, H. F. Schopper, and R. R. Wilson, Phys. Rev. 
Letters 6, 286 (1961); R. Hofstadter, C. de Vries, and R. Herman, 
ibid. 6, 290 (1961). 

4R. Hofstadter and R. Herman, Phys 
(1961). 

5 E. Clementel and C. Villi, Nuovo cimento 4, 1207 (1956). __ 
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plained.® In the present report it is shown that, if a 
suitably extended core is assumed with its radius smaller 
than the nucleon Compton wavelength, then the Hof- 
stadter new form factors, thus modified, can reasonably 
explain the observed mass difference. 

For simplicity a common parameter r, is introduced 
into the core terms of Hofstadter’s new isotopic form 
factors as follows: 

0.44 
Fis= = a ’ 
Itr2g 1+0.214¢° 


4.0 3.0 


0.56 
(1) 


Ltr 2g? 1+0.214g2 
0.20 

Fiy=Fyay=- sis ° 

1+r2q? 1+0.1042 


1.20 
(3) 


As has been estimated in reference 1, the strong inter- 
action correction to the nucleon mass difference seems 
to be less than 0.2 Mev, and so the major contribution 
may be regarded as coming from the direct electro- 
magnetic effect. The e-order self-energy thus gives the 

“ See (3.8) of reference 1. Note that the normalizing constants 
of the isotopic form factors are differently defined in references 1 
and 4. In the present report, the choice of Hofstadter’s normaliza- 
tion in reference 4 is used. 





H. KATSUMORI 











Fic. 1. The calculated nucleon mass difference as a function of the 
core parameter r,. (For r-=0.023f, a, should read 0.056f.) 


neutron-proton mass difference in the form 


M,—M,=6M,—8M,=(e AM f dal Fisk wala) 


+ (0.0602F iy F2s—1.853F 1 sF ev )L12(q) 
+0.4461F osFo; T22(q) |, (4) 


where /;;(¢), Z12(qg), and J22(q) denote the Dirac-Dirac, 
Dirac-Pauli, and Pauli-Pauli self-interactions, respec- 
tively. Without the form factors, the integral of Ji 
diverges logarithmically and those of J;2 and J 22 diverge 
quadratically. Inserting the form factors (1)—(3) into 
Eq. (4), one obtains the mass difference as a function of 
the core parameter r-.. 

As the experimental form factors have been found 
referring only to the space-like g*, it is not clear 
whether the expressions (1)-(3) can be used for the 
time-like g’. For this reason the integration of (4) is 
made in two different ways. 

(A) The form factors are used for the time-like gq’ as 
well as for the space-like g?. The usual Feynman cutoff 
technique can be used. 

(B) The integration over q, is first carried out without 
the form factors. Then the integration over q is per- 
formed with the form factors, in which ¢ is replaced 
by q’. 

Figure 1 shows the calculated mass difference versus 
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Tr. ae 
Case (fermi) 
(A) 0.023 0.056 —4.02 
(B) 0.038 0.092 —1.83 


the core parameter r, in these two cases. Both cases 
give the similar qualitative tendency, but the observed 
mass difference is reproduced at somewhat different 
values of r,. The corresponding root-mean-square radius 
of the core, @,= (6)'r,, is less than 0.1 fermi, as is listed 
in Table I. These numerical values seem quite reason- 
able and do not influence the recent analyses by Hof- 
stadter and others based on the experiments below 
gS 30 f-*. Table I lists also the individual mass shifts 
56M, and 6M, in each case. 

The contributions to M,—M, from J, Jj2, and Js» 
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which are denoted as AM);, AMyo, and AM», in Table I, 
indicate that the nucleon mass difference is explained 
as a result of the predominance of AM2.+AMo. due to 
the magnetic moment self-energy over AM, due to the 
charge self-energy, as was proposed in the earlier report 
by the author.’ In the earlier works,’ it was tried to 
explain the mass difference by making AM» positive, 
because | AM..| was considered to be very small. On the 
other hand, Cini and others’ tried to make AM, positive 
and large by assuming a strong charge concentration for 
the neutron, because the use of Hofstadter’s old ex- 
ponential form factor gave a negative AM jo. In contrast 
with these works so far, the present result points out 
an excess of positive AM. over the absolute value of 
negative AM jp. 

Since this kind of calculation contains a small differ- 
ence of rather large numbers, the numerical details 
should not be taken very seriously. It may be concluded, 
however, that the set of Hofstadter’s new form factors 
is quite favorable to produce the observed nucleon mass 
difference, if a reasonable assumption is made for the 
extended core radius. 

7H. Katsumori, Mem. Osaka Gakugei Univ. B No. 2, 28 (1953 

8 R. P. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954); 
Y. Oishi and H. Katsumori, Progr. Theoret. Phys. (Kyoto) 12, 
109 (1954); A. Petermann, Helv. Phys. Acta 27, 441 (1954). 

9M. Cini, E. Ferrari, and R. Gatto, Phys. Rev. Letters 2, 7 
(1959). 
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Longitudinal Distribution of Cerenkov Light from Extensive Air Showers* 
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(Received March 28, 1961; revised manuscript received August 15, 1961) 


Measurements of the longitudinal distribution of the Cerenkov light associated with extensive cosmic-ray 
air showers of approximately 10'-ev minimum energy are presented. These measurements are compared 
(1) with those of Bassi ef al. resulting from their analysis of the electron component of extensive air showers 
and (2) with the distribution calculated by Monte Carlo techniques from Coulomb scattering of the shower 


electrons. 


INTRODUCTION 


HE production by extensive cosmic-ray air 

showers of easily detectable quantities of 
Cerenkov radiation in the night sky has been established 
by the work of Galbraith and Jelley'~ and others. This 
Cerenkov radiation is detected at the surface of the 
earth as a short duration light pulse accompanying the 
electronic component of an extensive air shower. 

That the electronic component of an extensive air 
shower is primarily responsible for the Cerenkov light 
is seen by the following argument. At sea level the at- 
mospheric refractive index sets the threshold energy 
for production of Cerenkov radiation by electrons at 
about 21 Mev and the shower electrons at this level 
have a mean energy on the order of 100 Mev. The 
increased energy thresholds for production of Cerenkov 
radiation by the heavier particles and their much lower 
abundances rule against these particles contributing 
appreciable light. For example, the u-meson threshold 
energy is approximately 4.4 Bev. Therefore, since the 
Cerenkov radiation is produced in large measure by the 
electron component of the air shower, the characteristics 
reported here for the Cerenkov light are not expected 
to differ markedly from those determined for the shower 
electrons. 

The primary purpose of this article is to report meas- 
urements of the longitudinal distribution of the 
Cerenkov light accompanying an extensive air shower. 
Bassi, Clark, and Rossi‘ have reported measurements 
of similar characteristics of the electron component of 
the showers. Their findings indicate that the electron 
component arrives at sea level in the form of a disk of 
mean thickness between one and two meters and with 
a lower limit of 1300 m to the radius of curvature of 


* This research was supported in part by a grant from the 
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Phys. 6, 250 (1955). 

2W. Galbraith, Extensive Air Showers (Academic Press, Inc., 
New York, 1958), Chap. 8. 

3J. V. Jelley, Cerenkov Radiation (Pergamon Press, New York, 
1958), Chap. 9. 

4P. Bassi, G. Clark, and B. Rossi, Phys. Rev. 92, 441 (1953). 


these disks. In the sense that the Cerenkov light is so 
directly connected with the shower electrons the meas- 
urements reported here are complementary to those of 
Bassi ef al., although as will be seen the present experi- 
ments permit a direct determination of (1) the photon 
density distribution through each shower disk and 
(2) a thickness spectrum of these light disks. 

The measurements reported here were made between 
January 26, 1960 and April 4, 1960 at the Kitt Peak 
National Observatory in Arizona at 31°57’N, 111.6°W 
at an elevation of 2070 m. 

In the following sections of this paper are discussed 
(1) the experimental apparatus used, (2) the treatment 
of the experimental data, (3) the Monte Carlo calcula- 
tion of electron scattering, and (4) a calculation of the 
total energies of the recorded in this 
investigation. 


showers 


EXPERIMENTAL APPARATUS 


The longitudinal distribution of the photons in the 
Cerenkov radiation disk produced by an extensive 
cosmic-ray air shower was measured using a simple 
optical system in conjunction with a photomultiplier 
tube of low transit time spread and high current ampli- 
fication, coupled directly to the deflection plates of a 
cathode-ray oscilloscope. The optical system consisted 
of a 16-in. diameter, 12-in. focal length spherical mirror. 
An RCA-7264, 14-stage, spherical photocathode, photo- 
multiplier tube was positioned with the photocathode 
at the focal point of the mirror as indicated schemati- 
cally in a block diagram of the apparatus in Fig. 1. The 
tube and mirror were surrounded by a light shield which 
together with the mirror system limited the angular 
acceptance of the detection device to approximately 
0.03 steradian. Display of the pulses from the photo- 
multiplier tube was made by direct connection via 
197-ohm coaxial cable to the deflection plates of a 
Tektronix type 541 oscilloscope. 

To insure that the longitudinal-distribution measure- 
ments of photon density would be made approximately 
normal to the leading edge of the Cerenkov light disk 
and to determine the approximate shower core location 
an array of four photomultiplier detection devices were 
placed about the RCA 7264 to measure the relative 
arrival times of the light disk. The detection devices in 


the roughly “square” array shown in Fig. 2 were similar 
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to that described above for the longitudinal measure- 
ment except that the rise-time requirements of this 
application allowed use of RCA-type 6810A photo- 
multipliers. Signals from each of the four 6810A photo- 
multipliers were individually directly coupled to the 
four pairs of deflection plates of two Tektronix type 551 
dual-beam oscilloscopes. The horizontal deflection 
plates of the two cathode-ray tubes were connected in 
parallel to the horizontal amplifier of one of the oscillo- 
scopes to provide synchronous horizontal sweeps for all 
four traces. An unblanking and sweep trigger signal for 
the oscilloscopes was obtained from cathode followers 
located in each of the four lines connecting the photo- 
multiplier tubes to the deflection plates as indicated in 
Fig. 3. 

All waveforms due to the passage of Cerenkov light 
disks were recorded photographically from the oscillo- 
scope displays. Measurements of the relative delays of 
the four signals so obtained were used in conjunction 
with the site survey information of Fig. 2 to determine 
the light disk arrival direction. 

A limited number of determinations of the radii of 
curvature of the leading edges of the light disks were 
made. These determinations were made by modifying 
the array of Fig. 2 so that detector 3 was located at the 
center point of the array. The four photomultiplier 
output signals from this roughly “triangular” array 
were also connected directly to the deflection plates of 
the two type 551 dual-beam oscilloscopes. Measure- 
ments of the relative delays of the four signals obtained 
from this modified array were used in conjunction with 
the site survey to make the radius determinations. 


TREATMENT OF EXPERIMENTAL DATA 


Figure 4(a) shows a typical set of four pulses pro- 
duced by the arrival of a Cerenkov light disk at the four 
detectors of the array. The positions of these pulses 
along the 20 musec per major division sweep were meas- 
ured to an accuracy of +0.02 division using a Zeiss 
Opton microscope. The positions are a measure of the 
arrival times of the light at the detectors as modified by 
the differing photomultiplier transit times and signal 
cable transmission times in each of the four channels. 
Correction for these differing delay times was made by 
determination of the pulse positions for showers incident 
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on the four detectors while all were located together at 
the center of the array. 

As will be seen from the disk front radius data re- 
ported below and as is suggested by the similar Bassi 
et al. results on electron disk front radii, the arrival 
direction determinations may be made by approximat- 
ing the light disk front by a plane surface over the area 
of the array. Using the corrected relative time delays 
for the “square” and “triangular” arrays and the ap- 
propriate survey information, the arrival directions 
were determined by a least-squares fit to a plane 
surface. These arrival direction determinations were 
used only to exclude from consideration those cosmic- 
ray showers detected which had produced light disk 
fronts with normals making an angle a>5 degrees to 
the zenith. Less than 5% of the showers recorded were 
rejected on this basis indicating the efficiency with 
which the optical arrangements of the array select for 
vertical showers. 

Using the corrected relative time delay data from 48 
showers detected by the “triangular” array and the 
survey data the radii of curvature of these shower 
fronts were determined. These radii are uniquely deter- 
mined from the corrected relative time delays of the 
four detectors under the approximation that cos a=1. 

Figure 5 is a plot of the occurrence spectrum of the 
various Cerenkov light front radii for those showers 
possessing light disk front normals tilted less than 5 
degrees with respect to the zenith. The plot is made as 
a function of 1/R so that all showers of very nearly 
infinite radius will appear together. In the limited 
sample of 48 showers recorded none with radii less than 
1 km were observed while the majority have radii 
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Fic. 2. Site survey of arrival direction determining 
photomultiplier array. 
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greater than 2 km. Thus the plane approximation of 
the light front is justified for the array size used. 

Using the approximation that cos a=1 but not the 
approximation of plane light front the timing data from 
the ‘“‘square” array were used to determine the coordi- 
nates of the center of curvature and hence the approxi- 
mate shower core location. The core locations of 84% 
of these showers fell within a circle of 5-m radius. Such 
a small range in core location was produced by requiring 
that all four pulse amplitudes from the array be of 
comparable size. An error propagation calculation was 
performed to estimate the accuracy of the core location 
determinations and the accuracy of these core locations 
was estimated to be +5 m. 

The photograph of a pulse from the RCA-7264 
equipped detector due to the arrival of a Cerenkov 
radiation disk is shown in Fig. 4(b). A sweep speed of 
approximately 15 mysec per major division was used. 
Such waveforms represent the longitudinal distribution 
of the Cerenkov photons in an extensive air shower 
modified by (1) the transit time spread of the photo- 
multiplier tube, (2) the rise time of the oscilloscope 
tube, (3) the dispersion caused by the connecting signal 
cables, and (4) the nonlinearity of the oscilloscope 
sweep. Effects due to (1), (2), and (3) were determined 
by use of a millimicrosecond light pulser similar to that 
described by Kerns, Kirsten, and Cox.® Effects due to 
(4) were determined by use of a 50-Mc/sec sine wave 
generator for sweep calibration. 

The pulse width at half maximum after correction 
for the four effects listed above was selected as a meas- 
ure of the corresponding thickness of the Cerenkov 
light disk. Figure 6 is a plot of the occurrence spectrum 
of these pulse widths after the above corrections had 
been applied for disk fronts with normals within 5° of 
vertical. Pulse widths from 162 showers are shown in 
Fig. 6. 

The occurrence spectrum indicates that the half in- 
tensity disk thicknesses are quite variable ranging from 
less than 0.3 m to 9 m. Not included in Fig. 6 are three 
showers of thicknesses between 11 m and 12 m. The 
most probable thickness is seen to be about 2m and this 
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(b) 


Fic. 4. Oscilloscope traces 
obtained from (a) the four 
direction determining pho- 
tomultipliers with a sweep 
speed of 20 musec per cm 
and (b) the longitudinal 
distribution detector with 
an average sweep speed of 
15 mysec per cm. 








thickness corresponds closely to that reported by 
Bassi et al. for the electronic component of showers. No 
correlation between pulse width and core distance was 
observed. 

Most of the recorded Cerenkov light pulse shapes 
were similar to that shown in Fig. 4(b) indicating that 
under most circumstances the longitudinal light distri- 
butions and hence the electron distributions are similar. 
However, very occasionally a pulse shape substantially 
different from that shown was observed. The most 
common modification gave two peaks one of which 
may have been due to Cerenkov light production in the 
photomultiplier glass tube face by a shower electron. 
The few other differently shaped pulses have not as yet 
been subjected to careful study. 


CALCULATION OF ELECTRON SCATTERING 


To make an exact calculation of the effects of electron 
scattering upon the detected Cerenkov radiation it is 
necessary to know the relative light contributions from 
all altitudes. Results obtained elsewhere for the relative 
light intensities from different heights are in conflict. 
Cudakov and Nesterova® and Galbraith and Jelley' 
report appreciable contribution from great heights 
while White e¢ al.” using detectors of wider acceptance 
angle report an upper limit of 20% contribution from 
heights above 800 m. Sufficiently detailed measure- 
ments the relative contributions from various 
portions of the scattering path have not as yet been 
made. 

In this paper the assumption is made that the light 
detected as described above is emitted by shower elec- 
trons at heights above the detector which are small 
compared with the total length over which Cerenkov 
emission takes place. Under this assumption it is mean- 
ingful to consider the total delays due to Coulomb 
scattering of the electrons as the cause of the observed 
disk thickness. A series of Monte Carlo calculations 


of 


6 A. E. Cudakov and N. M. Nesterova, Suppl. Nuovo cimento 
8, 606 (1958). 

7 J. White, N. A. Porter, and C. D. Long, J. Atmospheric and 
Terrest. Pliys. 20, 40 (1961). 





1208 BOLEY, BAUM, 
were performed in which electrons having the critical 
energy 84.2 Mev for air were incident upon various 
scattering thicknesses of atmosphere. The relative 
probabilities of various scattering angles were deduced 
from the Mott-Rutherford scattering cross sections, 
and the relative probabilities of various scattering 
lengths were deduced from the appropriate exponential 
scattering expression. The random selection of values 
from these two probability distributions was incorpo- 
rated into the program of the Monte Carlo calculation 
which was performed on a Royal Precision LGP-30 
computer. 

Delay distributions of electrons which had undergone 
plural scattering were obtained by subtracting the 
vertical scattering distance from the sum of the electron 
path lengths. Calculations for several different atmo- 
spheric scattering thicknesses result in electron delay 
distributions which have the same asymmetrical ap- 
pearance as the observed disk thickness distribution. 
Qualitative agreement is obtained with the atmospheric 
scattering thickness equal to the last 2.25 radiation 
lengths above the detectors and the normalized results 
of this calculation are shown as a set of points in Fig. 6. 

Thus if a major part of the detected light is emitted 
by the shower electrons in the last scattering lengths 
the light pulse width spectrum can be accounted for by 
the electron scattering in the last 2.25 radiation lengths. 


TOTAL SHOWER ENERGIES 


The order of magnitude of the lower limit to the 
energy of showers detected with the present apparatus 
may be estimated from the rate of detection of light 
pulses and the detector geometry. The rate of detection 
of light pulses associated with showers arriving within 
the 0.030 steradian solid angle viewed by the apparatus 
and with pulse amplitudes greater than 2 v across the 
200-ohm termination of the RCA-Type 7264 detector 
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Gc. 5. Number of light fronts detected as a function of the 
reciprocal of the radius of curvature of the front 
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Fic. 6. Number of light fronts detected as a function of the 
thickness at half amplitude of the corrected voltage pulse. Circled 
points give normalized results of Monte Carlo calculation for 
electron scattering in the last 2.25 lengths above 
detector. 


radiation 


was 0.08 per min. Interpolating the results due to 
Galbraith and Jelley for the distribution of intensity of 
Cerenkov radiation to the 2070-m Kitt Peak elevation, 
the intensity is expected to be reasonably constant over 


a circle of 100-m radius. Thus the incident cosmic-ray 
flux is 1.4X10~-" cm~ sec™ sr 
for showers of energy E> 10 
tude of 2 v in Fig. 4(b) is expected to be produced by a 
shower of roughly 10! ev. 


This flux is expected 
ev.® Thus a pulse ampli- 
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We report the results of our program of measurement on decay 
processes of K~ mesons, A hyperons, and charged = hyperons. 
Experimental and analytical techniques are outlined. The abun 
dances of the K~-meson decay modes were found to be K 

56.54+7.3%), Kus” (9.54+4.3%), K 227 (26.346.6%), r~ (0+2.1%), 
r’~(2.8+2.4%), and K,3~(4.94+3.2°%). The mean life of the K 

(1.25_0.177°*) 1078 sec. Measurements on 116 A- 
hyperon decay events in two emulsion stacks determined the 
A-hyperon mass to be 1115.36+0.14 Mev, using 938.213 Mev and 
139.59+0.05 Mev for the proton and pion masses. The Q value 
derived from these masses is 37.56+0.13 Mev. In an analysis of 
about 200 hyperfragment decays, no leptonic modes of bound A 


a2 


meson is 


hyperons were observed. Some 390 charged =-hyperon decay 
events were studied. The proton range from the mode 2+ — p+7° 
is 1677.5+3.2 uw, corresponding to a momentum of 189.01+0.20 
Mev/c. The mass of the &* hyperon from this measurement is 
1189.33+0.22 Mev. From the decay mode =+—n-+-*, the 


I. INTRODUCTION 

URING the past few years we have exposed 

several large emulsion stacks to A™~ mesons. 
Those A~ mesons that do not decay interact with 
nucleons, producing either = or A hyperons. The hy- 
perons, in turn, decay or interact. Much valuable in- 
formation about A mesons and hyperons can be gained 
by observing their decay behavior and their inter- 
actions. This paper is mainly devoted to the analysis 
of measurements we have taken on decay events of 
these three types of particles. 

The studies began with the creation of the first 
copious beam of negative A mesons.' Additional data 
were collected by using several other beams, to which 
a number of stacks were exposed.’ For the analysis, 
automatic-equipment and data-processing systems were 


developed.*~7 Also during this period, the scanners 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

f Now at U. S 
California 

t Now at University of Michigan Radiation Laboratory, Ann 
Arbor, Michigan. 
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Report UCRL-8364 Suppl., 1959 (unpublished). 
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m* range is 92.48+0.49 mm, corresponding to a momentum of 
184.44+0.55 Mev/c, and a =* mass of 1188.75+0.54 Mev. If the 
mass of the neutral particle in the proton decay mode is con 
sidered unknown, these measurements imply a mass of 134.0+1.0 
Mev for it, consistent with the 7° 135.0+0.05 Mev. 
Studies of the hyperon mean-lives gave, for the =* hyperon, 
(0.82 X10~" sec, and for the =~ hyperon, (1.75_0.30*°”) 
107" sec. Reasons for experimental biases that have affected 
some emulsion measurements are discussed. The branching ratio 
=* — (p+r’® all >? 0.50+0.03. No 
example of the decay mode 2* — p+ was found in a sample of 
95 = No =* leptonic decay events were ob- 
decays, nor any = 


mass ol 


decay was found to be 


> p decay events. 
served among 129 x7 leptonic modes among 


67 w~ events. No up-down decay asymmetry was detected in any 
mode for charged hyperons emitted from complex nuclei in asso- 


ciation with a charged pion 


who deserve much credit—developed skills and tech- 
niques that were essential for the more difficult parts 
of the work. 

The data were obtained from the four emulsion stacks 
listed in Table I. Information regarding the beam to 
which each was exposed is included in the table. 

A feature of the 1U and 2B stacks was that they were 
exposed to a AK-meson beam that had been deflected 
through 180 deg. The stacks were placed along the 180- 
deg focal line. Under these conditions, the mesons enter- 
ing the stack at a given point all had nearly the same 
momentum. Mesons of different momenta, of course, 
had different radii of curvature, but in a pellicle they 
came to rest along a line with little straggling. This fact 
was utilized to establish most accurately the velocity of 
mesons that decayed in flight, the residual range being 
the most reliable means for estimating it. 


II. MEASUREMENTS 
A. Density and Thickness 


The density of the emulsion in each stack was deter- 
mined by weighing pellicles—or, in some cases, pieces 
in air and in carbon tetrachloride. 


thicknesses then the 


cut from pellicles 


Original were calculated from 


Paste I. Emulsion stacks used for strange-particle 
decay measurements. 


A-meson Stack 
momentum dimensions 


Mev/c) (in. ) 


Emulsion 
type 


600 300 
600 300 
600 130 
600 u 


120 pellicles, 3X6 
240 pellicles, 9X 12 
108 pellicles, 3X6 
430 216 pellicles, 6X9 


~ Ee 
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density, weight, and area of each pellicle. These methods 
are described in more detail in references 4, 5, 8, and 9. 


B. Ionization 


A special microscope with a motor-driven stage and an 
electronic data tabulator was built to aid the ionization 
measurements in this work. With one traversal of the 
track, this device tabulates the blob density, density of 
gaps greater than a preset length, and the lacunarity 
(or linear transparency). The device is described more 
fully in reference 8. Decay secondaries that left the 
stack or interacted in flight were blob-counted for at 
least 1000 counts near their termination in order to 
determine their momenta at the decay point. A cali- 
bration of blob density as a function of residual range 
was made for tracks of stopping + mesons. The mini- 
mum blob density in each pellicle used for counting 
was established from secondaries of the identified two- 
body decays near their decay point. A dip-angle correc- 
tion was applied to all blob counts. 

For particles with velocity parameter 8 less than 0.4, 
lacunarity was chosen as the measure of ionization. 
Nearly all the charged hyperons that decayed in flight, 
and some of the decaying A~ mesons, fell within this 
velocity region. Calibration curves were established in 
the A and 2B stacks by using K mesons, protons, and 
hyperons of known velocity. Appropriate corrections 
for dipping tracks were derived and verified. The effects 
of nonuniformity of development were eliminated by 
calibration and by counting track segments through 
the whole pellicle thickness. 


C. Range 


All range measurements on tracks whose 
exceeded 1 mm were performed on an automated micro- 
scope specifically designed to facilitate such measure- 
ments in large emulsion pellicles.4* The ranges were 
calculated from coordinates of points on the tracks that 
were read out on IBM cards. Periodicity in microscope 
lead screws does not permit precise measurements of 
ranges less than 1 mm—a calibrated reticle was em- 
ployed as a substitute. 

The method of range rectification was based upon the 
conventions adopted by Barkas et al. to establish the 
range-energy relation in emulsion.® 


ranges 


Before any measurements were taken in a particular 
pellicle, its thickness was determined at a standard 
reference point. Comparison of this value with the 
original thickness allows an evaluation of the shrinkage 
factor to be applied in the subsequent range calculations. 

Since the range-energy relation was established for 
emulsion with the standard density 3.815 g/cc, correc- 


8 Norris A. Nickols, Ph.D. thesis, Lawrence Radiation Labora 
tory Report UCRL-8692, 1959 (unpublished). 

9W. H. Barkas, P. H. Barrett, P. Ciier, H. H. Heckman, 
F. M. Smith, and H. K. Ticho, Nuovo cimento 8, 185 (1958). 
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tions were applied to ranges measured in emulsion of a 
different density. 

The statistical errors present in the range measure- 
ments are range straggling and measurement error. The 
magnitude of the former is well known for emulsion and 
has been evaluated as a function of velocity.""!! Meas- 
urement errors are described in subsequent sections of 
this paper. 

Various systematic errors are inherent in the range 
calculations, primary among these being the errors in 
measured emulsion density and in shrinkage factors. 
The uncertainty in density, though small (+0.1%), is 
reflected almost directly into a range uncertainty of the 
same order of magnitude. An uncertainty in the shrink- 
age factor produces a range error difficult to evaluate 
generally because the magnitude of the error is de- 
pendent upon the geometry of the track. On the assump- 
tion that the error in shrinkage factor was equal to its 
experimental error of +1, the range error was calcu- 
lated explicitly. for each track—no general evaluation 
was attempted. 


D. Angles 


The space angle between the directions of two tracks 
was computed from the projected angle between them 
and from their dip angles. Statistical errors in projected 
angle measurements arise from multiple scattering of 
the particles, from observer errors, and from granu- 
larity. To minimize the error caused by small-angle 
scatterings near the origin of the event, the shortest 
length of track consistent with obtaining a reliable 
measurement was used, in lieu of a rigid convention. 
Using two independent observations of each event, in 
A-hyperon decay for example, the projected angle was 
measured with an observer standard deviation of 0.2 
deg. The statistical error on the dip angle arises chiefly 
from observer errors and must be estimated for each 
case since it varies with dip angle. The only systematic 
error in the space angle originates in the shrinkage- 
factor error of +1°%. 


Ill. K--MESON DECAY 


A large stack, the 2B stack, was exposed for the study 
of K~-meson decay. Along-the-track scanning provided 
a sample of decay events with minimum bias. Tracks 
found at the entrance edge of the stack, with the proper 
ionization and direction for a K~ meson were followed 
to their termination. 

Of the 2582 certified K 
stack, 2156 came to rest and interacted, and 426 made 
stars in flight. Of the in-flight events, 48 had one lightly 
ionizing secondary with no blob or Auger electron, and 
were classed as decay-like events; 38 had no visible 
secondary, blob, or electron, and were called dis- 


mesons followed in the 2B 


1°W. H. Barkas, F. M. Smith, and W. Birnbaum, Phys. Rev 
98, 605 (1955). 


1! W.H. Barkas, Nuovo cimento 8, 201 (1958 
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appearances in flight. Each of the decay-like events 
whose secondary could be a pion is a possible K~-meson 
interaction in flight, and each of the disappearances in 
flight is a possible decaylike event with an undiscovered 
near-minimum secondary. 


A. Decay Modes 


Because of the momentum gradient and low disper- 
sion of the beam, there is a well-defined mean stopping 
line for K~ mesons in the 2B stack. This line was de- 
termined graphically by plotting the interaction point 
of each stopping A~ meson on a graph-paper represen- 
tation of the grid, ten times actual size. These points 
lie along a straight line, as shown in Fig. 1. The lines on 
either side of the mean stopping line are standard- 
deviation lines which enclose 68° of the interaction 
points. The residual range of a decaying K meson. is 
then the distance along the beam direction from the 
decay point to the mean stopping line, with a standard 
deviation given by the distance from the mean stopping 
line to the standard deviation line at that point. This 
determines the momenta (with standard deviations less 
than 10°) for K mesons with residual ranges greater 
than 5 mm. Ionization measurements were used to de- 
termine the residual ranges of mesons that decayed 
within 5 mm of the mean stopping line. 

The kinematics of the decay of a charged particle 
into one charged and one neutral particle are described 
by the relativistic invariant 


E,E.— P,P, cosd=C, C= 3 (M2+M7—-M,”), 
where the subscripts 1, 2, and refer to the primary, 
the charged-secondary, and the neutral particles, re- 
spectively; @ is the laboratory-system angle between 
their directions; & is the total energy of a particle; P 
is its momentum; and C is the given function of the 
masses of the three particles. 

A program was written for the IBM-650 computer 
which determines, from the angle measurements, the 
space angle and its total error. From this space angle, 
the K-meson momentum, and the error on the A-meson 
momentum, the computer determines secondary mo- 
menta for given decay modes, together with their total 
errors. For three-body modes it computes maximum 
secondary momenta. The modes consistent with each 
decay-like event were found by comparing these second- 
ary momenta with the momentum computed from the 
ionization or range measurements on the secondary, for 
each possible particle identity. Only the modes es- 
tablished for A* mesons were considered." 

Nineteen of the secondaries were identified by ter- 
minal behavior or scatterings in flight. Four of the 
secondaries left the stack a short distance from the 


2 R. W. Birge, D. H. Perkins, J. R. Peterson, D. H. Stork, and 
M. N. Whitehead, Nuovo cimento 4, 834 (1956). 

18 G. Alexander, R. H. W. Johnson, and C. O’Ceallaigh, Nuovo 
cimento 6, 478 (1957). 


EMULSION ON PARTICLES 











j-—____________ 30.5 cm a - — 
—— 
22.9 cm 
| 
Mean Stopping Line 
= 40.26 cm 
SS J.19 om 
4.37 cm iii 
| 2.26 cm 
- am | 1 





i. Scanning Region - 
| 


Fic. 1 


Diagram indicating stopping positions for K 
mesons in pellic les of the 2B stack. 


decay point—with ionization near the plateau—and 
therefore could have been electrons. All of these were 
too steep for multiple-scattering measurements. Many 
of the events are consistent with more than one mode, 
and each event whose secondary could be a pion is 
possibly a nuclear interaction. 

To determine the distribution of the decaylike events 
among the modes considered— K,2, Kr2, Kus, Kes, 7’, 
and nuclear interaction—we derived a_ probability 
matrix P, of which an element P;; gives the probability 
that the ith event belongs to the jth mode. Then 
>: Pi is the population of the jth mode. The P;; were 
determined as follows: Momentum probability distri- 
butions, pi;(p), were calculated for each possible 
identity of the ith secondary, and, therefore, mode of 
the event—from the ionization or range measurements 
made on each secondary and from their associated 
errors. The K-meson momentum, the space angle, and 
their associated errors provide a second set of proba- 
bility functions, F;;(p), for the secondary momentum 
of the ith event, assuming each possible mode. For 
events whose secondaries are identified, there are at 
most three possible modes, and the ;; for these are 
equal. In this case 


P;; fre dp /%: [rvrsap, 


and the P;; for modes with other secondary particles 
are set equal to zero. 
Secondaries that were identified left the stack 
after traveling a distance x; without undergoing an 
identifying interaction or decay. The probability that 
a pion will survive a distance greater than x without 
suffering an identifying interaction or decay is 
exp(—x/A,), where \,~30 cm is the pion mean-free- 
path in emulsion for interaction or decay. Since the 
mean-free-path in emulsion for a muon to scatter more 
than 7 deg is 18 m," this possibility is negligible; but 


not 


44M. L. T. Kannangara and G. S. Shrikantia, Phil. Mag. 44, 
1091 (1953). 
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\,=18 m may be retained as the muon mean-free- 
path for interaction. Finally, an electron is recognized 
by its characteristic rate of radiative energy loss. The 
radiation length in emulsion, \,=3.0 cm, was taken 
here as a mean-free-path for an identifying energy loss 
by an electron. Thus we have characteristic lengths \,; 
for each mode. With this information the complete ex- 
pression for the P;; is: 


exp(— 2; \) f puPudp 
P= 


Event —a/a) f rub do 


These P;; are presented in Table IT. 
The integrals in the expression for the P;; were 
evaluated graphically, with the F;; for two-body decays 


Paste II. Probability distribution of decaylike events 


Eve K y2 K, _ K, K,; Interaction 
1 1.00 
2 1.00 
3 1.00 
4 1.00 
5 0.98 0.02 
6 1.00 
7 0.71 0.29 
S 1.00 
9 0.83 0.17 
10 1.00 
11 0.62 0.38 
12 0.91 0.09 
13 0.93 0.07 
14 1.00 
15 0.98 0.02 
16 0.84 0.16 
17 0.89 0.11 
18 0.86 0.14 
19 1.00 
20 1.00 
21 0.91 0.05 0.04 
22 0.99 0.01 
23 0.75 0.25 
24 0.99 0.01 
25 0.98 0.02 
26 0.93 0.06 0.01 
27 0.99 0.01 
28 0.88 0.12 
29 0.60 0.23 0.17 
0) 0.99 0.01 
31 0.89 0.11 
32 0.74 0.10 0.13 0.03 
33 ().47 0.45 0.08 
34 0.96 0.04 
35 0.65 0.10 0.17 0.08 
36 0.14 0.52 0.17 0.17 
37 0.88 0.01 0.07 0.04 
38 0.81 0.12 0.07 
39 0.93 0.07 
4) 0.78 0.22 
41 0.19 0.69 0.12 
$2 0.81 0.14 0.05 
43 0.66 0.08 0.06 0.13 0.07 
44 0.60 0.17 0.04 0.19 
5 ORS 0.05 0.01 0.09 
16 0.34 0.49 0.17 

47 1.00 
48 0.57 0.32 0.11 
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Fic. 2. Assumed spectrum of x~ from A™ interactions in flight. 
plotted as normal probability curves and those of the 
three-body decays approximated by triangles with 
maximum probability at 7 the maximum momentum. 
The spectrum Fj,:, used for the #~ from nuclear inter- 
actions in flight, is that shown in Fig. 2. Eisenberg ef al. 
have calculated the spectrum of 7 
in-flight interactions,'® 


expec ted from the 


for pion energies up to 100 Mev and for A~-meson 
energies from 5 to 150 Mev, taking into account scat- 
tering of the pion in the nucleus. These curves are 
roughly the same and agree with the spectrum of pions 
observed by Eisenberg et al. The curve used here, 
Fig. 2, is their curve for Aw production plotted against 
pion momentum, and is made to decrease linearly to 
zero at 395 Mev/c, the maximum pion momentum ob- 
tainable at the K~-meson energies under consideration. 

This spectrum (Fig. 2) was calculated for all inter- 
actions in flight, and may not be correct for decaylike 
interactions, as it might be expected that the pions 
from them would have scattered less within the nucleus 
and would leave the nucleus with greater energy. How- 
ever, Eisenberg ef al. find that the pions from events in 
flight with no stable prongs seem to have the same 
spectrum as those from all events in flight, which would 
indicate that they do scatter as much.'® The decaylike 
interactions in this study are also consistent with this 
assumption, although not enough data have been ob- 
tained in either study to determine the pion spectrum 
of decaylike interactions. In order that the effect of this 
spectrum on the final results might be seen, the P;; were 
determined for an extreme case—a uniform spectrum 
from 100 to 400 Mev/c. This yielded a total of 17.53 
interactions among the 48 decaylike events, compared 
with 12.78 for the spectrum used. Eisenberg et al. have 
analyzed K~-meson-nuclear interactions in flight which 
have a blob and one-pion secondary, and find that 70% 
do not fit the kinematics of either of the two-body 
decay modes.'® Nine of the decaylike events in our 


16 Y. Eisenberg, W. Koch, E. Lohrmann, M. Nikolic 


M. Schnee 
berger, and H. Winzeler; Nuovo cimento 9, 745 (1958) 
16 Y. Eisenberg, W. Koch, E. Lohrmann, M. Nikolic, M. Schnee- 


berger, and H. Winzeler, Nuovo cimento 8, 663 (1958 
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study were not consistent with any mode, from which 
we would predict a total of 12.9 decaylike interactions 
if the ratios are the same for events with and without 
blobs. 

The decaylike events are not an unbiased sample, 
because the secondaries missed are most probably those 
of the more lightly-ionizing two-body modes. The 
efficiency with which the scanners detected the elec- 
trons from muon decays was determined previously to 
be higher than 95% in peilicles with a minimum blob 
density near that of the highest in the 2B stack (19 
blobs per 100 ). However, three factors act to lessen 
the efficiency in finding the secondaries from decaylike 
events: (a) the scanner knows there is a secondary from 
the muon decay, but the A meson in flight may or may 
not have a secondary, (b) the decay point of the muon 
is well defined, whereas that of the K meson in flight 
may be several microns from the last blob, and (c) the 
electron from muon decay is at plateau ionization, 
which is approximately 15°, above minimum. 

One estimate of a lower limit to the number of missed 
decay secondaries may be made from the angular dis- 
tribution of those detected. Figure 3 shows the dis- 
tribution of the cosine of the angle between the K meson 
and the secondary in the center-of-mass system for all 
the probable two-body decays. These, of course, would 
be expected to be isotropic, and decay secondaries 
missed would most probably be those of Ay» or Kyo, 
because they contribute the majority of decays and 
their secondaries are lower in ionization. Eight decays 
added in the region —0.5<cos#<0O would make this 
distribution consistent with uniformity. The second- 
aries in the region —0.5<cos@<0.5 are those most 
likely to be missed because those with cos@ less than 
—0(.5 will be emitted more slowly in the lab system and 
hence have a higher grain density, whereas those with 
cos@>0.5 will tend to be flat. 

Figure 4 shows the dip-angle distribution of those 
secondaries emitted with a c.m. angle between —60 
and +60 deg. Again, within statistics, we would expect 
an even distribution from —90 to +90 deg. Although 
there are fewer events in this group, a definite bias for 
detecting secondaries with dip angles between +30 and 
—30 deg is evident. Here too, approximately eight 
additional events with dip angles steeper than 30 deg 
would be required for axial symmetry. As mentioned 
before, these estimates would be lower limits to the 
number of missing decay secondaries, as they are made 
with the assumption of 100% efficiency in detecting 
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secondaries emitted with a c.m. angle greater than 120 
deg or less than 60 deg. 

An estimate of an upper limit to this number may be 
made as follows. Thirteen decaylike nuclear interactions 
were found which presumably represent the reactions 

K--+-n — Y° +2 
Because there are 1.24 times as many neutrons as 
bound protons in emulsion, we would expect 11 true 
disappearances in flight from the reactions 


K-+-Ppouna — Y°+7°. 


From the 81 m of K~-meson track followed, we would 
expect two interactions on free hydrogen of the type 


K-+p— V+, 


and one charge-exchange scattering. This same ratio 
among the “clean” interactions with bound protons 
would predict five true disappearances from charge- 
exchange scatterings on bound protons. This predicts a 
total of 19 true disappearances or 19 undetected second- 
aries. Of the decaylike events with secondaries of ioni- 
zation less than that of a pion with a 10-cm range, 20% 
are nuclear interactions. This same ratio among the 
undetected secondaries would leave a total of 15 un- 
detected decay secondaries. 

A third estimate (which is probably not as reliable) 
can be made by comparing the percentage of clean 
zero-prong interactions at rest with the percentage for 
in-flight interactions. This ratio is 146/2156=0.068, 
which would predict 25 disappearances in flight and 13 
undetected secondaries if these ratios could be expected 
to be the same. The first two estimates seem much more 
reliable, however, and their average, 11.5+3.4, will be 
used as the best estimate of the number of undetected 
decay secondaries. These secondaries are divided among 
the decay modes in the same ratio as the analyzed 
decaylike events with ionization less than that of a 
“10-cm pion”: 60.7% Kyo, 8.9% Kys, 24.8% Ko, and 
5.6% K-.3. This gives for the total population of each 
mode the values shown in Table III. No 7’ mesons were 
found in this study, although they have of course been 
seen by others,!°!? and are the most easily detected 
decay mode. The likelihood of there being » events when 
none are observed is given by e~", which gives a maxi- 


17S, Nilsson and A. Frisk, Arkiv Fysik 14, 293 (1958). 
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TABLE III. Total population of each decay mode. 


Decaylike 
events 


Undetected 
secondaries Total 


26.4+5.1 
4.44+2.1 

12.343.5 
1.341. 
2.3411! 


19.40 
3.40 
9.43 
1.33 
1.66 


6.98 
1.02 
2.85 
0.00 
0.64 


35.22 11.50 46.7+6.8 


mum likelihood of zero with an rms spread of 1.0. We 
have, finally, the percent abundances: 


Kus 56.547. 


Ky 9.54 Kes 
K 2 26.3+6.6 Tr 


2.8+2.4 
4.943.2 
0.0+2.1 


Only the statistical errors have been included. 


B. Lifetime Calculation 


The proper time during which a A~ meson could have 
decayed and could have been detected was derived 
from its observed range by using the tables of Barkas 
and Young.'® For the in-flight events, the residual 
proper time to the mean stopping line at the star was 
subtracted from that at the entrance edge. From the 
2156 A~ mesons that came to rest, the total proper time 
was 5.9110~* sec, and from the 426 in-flight events 
the total was 4.96 10~* sec, making a grand total of 
6.41 X 1077 sec. For the lifetime calculation we eliminate 
from consideration the segment of track at the end of 
its range in which a K~ meson, had it decayed, might 
have been considered to be at rest. This segment was 
estimated to be 0.3 mm, and none of the decaylike 
events was in this range. We also eliminate from con- 
sideration the first mm of track from the pickup line, 
since events in this region were not recorded in the 
initial scanning and could not be distinguished from 
neutron-induced stars with outgoing prongs. These 
corrections leave a total proper time of 6.061077 sec 
(46.7+6.8 decays), which yields, for the K~-meson 
mean lifetime, (1.30_9.;7*°-**) K 107 sec. 

Because secondaries from events near the top and 
bottom surfaces are more likely to escape detection, the 
lifetime calculated with the top and bottom surfaces of 
each pellicle excluded is probably less subject .o syste- 
matic error. Only two of the decaylike events lie within 
30 yw of either surface, whereas we would expect five 
from a uniform distribution. Three of the disappear- 
ances in flight lie in this region. Excluding the top and 
bottom 30 uw of unprocessed emulsion leaves a total 
proper time of 5.49X10~7 sec, 33.5 decays from the 
decaylike events, and 10.5 decays with undetected 


‘8 W.H. Barkas and D. M. Young, Lawrence Radiation Labo 
ratory Report UCRL-2579 (rev), 1954 (unpublished) 
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secondaries, or a total of 44.0+6.6 decays. This yields 
(1.25_0.17+°")K 10-8 sec for the K 
lifetime. 

The lifetime value is in excellent agreement!®”° with 
that of the K+ meson, (1.224+0.013) 107° sec. The 
relative abundances are in reasonably good agreement 
with the values determined by Birge ef al." and by 
Alexander, Johnson, and O’Ceallaigh'® [except for 
(a) that of the 7~ mode, which is considerably lower 
than the 7*+ abundance quoted by either group, and 
(b) the AK,3;~ abundance, which is higher than either 
K,3* abundance but within one standard deviation of 
that quoted by Alexander, Johnson, and O’Ceallaigh ]. 


-meson mean 


C. Interpretation 


PCT invariance requires that the particle and anti- 
particle lifetimes be identical,” but does not by itself 
require equality of the branching ratios into charge- 
conjugate decay channels. However, under any of the 
following conditions the partial lifetimes of correspond- 
ing modes will be identical: (a) T, or C, is separately 
conserved, (b) there are no final-state interactions 
leading to transitions between different decay products,”! 
and (c) the decay is by A/J=}.” Liiders and Zumino 
have shown that the branching ratios for the two- and 
three-pion modes must be the same for spin-zero A* 
and K~ mesons.”! Neglecting weak interactions, the 
charge-conjugate leptonic-mode abundances must be 
identical, since there are no final-state interactions. The 
distributions of the three-pion mode into 7 and r’ may 
differ," but not if the decay is by AJ=}.” 


IV. A-HYPERON DECAY 


In both the 2B and 2D stacks, the events correspond- 
ing to A-hyperon decays were located by area-scanning 
the region in which the K~ mesons came to rest. Thirty- 
five two-prong events, characterized by a “clean” 
origin and secondaries identified as a proton and a + 
meson, were found in the volume scanned (160 cm‘) in 
the 2B stack; for the 2D stack, 92 similar events were 
found in a scanned volume of 50 cm*. The scanning 
efficiencies for locating A-like events are markedly dif- 
ferent for the two stacks. Because of the relatively large 
amount of background present in the 2B stack, the 
average scanning efficiency is ~15%. On the other 
hand, this figure is ~ 41% for the 2D stack. Only those 
A-like events whose secondaries came to rest were used 
in the mass determination. Although it is possible to 
determine the residual range of a particle that interacts 
in flight by means of grain-counting techniques, the 


19W. H. Barkas and A. H. Rosenfeld, Lawrence Radiation 
Laboratory Report UCRL-8030-Rev, revised 1961 (unpublished). 

20H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, and R. A. Schluter, Phys. Rev. Letters 2, 117 
(1959). 

21 G. Liiders and B. Zumino, Phys. Rev. 106, 385 

22 A. Pais, Phys. Rev. Letters 3, 242 (1959 


1957) 
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uncertainty in this quantity is such as to preclude ob- 
taining precise results in a mass determination. 


A. Mass and Q Value 


The equations relating the mass and Q value of the 
A hyperon in the decay A— p+7~ to the energies of 
the secondaries and to the space angle between them 
can be written 


M, 


— 


M, 
M,=M,)1+(- ) 
M, 


— (y:— 
Qu Ma—(Mot+M.), 


where Mya, M,, and M, are the rest masses of the 
hyperon, proton, and pion, respectively ; y, and y, are 
the relativistic parameters for the proton and pion; 
and ¢ is the space angle. 
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Fic. 5. Mass value ideogram for the 2B stack. The mean value, 
indicated by the arrow, is 1115.26 Mev; the statistical error in 
this result is +0.11 Mev (29 events). Shaded areas correspond to 
background events. 
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Fic. 6. Mass value ideogram for the 2D stack. The mean value, 
indicated by the arrow, is 1115.42 Mev; the statistical error in 
this result is +0.08 Mev (87 events). Shaded areas correspond to 
background events. 
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TABLE IV. Source and magnitude of systematic error and the 
resulting mean errors in mean mass. 


Uncertainty in mass 
(Mev) 
2B stack 2D stack 
+0.01 
+0.04 
+0.11 


Magnitude of 
Source error 
+0.02 
+0.03 
+0.11 


+0.1% 
+1.0% 
£0.5% 


(a) Emulsion density 
(b) Shrinkage factors 
(c) Range-energy 
relation 
(d) Rest energies 
Proton 
Pion 


+0.01 Mev 
+0.05 Mev 


+0).01 
+0.05 


+0.01 
+0.05 


By use of Eq. (1) above, the mass and its total sta- 
tistical error (which results from statistical errors in 
range and angle measurements) were evaluated for each 
event. 

The weighted means of the mass values, with the 
computed statistical error of each event used as the 
weighting factor, were determined for the two stacks; 
the results are: 


2B stack: M,x=1115.26+0.11 Mev (29 events), 


2D stack: M,=1115.42+0.08 Mev .(87 events). 


The error quoted is the internal standard deviation of 
the mean. The mass-value ideogram for the 2B stack is 
shown in Fig. 5 and that for the 2D stack in Fig. 6. All 
events for which mass values differed from the mean by 
more than 2.5 standard deviations were considered 
background events. The 2B and 2D stacks contained 
six and five such events, respectively—indicated in the 
ideograms by the shaded areas. 

The internal and external errors were in very good 
agreement for the 2B stack. For the 2D stack, the in- 
ternal error was 0.02 Mev greater than the external 
error ; the discrepancy resulted from a broadening of the 
distribution because of the statistical fluctuation in the 
shrinkage factor, an effect not considered in the calcu- 
lation of the total statistical error associated with each 
event. The 2B stack events have secondaries that lie 
predominantly in the plane of the emulsion, since 
presence of background hindered the detection of steep 
secondaries. Naturally, these ‘‘flat” events are less 
subject to errors in shrinkage factors; consequently, the 
aforementioned agreement between internal and ex- 
ternal errors for the 2B stack is to be expected if other 
undetected sources of error are absent. 

Systematic errors for the mean values cited pre- 
viously were evaluated on the following bases: the un- 
certainty in the mass value of each event arising from 
a given systematic error was calculated explicitly; the 
systematic error in the mean value from this source 
equals the average of these mass uncertainties. The 
systematic errors include uncertainties in (a) the meas- 
ured emulsion density, (b) the shrinkage factors, (c) the 
range-energy relation, and (d) the rest masses of the 
pion and proton. Table IV lists the magnitudes of these 
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TABLE V. Charged =-hyperon decay events. 


Rz,* F2, - R=,* Total 
“+ 4 #St 33 #2 35 252, 
16 21 18 10 4 118 
14 6 ne a 20 

recorded 


O4 70 43 38 390 


Fz," 


errors and, for each stack, the resultant mean errors in 
the mean masses. The mass uncertainty resulting from 
the shrinkage-factor uncertainty differs for the two 
stacks because of the aforementioned difference in the 
geometries of the events in the stacks. 

Prior to calculation of a weighted mean mass for the 
two stacks, the systematic and statistical errors in mass 
associated with a stack must be compounded. These 
systematic errors, become random in nature 
when a number of stacks are involved, are (a) the un- 
certainty in the emulsion density, and (b) the un- 
certainty in the shrinkage factors. Being now a combina- 


which 


tion of statistical, density, and shrinkage-factor errors, 
the total “statistical” uncertainty in the mean mass for 
the 2B stack remains +0.11 Mev, whereas for the 2D 
stack its value becomes +0.09 Mev. 
errors, a comparison of the 


For these total 
mean-mass values for the 
two stacks shows no inconsistency. A x? test indicates 
that one would expect two measurements to differ by 
at least this amount 28° of the time. Hence, a weighted 
mean can be obtained; it is M,=1115.36+0.07 Mev, 
and the Q value derived from this figure is 37.56+0.07 
Mev. 

The systematic errors introduced by uncertainties in 
the range-energy relation and in the rest masses of the 
secondaries are combined with the above errors in the 
weighted mean mass and in the Q value to give the 
results (for 116 events 


M,.=1115.36+0.14 Mev, 


2 37.56+0.13 Mev. 


The values used for the proton and pion rest masses 
were 938.213+0.010 Mev and 139.59+0.05 Mev, 
respectively.” Most of these computations were per- 
formed on the IBM 650 computer. 

Three additional sources of error and their possible 
effects on the mean mass value must be considered: 

a) pion inelastic scattering, (b) distortion of the 
emulsion, and (c) inner bremsstrahlung in the decay. 


’ 


With regard to (a), the maximum energy loss that a 
pion could sustain without detectably altering a mass 
value would be approximately 2 Mev, because an event 
was considered background if its measured mass dif- 
fered from the mean by more than 2.5 standard devia- 


tions. The probability of such an energy loss is very 
small. An undetected scattering, moreover, would have 
little effect on the mean mass; 


in fact, an event whose 
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mass value is one standard deviation from the mean 
changes the 2B mean value by only 0.02 Mev and the 
2D mean value by only 0.01 Mev. 

The effects of emulsion distortion, which are not 
systematic in nature, are negligible, as demonstrated 
by the agreement of the internal and external statistical 
errors for each stack. 

An estimate of the effect of inner bremsstrahlung on 
the mean mass can be obtained by utilizing the semi- 
classical expression for the bremsstrahlung spectrum 
applied to the decay pion.” As in inelastic pion scatter- 
ing, the maximum photon energy must be limited to 
2 Mev; a greater energy would require classification of 
the event as background. However, the average photon 
energy as calculated from the above spectrum with the 
imposed cutoff of 2 Mev is only 0.001 Mev 
which is completely negligible. 


an amount 


B. Search for Leptonic Decay of Bound A 


Emulsion is not suitable for studying the neutral 
decay of A hyperons, nor is it well adapted to studying 
leptonic decay of the free A. Such an event probably 
could not be distinguished from background. The 
presence of hyperfragments among the star prongs, how- 
ever, made possible the search for electronic decay 
of the bound A. No example of an electron decay was 
found in some 200 such events examined. 


V. CHARGED £-HYPERON DECAY 


Charged = hyperons were located by following tracks 
of greater than twice-minimum ionization, produced by 
K~ interactions at rest. In the A stack, 
followed to its termination 


each track was 
(interaction, decay, or exit 
from the stack), regardless of the number of prongs 
constituting the parent AK In the other stacks, 
however, only the one- and two-pronged stars were 


star. 


completely analyzed; tracks from larger stars were 
followed only to the surface of the pellicle in which they 
originated. The sample of decays is unbiased, then, only 
for the A stack; the remaining events are biased toward 
those decays which occurred near the parent star. The 
lifetime estimates are therefore based upon the decays 
in the A stack alone. 

The decay events are listed in Table V. The nomen- 
clature here follows the example of Evans ef al.** Thus, 
RZ ,* indicates a decay at rest via the mode 2+ — p+’, 
FZ,* indicates a flight via the mode 
a rere, etc. 

The identification of the various decay modes is dis- 
cussed in the sections which follow. 


decay in 


23 W. K. H. Panofsky and M. Phillips, Classical /lectricity and 
VW agnetism (Addison-Wesley Publishing Company, Inc., Reading, 
Massachusetts, 1955), p. 305 

* DPD. Evans, F. Hassan, K. K. Nagpaul J. J. Prowse, 
M. René, G. Alexander, R. H. W. Johnston, D. Keefe, D. H 
Davis, W. B. Lasich, M. A. Shaukat, F. R. Stannard, A. Bonetti, 
C. Dilworth, M. Merlin, and A. Salandin, Nuovo cimento 15, 
873 (1960) 
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A. Masses and Q Values 


The decay at rest of the =*+ hyperon furnishes suffi- 
cient information for determining the Q value of the 
decay and the mass of the hyperon. To be classed as a 
decay at rest, an event must satisfy two criteria: (a) The 
hyperon track must appear, by ionization and scatter- 
ing, to terminate at rest. Generally, however, a decay in 
flight cannot be distinguished from a decay at rest by 
the appearance of the hyperon track unless the residual 
range at the decay point is greater than about 200 u. 
Therefore, we also require (b) the secondary particle 
must have a range compatible with that expected for 
a decay at rest. 

The range of the charged decay product is the meas- 
ured quantity used to determine the mass and Q value 
from the decay. The energy and momentum of the 
charged decay product are then determined with the 
aid of the range-energy relation. Equal momentum is 
assigned to the neutral decay product, and the mass 
and Q value are calculated according to the equations 


My+= (M+ P?)!+ (M2+P")!, (3) 


O=M;:—(M+M,), (4) 
where M, is the mass of the neutral product, and M and 
P are the mass and momentum of the charged product, 
respec tively. 


1. The Decay Mode >+ —> p+’ at Rest 


The normalized mean proton range from 80 decays 
(50 in A stack, 14 in 1U stack, and 16 in 2B stack) is 
1677.5+3.2 uw. The individual ranges are weighted by 
compounding the effects of 1.4% Bohr range straggle, 
1°% measurement error, and the shrinkage-factor un- 
certainty. The last is obtained directly for each track 
by altering the shrinkage factors, by 2“ in the A stack 
and by 1% in the others, and recalculating the ranges. 
The measurements were performed on the automated 
microscope described in references 4 and 6, each proton 
being measured at least twice. In addition, several 
protons were also measured with microscope reticles 
in order to check for systematic errors in the auto- 
mated microscope for these relatively short ranges. No 
systematic error was found in this way. Each range is 
normalized to the equivalent range in emulsion of 
standard density. 

The normalized range distribution for the 80 protons 
is shown in Fig. 7. The spread of the distribution is 28 u 
(1.43°7,)—only slightly larger than the spread predicted 
by straggling alone. Internal and external estimates of 
the error on the mean range both yield +3.2 uw. Using 
now the range-energy relation," we find that the mean 
range corresponds to a proton of energy 18.85+0.04 
Mev. The error here results from the range error and 


an assumed 0.3% systematic error in the range-energy 
relation itself. 
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The =* mass was calculated from 
the following input data: 


Eq. (3) by using 


Proton range 1677.543.2 p, 


Proton energy 18.85+0.04 Mev, 


Proton momentum 189.01+0.20 Mev/« 


; 


Proton mass 938.213+0.01 Mev, 


7 mass 135.00+0.05 Mev. 
result of the calculation is 


Ms+=1189.3340.22 Mev, 


and is taken as our best estimate of the 2* mass. The 
QO value for the decay, calculated from Eq. (4), is 


=> 9 


Os 116.12+0.22 Mev. 


2. The De ay Mode  * 


—+ n+ at Rest 


Twenty-one pions from these decays were followed to 
rest and their ranges measured. Two of these were in 
the 2B stack and 19 were in the A stack. In addition, 
five pions left the A stack with residual ranges less than 
5 mm as determined by ionization measurements, and 
presumably were positive pions from decays at rest. 
These 26 ranges were used to calculate a mean normal- 
ized pion range of 92.48+0.49 mm. The error is calcu- 
lated as for the proton range, but with 2.6°7, Bohr range 
straggling and 39> measurement error. Each range was 
measured on the automated microscope by two dif- 
ferent observers. 

The normalized range distribution is shown in Fig. 8. 
The spread of the distribution is 2.31 mm (2.5%) 
slightly less than predicted by straggle alone. The 
internal and external estimates of the error on the mean 
range are, respectively, +0.44 mm and +0.49 mm. 

The energy corresponding to the mean range is 
91.72+0.44 Me, the error being compounded from the 
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<R>=92.48 +0.49 mm 


26 Ranges 
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Fic. 8. Pion range ideogram for 26 pions from =*+ — n+-2x* decays 
at rest. All but two of the events are in the A stack. 


range error and the assumed 3% systematic error in the 
range-energy relation in this region. The quantities 
pertinent to the calculations are: 
92.48+0.49 mm, 
91.72+0.44 Mev, 
184.44+.0.55 Mev/c, 
939.506+0.01 Mev. 


Pion range 
Pion energy 
Pion momentum 
Neutron mass 
These data yield 
My*+=1188.75+0.54 Mev, 
Ost n= 115.5440.54 Mev. 


This mass value differs from that obtained by using the 
proton decay mode by 0.58+0.63 Mev. Although the 
results are consistent, a small error in the range-energy 
relation for pions of range about 9 cm may contribute 
to the difference. 


3. The Mass of the Neutral Particle in the Proton 
Decay Mode 


The mass of the neutral pion can be measured by 
combining the =+ mass determined from the mode 
=+—+n+2x* with the proton energy from the proton 
decay mode according to the equation 


M°=[(M:—M,)?—2M:zT,]'=134.041.0 Mev. 


This value agrees with the best value, 135.00+0.05 
Mev, quoted by Barkas and Rosenfeld.” It is the first 
direct measurement of the mass of the neutral partner 
in this decay. 


B. &-Hyperon— Lifetime Measurements 


The hyperons located in the A stack were used to 
obtain estimates of the =*+ and => lifetimes. In this 
stack, all the star prongs of greater than about twice- 
minimum ionization were followed to their terminations 
regardless of the characteristics of the parent A~ star; 
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we consider the sample of hyperons thus obtained to be 
unbiased. 


1. The Maximum-Likelihood Method 


The maximum-likelihood method was used to esti- 
mate the lifetimes.?*-** Two different likelihood func- 
tions could be written: One considering only those par- 
ticles that decayed in flight ; and the other considering, 
in addition, those that came to rest. Typically, hyperons 
produced by A™ interactions at rest in emulsion have 
moderation times of the same order as their lifetimes; 
therefore, either expression can be used to estimate the 
lifetimes. 

The likelihood expression used when only decays in 
flight are considered is 

NF 
P(r) =] r exp(—rt,;)/[1—exp(—rT)) ], 


‘ 


(5) 


where f is the decay rate, ¢; is the flight time for the ith 
decay, 7; is the initial moderation time for the ith par- 
ticle (the proper time for the particle to come to rest 
had it not decayed), and Nr is the number of decays. 
When decays at rest are also considered, the expression 
becomes 


Ne vy 

P(r)=J[ r exp(—rt,) I] exp(—rT)), (6) 
where r is the decay rate, ¢; is the flight time for the ith 
decay in flight, 7; is the moderation time for the jth 
decay at rest, and Vr and Vz are the numbers of decays 
in flight and at rest, respectively. In either expression, 
the most likely decay rate is defined as that value of r 
which makes P(r) a maximum. The value of the most 
likely decay rate can be determined by differentiation, 


and is 
1 1 Nye r 
_ Zz (: ‘. ) 
r Nr t eri 1 


for decays in flight only, or 


, St ee NR: 
(> t:+> T;) 


? 


(7) 


(8) 
r Ve 


for decays at rest and for decays in flight. The statistical 
uncertainty in the value of 7 is estimated by the 
Bartlett S function, 


rT ¥e rT; 
(1—e =\/ 


| NF PT fet: , 
Eo 
| , (1 wig rT;)2 

25M. F. Kaplon, A. C. Melissinos, and T. Yamanouchi, Ann 
Phys. 9, 139 (1960). 

26M. S. Bartlett, Phil. Mag. 44, 249 (195 
27 E. Amaldi, Suppl. Nuovo cimento 2, 253 (1955) 
*6C. Franzinetti and G. Marpurgo, Suppl. Nuovo cimento 6, 
7 (1957) 
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when only decays in flight are considered, and by 


Nr NR N 


(VatyDL Ti)- 


- 
S(r)= (Vp), (10) 


r 


when decays at rest are included. 


2. Measurements 


The data needed to calculate the decay rates are the 
times which enter the foregoing equations. Moderation 
times are obtained from ranges with the aid of the tables 
of Barkas and Young.'’ For particles that come to rest, 
the procedure is straightforward. For decays in flight, 
however, the residual range at the decay point must be 
determined. It is added to the measured range to give 
the initial potential range, from which the initial 
moderation time is calculated. The flight time is the 
difference between the initial moderation time and the 
residual moderation time at the decay point. 

The residual ranges of the decays in flight can be de- 
termined in two ways; either from the range and angle 
of emission of the charged decay product, or from the 
ionization of the hyperon. We have used both methods. 
Our procedure was to calculate the hyperon velocity 
from kinematics, where possible, estimating the error 
by compounding the errors in secondary range and 
angle of emission. If the error was comparable to that 
which would be obtained from ionization measurements, 
ionization was also used to estimate the hyperon ve- 
locity, and the best value was calculated from the two 
techniques. In practice, the velocities of those hyperons 
decaying via =+— p+7r° were obtained almost ex- 
clusively from kinematics, but the two techniques were 
generally comparable for decays via the pion modes. 

3. The d* Lifetime Determined by the Proton Decay Mode 

A total of 107 + decays into protons were analyzed 
to calculate the 2+ decay rate. Of these, 43 were decays 
in flight and 64 were decays at rest. Considerable care 
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Fic. 9. The relative likelihood function versus the decay rate 
for 2+ decays via the proton mode: (1) 64 decays at rest and 43 
decays in flight, (2) 43 decays in flight only. 
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Fic. 10. Plot of S(r) versus r, the decay rate. The values of r 
for which S(r) is 0 give the most likely rates, and the values of r 
for which S(r)=+1.0 indicate the statistical uncertainty in the 
most likely rate. 





was taken to avoid overlooking those decays which sim- 
ulated proton scatterings without change in ionization; 
the scanners were instructed to consider every “‘scat- 
tering’’a possible =* decay. Each such event was checked 
for compatibility with the decay mode 2+ — p+7°. The 
final sample of decays in flight was checked for observa- 
tional bias by calculating the decay angles in the rest 
system of the hyperon; the distribution of angles was 
found to be isotropic and therefore no correction for 
missed events was considered necessary. 

The results obtained with these data are shown in 
Fig. 9, where curve 1 represents the total sample of 107 
decays and curve 2 represents the 43 decays in flight. 
The lifetimes corresponding to the maxima of these 
curves are: 


(0.85_0.117° 15) K10-” sec (flight and rest), 
tt = (0.86_0.97*":7) K10—" sec (flight only). 


The errors were estimated by using Eqs. (9) and (10). 
A graph of Eq. (9) for these data is included in Fig. 10. 


4. The Hyperon Lifetimes from the Pion Decay Modes 


Several difficulties not present in the previous analysis 
complicate the determination of the decay rates in the 
pion modes. Before the data and results are described, 
we must mention these considerations: (a) The charge 
of the hyperon can be determined only if either the 
decay pion or the pion partner is identified, or if the 
decay occurs at rest. (b) The =~ interacts when it comes 
to rest. (Frequently, however, no star is produced and 
the event is not recognized.) (c) The efficiency for de- 
tecting decays via the pion mode is less than 100%, 
particularly for decays at rest. (d) Ionization measure- 
ments must frequently be relied upon to fix the hyperon 
velocity at decay. The residual and flight times are 
therefore subject to larger errors than in decay via the 
proton mode. 

The techniques used to overcome these difficulties 
are elaborated in the following sections. Two separate 
analyses are presented, one using only decays in flight. 
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and the other using also the decays and interactions at 
rest 

a. The lifetimes from decays in flight. From a total 
sample of 94 decays in flight, we identified 26 =~ hy- 
perons and 33 =* hyperons; the charges of the remain- 
ing 35 decays could not be determined. The data from 
events were used to calculate the likelihood 
function, Eq. (5). The lifetimes determined from the 
resulting curves are: 


these 


r*>= (0.63 


ot? 48) Xx 10 
=+— n+n? in flight. 
7 = (1.16_0.43*?47) XK 10 


26 2- — n+ in flight, 


r= (0.93 


197 *) K 10 
for 942*—n+72= in flight. 


The lifetimes above are shorter than the currently 
accepted values, an effect that has been observed by 
other workers in emulsions.***>.>—-*7 It appears, however, 
that a general displacement toward short lifetimes has 
occurred; the mixed lifetime is intermediate between 
the =* and => lifetimes, and the =~ lifetime is about 
twice that of the 2*. It is our belief that the statistical 
errors made in the velocity measurements are reflected 
asymmetrically in the mean lives. Similar conclusions 
have been reached by Freden et al.” 

b. Lifetime estimates with events at rest included. Ac- 
cording to Eq. (6), if the sample of particles whose 
lifetime is to be determined includes events at rest, the 
T; for the decays in flight do not enter the calculations. 
Because the 7; are presumably to blame for the low 
values of 7 calculated previously, this second analysis 
was undertaken. The same decays in flight are used here 
as were used previously, but now the values of 7; are 
not required. 

Because there are decays in flight whose charge is 
not known, no complete sample of events can be 
selected for either the =* 


or =~ calculation. Instead, a 


27S. C. Freden, H 
cimento 4, 611 (1960 
D. A. Glaser, M. L. Good, and D. R. O. Morrison, in 1954 
innual International Conference on High-Energy Physics at CERN 
CERN Scientific Information Service, Geneva, 1958), p. 270 
G. A. Snow, in Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physic Pub 
lishers, Inc., New York, 1957), p. viii-14 
2 R. G. Glasser, N \. Snow, Phys. Rev 
277 (1957 
J. H. Davies, D. Evans, P. H. Fowler, R. R. Francois, 
M. W. Friedlander, R. Hiller, P. Iredale, D. Keefe, M. G. K. 
Menon, D. H. Perkins, and C. F. Powell, Suppl. Nuovo cimento 
4,472 (1956 
*W.F. Fry, J. Schneps, G. A. Snow, M 
Wold, Phys. Rev. 107, 257 (1957). 
’. Freden, F. C. Gilbert, and R. S. White, Bull. Am. Phys 
1958 
Koch, M. Nikolic, M 
ys. Acta 32, 549 (1959 
\. Glaser, data collected for the Ninth Annual Inter 
national Conference on High-Energy Physics, Kiev, 1959 (Academy 
of Science, U.S.S.R., 1960 
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joint likelihood function must be constructed which 
includes particles of both charges and allows for two 
different lifetimes. Such a function can be constructed, 
and is given by 


N R™ 


II exp(—<x7;) 


P(x,y)= 


NR 


Vy 
x II exp(— y7;) Il [ Pix exp(—-xt;) 


+(1—P;)y exp(—yt))], (1 
where x and y are the =*+ and =~ decay rates, respec- 
tively. The first product is over the =* decays at rest, 
the second is over the =~ interactions at rest, and the 
third is over the decays in flight; P; is defined as the 
probability that the ith decay in flight is a =*. Equa- 
tion (11) can be solved to give the most likely decay 
rates: 

1 1 wNrt ee 
" 12 Tj+ y ® Lm J— 
P 2 


x N m \ Bb 


P; exp(—xt;)(1—a 
(12) 


Px exp(—xt;) + (1— P;)y exp(— yt) 


(1—P,) exp(— yt;)(1— yi 


Px exp(—xt;)+(1—Ps)y exp(—yt 
where N r+ and Vr~ are the numbers of decays in flight 
of known charge, and NV r* is the number of unknown 
charge. For NV r*=0, the two equations are independent. 
Before Eqs. (12) and (13) could be used, the P; and 
total moderation times had to be calculated. The P; 
are estimated by a study of the hyperons of known 
charge. We find?: 


P;=0.27 if the = has energy >60 Mev, has no pion 
partner, and is accompanied by a proton of energy > 30 
Mev from the A™~ star; 

P;=0.79 if the = is as above but wit 
energy >30 Mev; 

Py 1.0 if the © has energy > 060 Mev and there is no 
other star prong; 

P;=0.62 if the = has energy 
no mw partner. 


hout a proton of 


60 Mev and there is 


There were no decays of unknown charge accompanied 
by a m partner. 

The total moderation time for the =~ interactions at 
rest must be estimated from the moderation time of 
those hyperons which produce recognizable stars when 
they interact. The fraction of those which do so must in 
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Fic. 11. The joint likelihood function versus the decay rate. 
Che curve for =~ is plotted with the 2+ decay rate held constant 
it its most likely value, and vice versa 
turn be estimated from a study of =~ produced by K 
reactions with free protons, or ‘‘collinear events.” By 
combining our data with those reported by the A 
collaboration experiment,*® a sample of 95 
from collinear events is obtained. 


ys 


y 


>~ endings 
If we consider as 
star which has more than one 
prong or which has one prong of > 200 uw range, then we 


“recognizable” a 


find that there are 30 recognizable: stars among the 95 
>~ endings. The ratio of all 2 
endings, is, therefore, 95/30 


endings to recognizable 
3.17 +0.48. 
In the A stack, there are 40 star prongs which ter- 
minate at 


y 


rest with the production of a recognizable 
star, and appear to be =~ hyperons. To check this 
identification, the partners were followed when they 
existed. Only 18 of these K 
15 of which were identified as ++ mesons; the remaining 
three could not be identified. No x~ partner that would 
signal a hyperfragment rather than a = 

The total 2+ moderation time was obtained from the 


ranges of 51 observed >* 


stars produced a 7 partner, 


was found. 


>mt+n decays at rest, plus 
a small correction for the observational loss of such 
decays. This correction was estimated by studying the 
distribution of decays as a function of depth in emul- 
sion, and also by studying the distribution of dip angles 
of the emitted pions. We estimate that four 2+ — wr++n 
decays at rest escaped detection. 


5. Final Calculation of the Lifetime 
Equations (12) and (13) were solved on an IBM 650 
computer using the best estimates for the quantities 
involved, as outlined previously. The most likely life 
times were found to be 7*=0.8010~-" 


1.75 X10 


The errors introduced into these values by errors in 


and 


SC ( 
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(a) The 
effect of uncertainties in the total moderation times was 
calculated directly by altering these times by one 
standard deviation, then recalculating the lifetimes. 
(b) The sensitivity to changes in the P; was estimated 
by setting all P; equal to 0.5 and again recalculating the 
lifetimes. 


the input data were determined as follows: 


The statistical errors were estimated by plotting 
Eq. (11), first as a function of x, with y fixed at its most 
likely value, and then as a function of y, with x fixed. 
These curves are shown in Fig. 11. The spread of the 
curves at 60% height was taken as the statistical un- 
certainty. The same result was obtained from Eq. (12) 
when the total number of =* and =~ decays in the 
unknown group was estimated from the P;. 

The uncertainties introduced are listed below: 


Error Ar* (107 sec (107!° sec ) 


+0.19 
negligible 
0.02 
+0.34, —0.24 


Ar 
+0.005 
t 0.02 
0.02 
+0.13, —0.10 


moderation time 
* moderation time 
P; 
Statistical 


ifetimes, from the pion modes, 


best estimates of the 


(O.80_ 


(1.75 


ll ; X10 
10 


’ SEC. 


By combining this value for 7* with our value obtained 


from the proton dec ay mode, we have 


(0.82_ 0.087?) X10 


as our best estimate of the => lifetime. 

other 
published values from emulsions and bubble chambers.” 
Further, the lifetime of the >* 


These values are in good agreement with 


is the same when cal- 
culated from either the pion or proton decay mode of 
this particle if events at rest are included. This is strong 
evidence that the low values obtained for decays in 


flight via 


the pion modes result from experimental 


biases and that it 


Is not 


necessary to introduce an 


unknown particle of short lifetime to explain the result. 


C. Branching Ratios 


1. The Branching Rati 


>pP+rT all =*) 


V4 


As mentioned before, 107 =* decays into protons have 


been observed in the A stack, and the effi lency in de- 
been taken to be 100%. The total 


number of =+ decays 1 an be cal- 


tecting these has 


1to m*™ mesons < now 


culated as follows: 


(a) There are 51 decays at 
flight known to be = 


= 
35 


rest and 33 decays in 
> n+ 

(b) There are 35 de 11 into pions of un- 
known charge. The 


by this group is estimated 1 


ays 
number of =*+*— n+7 
> P=17. 


(c) It has been estimated that four decays at rest 


re presented 


Oo be 


were lost bv failure to observe the pion 
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se (mm 


> p+ decays in flight 
stacks 


By combining these numbers, we find that the total 


>n+ is 105. 


number of =* — 
The branching ratio therefore is 


Zt - > pT) (all >* decays 107/212=0.50+0.03, 


hich agrees with recent values from bubble chamber 


and emulsion groups.” 


2. The Branching Rati > P+ry)/(& 


— err) 


The decay mode =* — p+v¥ occurring at rest would 
produce a proton of 26.5-Mev energy and 3.0-mm range 

ite among the 95 
de ays at A, 2B, and 


1U stacks. There is, h ver, the possibility of confusing 


} 


n emulsion. There is no such candid 


via the proton mode in the 


iy by the normal proton mode 


ght ; for example, a 2* with 100 yu 
proton of 3.0 mm range if the 
tely 50 deg. An event such as 


uld be 


proton range, even 


the hyp rack 1 il 


he => — p decays i light in the 


ror ir at 
€TOo! Occu Lt 


I decay di 

proton ranges from 
\ and 2B stacks have 
is no evidence of grouping 


} were Fe 
been plotted 1 
12 
enti neon 
around J) mm, 


are two ranges very 
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Neither one of 


> p+~7 decay, however; 
I 


ted vali 
are 3043 be and 


1 possible case of = 


3047 pu. these 


1e dec ay 


the hyperon residual range at t 
1.3 mm. 


mm, and in the other case it is 


Ionization measurements and kinematic analysis on the 
assumption that the decays are via the normal proton 
mode give consistent results. Since these are the only 


LWO Cases \V 


hose proton range is within straggling errors 
that there are no =*- >Pry 


is con luded 


. 2 
of 3 mm, 

t erroneously classed as + — p+7° decays 
An upper limit can be pu » branching ratio on 


SIS of the 95 dec avSa 


0/95 observed. 


> pPt+y7 ba 

groups have observed a total of zero 
among 138 =*+— p+ 7° decays.” 
u., however, have reported three possible 
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2+ — p+y decays, and estimate the branching ratio to 
be approx 1%.*! Theoretical predictions for this branch- 
¢ 


ing ratio range from 0.01% to 1.0%." 


3. The Branching Ratios for Leptonic Decay 


\ theoretical prediction based on the assumption of 
a universal Fermi interaction was that 
all hyperon decays should be via leptonic modes. The 
following relevant data were gathered by us in the 
course of this work: 


. few percent of 


r > leptons UO 129. 


- > leptons) (z 0/67. 


These ratios alone are sufficient to weaken the above 
theory, but in the meantime, much more data have 


been accumulated, particularly by bubble chambers, 
llv the ratios 1] 


confirming that experimenta 
than expected. 

D. Decay Asymmetry 

We have looked for a1 up-dow! 

>-hyperon decay 


with respe 


plane. None was found. 
For the study we used only 
+} caine 1 > t 
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the nucleus may have been sufficient to cause their participation in the design and assembly of the 
P= XPxz)observed tO be opposite to (pzXPx)at production. equipment for magnetic analysis of beams, and for their 
This would have tended to mask any effect that might _ help in various phases of the analyses. 
have been present. To all the scanners involved in this program and 
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Regeneration of Neutral K Mesons and Their Mass Difference* 
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A beam of Az mesons was produced by passing a beam of 1.1-Bev/c negative pions through a juid 
hydrogen target and accepting the neutral reaction products in the forward direction after allowing the 
Ky component to decay. The resultant beam was observed in a 30-in propane bubble chamber fitted with 
lead and iron plates. About 200 regenerated A, mesons were identified by their characteristic O value and 
decay rate. All three types of regeneration were observed: by transmission in the plates, by nuclear diffrac 
tion, and by interaction with single nucleons. The detection of the first two types of r« eration constitutes 
strong evidence for the correctness of the Gell-Mann and Pais particle mixture theory. Comparison of the 
transmission and diffraction regeneration effect, using the method of M. L. Good, gives the K;-Ke mass 
difference 5. Two important corrections must be applied to Good’s formula: One originates from the nuclear 
scattering of the transmission component, the other from the multiplicity of scatterings in a thick plate. 
he independence from nuclear parameters, which was an advantageous property of Good’s formula, is no 


onger rigorously valid; but due to the sharp dependence of the transmission intensity upon the mass 
| allow a measurement 
of 6. We find that 6 is 0.84_». 22+? in units of #/r;, where 7; is the K; mean lifeti With 90° % confidence 
level, the difference is between 0.44 and 1.2 h/7;. The probability that the transmission peak we observe 


is due to a statistical fluctuation is one in a million 


difference, the nuclear properties of K® and K®, as derived from K* and K7~ data, still 


INTRODUCTION avior of these particles. That their theory, published 
I lis by no means certain that, if the complex ensemble n 1955, actually preceded most of the experimental 
of phenomena concerning the neutral K mesons wer« vidence Known at present, ne of the most astonish- 
known without the benefit of the Gell-Mann—Pais 'g and gratifying successes in the history of the ele- 
theory,! we could, even today, correctly interpret th mentary particles. They advanced the hypothesis that 
wo mesons an are st s ol definite strange- 
"Work performed under the auspices of the U. S. Atomi ; i” x “ii R, a e aa _ — 
Energy Commission. A preliminary report of this investigation "SS but not of definite mean life. The states which 
vas published by F. Muller, R. W. Birge, W. B. Fowler, R. H decay with a definite mean life and which, also, have a 
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strongly interacting particles because the final state 
must be one of a definite strangeness. However, due to 
the shortness (10~" sec) of the A, mean life, the A® and 
R° are rapidly depleted of their K, amplitudes, resulting 
in a pure state, A». The first confirmation of the particle- 
mixture theory came with the discovery of the long-lived 
K, particle by Lande e¢ a/.? Later on, several experiments 
were performed with the intent of showing that the A. 
particle, according to (4), contains a state R° (strange- 
ness —1) despite the fact that it originates from a K° 
(strangeness +1). The results were in satisfactory agree- 
ment with the theoretical expectations.’ The most 
a set of pictures by the Berkeley 


0 


clear-cut evidence is 

hydrogen bubble chamber group showing that a A 

meson produced in association with a A subsequently 

collides with a proton and produces a = particle which, 
like the A, has a strangeness of —1. 

Encouraged by these results, one then wanted to test 

the literature “‘even more 

tions of the mixing of K® and K°.’" 

that even though the existing 


what has been called in 
bizarre mal! 


The point is, 


iifesta 
of course, 
evidence was in agreement with the particle mixture 
theory one could have possibly advanced a somewhat 


different explanation. In particular, it was desirable to 


the A» particle is composed of the two K° and 


show tha 
the same time, in the quantum-mechanical 
ther than being a mixture of K° and K® mesons 
\ most critical test of this point 
had been proposed.’ If a beam of A, particles, perfectly 
parallel traverses an absorber which re- 
moves the K® part more than the K°, a parallel beam of 
ill emerge from the absorber, which beam will con- 

a parallel beam of A,. Such a production of one 

of particle (A,) from a different one (Az) with 
conservation of the initial direction of the 

iry particle (which, hereafter, we will call regenera- 


S al 


in the classical sense 


to each ot.ner, 


y a plate, or by transmission) is most typical of the 
um-mechanical mixture hypothesis. One should 
trast this phenomenon with, for instance, the pro- 
ion of neutral pions from negative pions. Obviously 


parallel beam of negative pions does not produce a 


parallel beam of neutral pions 


It occurred to us that another test of the particle 


mixture theory could be made by studying the diffra 


?K. Lande, L. M ind W 
105, 1925 (1957 

+R. Ammar, J. I. Friedman, R. Levi Setti, and L. I. Telegdi, 
Nuovo cimento 5, 1801 (1957); M. Baldo-Ceolin, C. C. Dilworth, 
W. F. Fry, W. D. B. Greening, H. Huzita, S. Limentani, and A. E 
Sicherollo, ibid. 6, 130 (1957); M. Baldo-Ceolin, N. Huzita, S 
Natali, U. Camerini, and W. F. Fry, Phys. Rev. 112, 2118 (1958 
V. Bisi, R. Cester, A. Debenedetti, C. M. Garelli, N. Margem, 
B. Quassiati, and M. Vigone, Nuovo cimento 12, 16 (1959 

*W. B. Fowler, R. L. Lander, and W. M. Powell, Phys. Rev 
113, 928 (1959). 

‘F. S. Crawford, Jr., M. Cresti, M. L 
E. M. Lyman, F. T. Solmitz, M. L 
Phys. Rev. 113, 1601 (1959 

* J. D. Jackson, The Physics of Elementary Particles 
University Press, Princeton, New Jersey, 1958), p. 75 

7 A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955 


Lederman, Chinowsky, Phys. Rev 


Good, 7. Gottstein, 
and H. Ticho, 


Stevenson, 


Princetor 


et @é. 


tion of Ke mesons by complex nuclei. Because the K° 
and K® part are diffracted by a nucleus with different 
amplitudes, the diffracted wave contains A, mesons. 
Since the angular distribution of the particles diffracted 
by a heavy nucleus is substantially different from the 
angular distribution expected for A, regenerated by 
interaction of a AK» with a single nucleon, it is possible 
to decide experimentally whether the diffraction-re- 
generation takes place. Thus we have made an experi- 
mental study of the regeneration of A, from a metal 
plate placed in a large propane chamber. During the 
length of the experiment the plate was crossed by a 
known number of A, particles. All three types of re- 
generation have been observed: by transmission in the 
plate, by diffraction, and by interaction with single 
nucleons. 

The A, transmission component must be thought of 
as generated coherently during the entire time taken by 
the Kz wave to cross the plate. A mass difference of the 
order of 10 
phase difference between the two states change as the 


> ev between these two particles makes the 


wave goes through the plate, a phenomenon similar to 
the one that leads 
K°® and K°, noticed by Serber.* The effect of the mass 
difference on the intensity of the transmission com- 
but it was after the 
treatment by M. L. Good" that one could think of using 
the effect for measuring the mass difference. From our 
(5.5+1.7)X10 


71, Where 7, is the mean life of AK). 


to the oscillation between the states 
ponent was first studied by Case, 


work the difference appears to be ev, 
that is, (0.84+0.25)% 

On the subject of the mass difference, one pioneering 
work had been done before our experiment,'! with a 
result in qualitative agreement with the particle mixture 
theory for a mass difference of the order of magnitude of 
h/7,. Subsequent to our work, Birge ef al." undertook a 
measurement of the mass difference, based on 
rate study of the Serber effect. Their preliminary report 
at the Rochester value of 
(1.5+0.5)h/ + 


an accu- 
Conference shows 


, In fairly good agreement with ours 


SECTION I 


Regeneration by Nucleons, by Nuclei, 
and by the Plate 


Assuming that the four heavy mesons belong to two 
isotopic doublets, A* and K°, A~ and A°, 


types of regeneration can be quantitatively estimated 


all the three 


irged A’s interacting 


the incoming 


from the s« attering properties of ch 


We re 


present 


on nucleons or on nuclei. 

5’ R. Serber, quoted in reference 7. See also W. F. Fry and R. G 
Sachs of Phys. Rev. 109, 2212 (1958) 
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Ke wave as 
K»)=(\K*)— K°)) /v2. (4) 

This representation is slightly incorrect if invariance 
with respect to the combined operation of charge and 
space inversion (PC) is not rigorously respected by the 
weak interactions. Lee ef al.’ have treated this subject 
with the less restrictive assumption of invariance with 
respect to PCT, showing that, in general, the coefficients 
of K® and K° in the formula (4) are not necessarily 1/v2 
and —1/\v2. However, the same authors and also Wein- 
berg'* have shown that, due to the large disparity be- 
tween the mean lives of Ky and K,, the coefficients in 
question must be almost equal. We thus put them equal 
for simplicity as this has practically no effect on our 
results. 

When the K» wave hits a target, the scattered wave 
will be the state given by 
)/v2, 


(f,| K°)—f 


which can also be expressed as 


f_)/v2]| Ki)+(0(f.4+ f#_)/v2]| Ke), 


in terms of a regenerated amplitude and a scattered 
umplitude 
1. Regeneration by Nucleons 

When a Ko 
tinguish the two cases according to whether the nucleus 
is left in its initial state, or in a different state, most 
probably consisting of a different nucleus and one or 
more secondary nucleons. In the first case we have 


collides with a nucleus, we must dis- 


elastic nuclear regeneration, produced by the nucleus as 
a whole (see Sec. I.B), but in the second case, we have 
inelastic nuclear regeneration that can only be thought 
of as regeneration originated by one or more collisions 
of the Ke» with the individual nucleons in the nucleus 
While we do not have enough information to comput« 
the total cross section for the inelastic regeneration, we 
want nevertheless to show that the differential cross 
section for inelastic regeneration is, at small angles, 
much smaller than for the elastic regeneration, treated 
. EB. 

The four scattering amplitudes (A‘t,z), (A*,p), 
Kn), and (K~,p) which we need in order to compute 
/, and f_ for the nucleonic regeneration are not well 
known at the present time, but one can make an ap- 
proximate estimate of the forward differential scattering 
by computing the imaginary part of such amplitudes, 
which are directly related to the total cross section by 
the optical theorem. At our energy, the total cross sec- 
tion of K+ proton is 15 mb and the total cross section 
of A* neutron appears to be substantially the same. 
The total cross section of K~ proton is about 40 mb 


in Sec 


D. Lee, R. Oehme, and C. N. Yang, Phys. Rev 
K. Aizu, Nuovo cimento 6, 1040 (1957). 
Weinberg, Phys. Rev. 110, 782 (1957) 
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while the total cross section of A~ neutron is 28 mb.!° 
With obvious notations we have 


Im(/4°— f_°)/2= (ot —0~)/ 84X= Im fa)’, 


which gives the imaginary part of the amplitude in the 
forward direction for production of K; mesons from Ke 
in collisions with individual nucleons. For collisions of 
K.’s with protons, o~ and o* are, respectively, the total 
cross sections of K~ on neutrons and At on neutrons, 
while for collisions of K» with neutrons o~ and o* must 
be taken equal to the values of the total cross sections 
with protons. Substituting the numbers, we have that 
the square of the imaginary part of fo:° gives one milli- 
barn per steradian as forward differential cross section 
for regeneration for the case of K» particles impinging 
on neutrons and 0.28 millibarn per steradian for K»’s 
impinging on protons. 

As the nucleus of iron contains 26 protons and 30 
neutrons, we have a total of 37 mb/sr for the regenera- 
tion of K, by collisions of K.’s with the single nucleons 
in the iron nucleus. This is, of course, only the contribu- 
tion of the imaginary part to the differential cross sec- 
tion. The inclusion of the real part would increase these 
three numbers, though not by a large factor. On the 
other hand, one must bear in mind that there is a shadow 
effect ; some of the nucleons in the nucleus only receive 
an attenuated AK» beam. In addition to this, the forward 
cross section is strongly limited by the fact that the 
Pauli principle forbids regeneration collisions with small 
momentum transfers to the nucleon. The inelastic re- 
generation by the nucleus is therefore negligible at small 
angles compared to 280 mb/sr which we compute, in 
the next section, for the coherent, or elastic, diffraction 
type regeneration. 


b. Diffraction Regeneration by Nuclei 


lor the regeneration that takes place from a nucleus 
as a whole, that is when the nucleus after the collision 
is left in the same state as it was, we need the scattering 
amplitude f, and f_— to be taken as those of A’s on 
nuclei, and we compute them by the optical model 
method.'® To an approximation which is acceptable in 
our case a complex nucleus such as iron can be considered 
as containing as many neutrons as protons; therefore, 
the scattering amplitude for K® (and K°) can be taken 
as equal to that of A+ (A~). First we consider the case 
of the K° for which there is a potential V(r) inside the 
iron nucleus. The relativistic energy relation for the A" 
while it is inside the nucleus is given by 


(Eo—V)? ( pe 


O. Chamberlain, L. M. Crowe, D. Keefe, L. T. Kerth, A 
Lemonick, T. Maung, and T. F. Zipf (to be published); H. C 
Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, D. M. Ritson, 
and R. A. Schluter, Phys. Rev. Letters 2, 117 (1959); See also 
report by L. W. Alvarez, at the Ninth Annual International Con 
ference on High-Energy Physics, Kiev, 1959 (Academy of Science, 
U.S.S.R., 1960) 

‘6S. Fernbach, R. Serber 
1352 (1949) 


+ (miKC")*, 


ind T. B. Taylor, Phys. Rev. 75, 
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V=ReK pot = 1.35 


CABLE I. Nuclear cross sections, computed according to various optical model parameters, for iron. p= 670 Mev/c; 
Mev; W=ImK* pot.= —17.6 Mev. | VAX f2:°|? is proportional to the transmission intensity 


Real K~ pot 
Mev) ox~ (mb oo (mb a2 (mb gin (mb or (mb 
0 33. 12.4 281 584 865 
15 & 25.8 289 597 R86 
0 ‘ 8.64 242 551 793 
0 16.0 303 603 9006 
0 24.9 341 638 979 


In the same way, f— is obtained when the A° potential 
me ' i is replaced by the highly absorptive A~ potential. In 
E,= ( Pou “- (Wxc”)*, ear fais he ° ‘ 
the absence of experimental information on the K 
nuclear potential, we assume that it is entirely absorp- 
tive and is determined by the A~-nucleon total cross 


and outside the nucleus it is given by 


so that in the approximation that V is much less than 
Ey we have 

p— po= Ap= (— Eo/ poc*) V, section. We then have 

Ak —(E hpor "I 


After the A meson has traveled a distance / through the 
nucleus, its amplitude is », exp(ikol), where 


a Dy ~ ad 
: “= ” exp( ) | a 
Ns ex f std). Zz #* 1+exp| (r—r10)/d 


where o is the total cross section of A~ averaged with 


(A)=7k f (1—n_)Jo(Rop sin@)pdp 


and the amplitude for elastic A” scattering from the : 
respect to neutrons and protons and Dp is the density of 


nucleons at the center of the iron nucleus (0.135 XK 107 
nucleons per cubic cm). At present the best value for o 
O)=1R 1—ns)Jo( Rop sin8)pdp. (5) appears to be 33 mb.'® Figure 1 gives the scattering 
‘ amplitude fo2:=fu=(/,4 and the regeneration 
amplitude fie= fa=(f/,—/ for the momentum of 
670 Mev/c and for a purely imaginary potential for 
K-. Figure 2 gives the corresponding differential cross 


entire nucleus is given by 


f ) 
p is the distance between the center of the nucleus and - 
the meson trajectory, so that / and » are functions of p. 

In accordance with the principle of charge independ- 
ence we take the K° potential to be equal to the K* 
potential which has been measured in emulsion by 
Sechi-Zorn and Zorn." They fit their data to a Woods- 
Saxon potential!’ of the type given by ss 


* ene 

r—To J af : pdp 

Vir)= | +r /|1+exp/ ) . 7 
d 


where “|2—n-—0 
1.15A'X10-" cm, om OE ia 


ind 
0.57X10-" cm RY n tn 
a= 29 i |! pdp 
‘ ) 


The values of V and W are found in Tables I and II 


sections. The integrated cross sections can be obtained 
by numerically integrating the curves of Fig. 2 or they 
can be computed from the relations 


Tasie II. Nuclear cross sections, computed according to various optical model parame ters, lor iron, tor different va 


momentum. Real A~ pot.=0; ¢x-=38.2 mb. | VAX f2;°|? is proportional to the transmission intensity 


'=ReK* pot. W=ImA* pot 
Mev Mev) 2 2 ) Jin I Tou 
Set No. 1A 18 17.4 * 0.96 10-3 
Set No. 1} 7 13 17.6 1 1.08 K 107 
Set No. 1B . 13 17.6 14 ZiZ 1.7310 


’ B. Sechi-Zorn and G. T. Zorn, Phys. Rev. 120, 1898 (1960 
*R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954 
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C. Transmission Regeneration by a Plate 


When a A» beam crosses a plate, we have not only 
the nucleonic (inelastic) and nuclear (elastic) regenera- 
tion from the nuclei in the plate, but also the coherent 
action of all the nuclei producing a parallel beam of 
regenerated A, in the forward direction. That this 
happens is most evident if one considers the idealized 
case treated in reference 7. If the plate is completely 
opaque to A° particles and completely transparent to 
K° particles, the K° wave, contained in the Ky, beam, 
proceeds undisturbed after crossing the plate and, of 
course, will constitute a parallel beam of K® which in 
turn contains a parallel beam of K,’s. M. L. Good" has 
shown that a parallel beam of regenerated K,’s appears 
not only in the idealized case of reference 7 but, in 
general, whenever the interaction of A® with nuclei is 
different from the interaction of the K® particles. 

We follow here a somewhat different method of 
analysis than the one used by M. L. Good. The K, wave, 
a,(x)| AK»), passing through the plate, causes each thick- 
ness dx of the plate to emit a plane wave: 


[iANa2(x) v2 IL f+" K°)— f_9 R°) |dx, 


which contains the wave: 


biNNa2(x)(f4°— f°) | Kiddy. (10 
rhe superscripts on the f’s indicate that these are the 
nuclear scattering amplitudes in the forward direction. 
This is quite similar to computing the attenuation in 
amplitude of a beam of, say, protons passing through 
the plate of thickness dx. The plate emits in the forward 
direction a wave of amplitude da=ia\.V f°dx, where a 
is the incoming wave of protons, f° is the amplitude for 
forward elastic scattering by the nuclei, and WN is the 
number of nuclei per cubic centimeter. The fractional 
decrease of the wave amplitude is .VA Im/f*dx, which, 
because of the optical theorem relation o7y=42X Im/’, 
is equal to Vordx/2, which shows an intensity attenua 
tion equal to Nordx. 

The particle picture would obviously and quickly 
give the same result. This kind of reasoning would be 
wrong if applied to the passage of light through a con- 
densed medium such as water, for it is known that the 
field acting on each scattering center in that case is 
different from the free field of the electromagnetic wave 
The forward wave resulting from the radiation from all 
scattering centers is then da=iadNc f°dx, where c is the 
ratio of the effective field to the wave field,!® and is equal 
to 1+(4rP)/3E, where P is the polarization of the 
medium and £ is electrical field. Clearly, in our case no 
such correction is needed; otherwise we should doubt 
the method of obtaining the proton-nucleus total cross 
section by measuring the absorption of a proton beam 
passing through a plate. Note that in the idealized case 
of reference 7, the production of a A, plane wave is 


*M. Lax, Revs. Modern Phys. 23, 287 (1951 
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Fic. 1. The scattering amplitudes fs; and fe as calculated 
according to the optical model for the nuclear parameters labeled 
as Set No. 1 in Table I 


directly related to the difference in the adsorption of the 
K® and K® waves. 

Our procedure can be greatly simplified by making 
use of the fact, pointed out by M. L. Good, that the 
total intensity of the regenerated K,’s never exceeds one 
percent of the K» intensity, so that the regeneration of 
K,»’s by the regenerated K,’s can be neglected. We then 
just compute the A, amplitude produced at each depth 
in the plate, take into account its attenuation because 
of absorption and decay before reaching the end of the 
plate, and add the amplitudes at all depths in the plate. 
These amplitudes add coherently with each other, be- 
cause of the basic fact that each nucleus remains in the 
same state after the production of A, as it was before. 
Now the momentum ; of the regenerated K;, is different 
from ks, the momentum of K2, because of the difference 
in mass between the two particles. Therefore a difference 
in phase between amplitudes produced at two different 


x 10*%cm? 
> 


Fic. 2. The differential cross sections for diffraction regeneration 
and for diffraction scattering, with corresponding Gaussian ap 
proximations, computed from the amplitudes of Fig. 1 
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depths is introduced by the fact that while both waves 
obviously cross the same thickness, the fraction of such 
wave is A, is different. It is 
fortunate that, as remarked by Good, the absorption 
mean free path of A, is the same as that of Ky (because 
for either particle the absorption cross section is the 
average of the cross section for K° and R°), so that we 
an compute our relevant quantities without knowing it. 
rhe “absorption” by decay is different for A, and Ko, 
and is only important for K,, the lifetime of which is 
sufficiently well known. 


path during which the 


The amplitude of A, produced in the thickness da 
at the depth x is then 
iVX for’ exp(tkax)dx, 


and will arrive at the end of 
amplitude day: 


the plate (v=Z) with the 


la,;=1NXf exp[ikox+iki(L—x 


—(L—x)/leyri— NLor/2]dx, (11) 
where or is the total cross section for A, and Ao, v is 
the velocity of the particles, y is the Lorentz factor, and 
k, and &» are the momenta of the K; and Ko. 

In elastic nuclear collisions resulting in the trans- 
formation of A, into K, the momentum of the emerging 
K, will differ by a small amount Ak from the initial 
momentum of the impinging Ke. If Ak=k,—k2, the 
nucleus will recoil with the momentum —Aé&, subtract- 
ing from the meson the energy (Ak)?/2M, where M is 
the mass of the nucleus. This energy is negligible with 
respect to the mass difference. Thus A& can be computed 
assuming that A, has the same total energy as Ko, 
that is, 

=e 


(m,— mMe)c*, 


hy 2b 


where m and & can be taken as the mass and momentum 
f either meson. 

It may be noticed that we use here one definite 
value for the mass difference between K, and Ko. 
Actually, the mass spectrum for both mesons has a 
finite width as a consequence of their finite lifetimes. 
In particular, the spread (#/7,) of the mass values for 
K, is larger than the mass difference between K, and 
K» deduced from the results of this experiment. The 
point to be emphasized is that when we write for 
the wave generated in the thickness dx the expression 
exp(—im,t/h) exp(—t/27,) or the corresponding 
exp(ik\x) exp(—x/2yv71), we imply already the produc- 
tion of a spectrum of masses, with a central value of m, 
and a width given by the spread of the Fourier spectrum, 
namely h/7,, as it should be. 


If we call A=~yvr, the decay mean free path of the 
K, and introduce the dimensionless quantities /=L/ A 


and 6= (mo—m)c*/ (h/ 71), we obtain from (11) 


a(l) 


This is therefore the intensity of the undeflected wave 
of regenerated K,’s already obtained by M. L. Good 
by a somewhat different procedure 


SECTION II 
Multiple Scattering 


If we could ignore some inherent complications, we 
would quickly compute the intensity of A,’s regenerated 
from the nuclei by the diffraction process. The pro- 
duction per unit solid angle in the forward direction 
would be 


(dn,/dQ)®= | fay® *NA(—e7) Ler 13 


with the interesting property that the ratio of (12) to 
(13) is independent of the actual value of /2,°, so that 
the measurement of that ratio would allow us to derive 
the mass difference in terms of the other known param- 
eters appearing in (12) and (13), without knowing /2," 
Actually, the situation is not quite so favorable. First, 
we must take into account that the Ke wave, a.\ AK 
proceeding through the plate until it hits a nucleus, 
already accumulated a A, amplitude by the process of 
transmission regeneration represented by formula (10), 
and during the rest of the path, after the nuclear colli- 
sion until reaching the end of the plate, again a A 
amplitude is accumulated by process (10). 

Secondly, in a 15-cm plate, the probability that the 
wave undergoes only one collision is comparable with 
the probability of undergoing more than one collision, 
and we must therefore take into account this multiple 
scattering and regeneration mechanism. The independ 
ence from fz: and fs is no longer with us, but the in 
tensity (12) depends so critically on the mass difference 
that we can still obtain its value from the present experi 
ment and an approximate knowledge of fo and fa. 

It pays to reproduce the analysis in some detail. We 
want to find the amplitude of the A; wave emerging 
from the plate, after undergoing 0, 1, Jn 
respectively. Note that each collision can occur at any 
depth and can produce any (small) scattering angle, 
with or without regeneration. Waves corresponding to 
different collision-depths or to different angles in each 
collision (even if they have the same final angle at the 
end of the plate) are incoherent with each other, and 
must be added in intensity, not in amplitude. 

The wave emerging from the plate without nuclear 
encounters is that which we have called the 
sion-regenerated wave. Its amplitude is 


has 


cals 
collisions, 


transmis- 


a(l)=1NDXA fo, (¢ 
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The wave emerging from the plate after one collision 
at a depth x will have an amplitude depending upon the 
scattering angle @. This wave, as we have already 
mentioned, arises from two processes: 

(i) Ordinary scattering. The transmission wave ac- 
cumulated between 0 and x is ordinarily diffracted and 
reaches the end of the plate with the amplitude: 


i Vy “f e‘*2v exp[ (iki —1 2a)(x—y) My) 


X f22(0) exp[(iki—1/2A)(L—x) Je“¥*27?, (15) 

At the same time the K» wave is ordinarily diffracted 
at the depth x, in the direction 6, and produces, in the 
path from x to the end of the plate, the transmission- 
regenerated K, wave: 


{ L 
(A) | I Vi fo, [ e koy 


exp (tki— 1/2A)(L—vy) ]dy le where: (16) 


The two amplitudes (15) and (16) must be added, 
obtaining a(/) f22(8), that is, the no-collision transmission 
wave (14) multiplied by f22°(@). Note that this ampli- 
tude is independent of x. This feature, which remains 
true for » scatterings, hinges on the fact that both A, 
and Ky» scatter with identical amplitudes, so that the 
accumulation of the transmission wave, which can be 
thought of as due to a large number of collisions at a 
large distance, continues in the new direction of motion 
just as it would have continued in the initial direction. 
Thus the depth at which the scattering takes place is 
of no importance. 

(ii) Regenerative diffraction of the K2 wave at x, 
which results in the amplitude n(x) fo:(0), where 


n(x) = e! iA k+1/24 re l 2eikile—NLor 2 
=¢ id+4)z Ap l 2eikile NLer 2 (17) 

In the case of n collisions, regeneration of K, from K, 
can occur at any of the collisions. We can neglect re- 
generation of K» from K,, in view of the much larger 
amplitude of A, with respect to A; at any depth. We 
must follow the accumulated transmission-regenerated 
K, wave in its scattering at all points. Its amplitude is 
a(L) foo(8;) foo(Os) + + - 


foo(0,). (18) 


The whole A; amplitude due to m scatterings on n 


nuclei at #1, ¥2, **+, Xn, respectively, is 


\ 1) fos(O, ) fo2(O2) f22(8s) 7? * Joo 6,,) 
+(%2) fo2(O1) for(O2) fo2(Os) - * + fox(On)+ °° 
+(x) fo2(01) fo2(O2) foo(Oa) + + for(On) 


+a(l) fo2(01) fo2(82)+ ++ foo(On). (19) 
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From inspection of the computed amplitudes fo: and 
fog we conclude that for the purpose of computing the 
contribution of multiple scattering processes, and the 
broadening of the angular distribution caused by 
multiple collisions, we can make the approximation 
for(O)/ fo2(0) = for°/ foo®. (We have also made a more 
laborious computation without this approximation. The 
angular distribution as well as the predicted intensity 
do not change appreciably.) Formula (19) can thus be 
written : 
fo," n 


> n(x) +ea(L) | fo2(A1)- (20) 


In order to find the number of K,’s at an angle 6 as a 
result of » collisions we have to form the square of the 
absolute value of F,,, integrate over all angles 6; bound 
by the condition that the total deflection be 6, then 
multiply by N"dx,---dx, and integrate over all x;. The 
integration over the angles, that is, the folding together 
of » angular distribution such as these, can be expected 
to be a tedious problem. However, in this case, where the 
angular distributions have a diffraction shape, and for 
the small angles of our problem, each distribution may 
be closely approximated (see Fig. 2) by a Gaussian 
distribution : 


foo(@) foo" |* exp(—6*/ 20") 
fos® : exp[ — (1—cos@) / 8? |. 


(21) 


Since the result of folding two Gaussian distributions 
(for small angles) is still a Gaussian, our problem of 
combining angular distributions is simplified. Further- 
more, any number of scatterings may be treated by 
making repetitive use of this law of combination. The 
law of combination for the » Gaussian distributions 
foo®\* exp(— 07/20") is 


A 92 
(11 foo | * exo Jae dQ 
. I 2h 


Var 
LT 


1 —6 
exp( ), 
nb 2nb* 


with the approximation on the solid angles that 
dQ= 6déd¢ ; the integration on the left-hand side is taken 
over angles 6; such that the resultant angle with the 
initial direction is 6. Using the same approximation, 
we have 


the » folded Gaussians yield 
o22"Gn(0), 


where G,,(@) = (1/2rnb*) exp(— @/2nb?). (G,, is a normal- 
ized Gaussian.) Thus the integrated cross section for the 
n folded Gaussians is the product of the cross sections 
for each Gaussian, as it should be. 
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Multiplying (20) by its complex conjugate and inte- 


grating with respect to the angles 4,, 6,, we have 


D> n(x;)+a(l)| a22"G,,(0) 


Formula (22) represents the probability for a collision 
with a nucleus at x), another at x2, and so on. We need 
the probability for such collisions to occur, within each 
dx; then we must integrate over all possible depths, as 
well as sum over all possible numbers of collisions. Thus 
we must multiply (22) by N"dx,dx-2- - -dx, and integrate. 
If we introduce the abbreviation: 


y i) = ¢ 
we then have 


x x 


l(a=> /,(0)=>. 


where 


L=(A: rp=4nx Im f22 


rhe first term in the bracket arises from regeneration 
in a single scattering process; the second is the scattered 
transmission regeneration; the third is due to the inter- 
ference of the scattered-regenerated K, waves from the 
n nuclei with each other, and the fourth is due to inter- 
ference between transmission-regenerated and collision- 
regenerated K, waves. In practice the entire expression 
becomes negligible for »>4 scatterings. /(@) is the 
number of K,’s regenerated in one or more nuclear 
collisions, per unit solid angle and per one K, arriving 
on the plate. The transmission component, that is the 
number of K,’s (all in the forward direction) regenerated 
per one incident K2, has already been given (12) and 
an be rewritten: 

I7=(NXA)?| far? 2-4 "Tg. (24) 
The necessity of using the multiple scattering formula 
(23) is illustrated by the values of the probabilities that 
the neutral meson, either in K, or K> state, undergoes 


Taste III. Values of R=transmission peak/diffraction re 
generation for several choices of the elastic scattering cross section 
a2. and the mass difference 6 


0.4 0.8 1.2 1.6 


0.0078 
0.0075 
0.0062 


0.0033 
0.0028 
0.0023 


0.041 
0.04 
0.035 


0.0202 
0.0195 
0.0165 


et 


respectively 0, 1, 2, 3 elastic collisions in the 6-in. plate 
without suffering inelastic encounters. Using the nuclear 
parameters of Set No. 1 of Table I we find, respectively, 
0.33; 0.119; 0.021; 0.003. The relative numbers of K,’s 
produced by K,»’s in traversals with 0, 1, 2, 3, collisions 
are, for 6=0.8h/7,, respectively, 0.257; 0.467; 0.214; 
0.055, with the property that the 0.257 K,’s are all 
produced forward. 

Formulas (24) and (23) may be compared with M. L 
Good’s elegant expression for the ratio R of transmission- 
regenerated K,’s (integrated with respect to the solid 
angle) to diffraction-regenerated K,’s (per unit solid 
angle) in the forward direction. In the above notation, 
his formula is 

R=NAnN¢/ (1—e! (25 
Corresponding to this we have the ratio of (24) to the 


n=1 term of (23) (single scattering regeneration 


NAd*¢ 
R= 
l—e 


(26) 
1+ (NAX)?*I! foo? |? e— NAore 
This reduces to Good’s formula if transmission regenera- 
tion along the path of scattered K»’s is neglected (last 
two terms in denominator). 

Taking also into account the 
have 


multiple scattering, we 


R=I,7/1(8), 


(27) 


where 77 and /(@) are given by (23) and (24). The 
values of R according to the three different expressions 
(25), (26), and (27), are, respectively, 0.0365, 0.0844, 
and 0.0548 for 6=0 and 0.0177, 0.0255, and 0.0202 
for 6=0.8. 

The corrections to the formula of 
appreciable effect on the computed value of R. They also 
destroy the attractive feature in Good’s formula that R 
is independent of the nuclear parameters like fa, 
». We have thus asked ourselves whether the 


Good have an 


fe », OT, O 


determination of 6 is still possible from formula (27) 
which requires the knowledge of nuclear parameters 
whose values have not been experimentally measured 
The answer is in the affirmative, because any reasonable 
set of values substituted in (27) yields substantially 
the same result. First of all, 
the dependence on o2, and f 


‘ 
we have already seen that 


(which are the most 


Regeneration (a2), elastic (¢ and inelastic (oj, 


gives the width of the angular 
distribution for the processes of elastic scattering and regeneration 
see text). The three last rows refer to the amplitudes 


ase [V 


cross sections for three nuclei. 6? 


Iron 


Lead 


ISR 
289 
597 
0.00784 
5780 
6.70 
1.62+ 


41.6 
996 
1510 
0.00364 
43 550 
12.44 
4.634 


oo, (mb) 

22 (mb) 

gin (mb) 

lita (rad)? 
foo? (mb/sr 
fo,° (fermi 
fo0° (fermi 


3.857 


3 OO; 


6.097 
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difficult quantities to predict from the A* and K~ data) 
disappears if the angular dependence of fs: is equal to 
that of foo. All the sets (see Table I) that we have tried 
bear out this similarity, and all of them show that both 
the regenerated K, and the elastically scattered Ke have, 
for a single collision, an angular distribution of the 
diffraction type. The size of the nucleus is thus the 
determining parameter for the computation of R, and 
it is known well enough. The effect of varying fos" (which 
makes or vary proportionally to Im f°) is shown in 
Table III, where the value of R has been computed as 
a function of 6 for three values of o22: the value expected 
from the data on charged K’s, one-half this value, and 
twice this value. The effect on R is clearly not too im- 
portant compared to the dependence of R upon 6. 

Table I shows the parameters of the five trial sets 
that we have used, and the corresponding values for the 
quantities that have a bearing on the numerical com- 
putation of (27). Clearly, if one limits his choice to 
nuclear radii and cross sections of reasonably acceptable 
values, the cross sections oo, dines, and or do not show 
excessive variations. Table II shows how the same 
quantities are affected by a change in the meson mo- 
mentum. Since we have a fairly good knowledge of the 
meson momentum spectrum, we have made a weighted 
average with respect to the momentum. Table IV gives 
an idea of how the optical model calculations are affected 
by the size of the nucleus. The nuclei represented in the 
table are the ones of significance in this experiment. 
These computations use the optical model potentials 
of Set No. 2 of Table I. The quantity 8 gives the width 
of the angular distribution [see Formula (21) ] and is 
essentially determined by the size of the nucleus and 
the wavelength of the incident wave as is common with 
ditfraction-type processes. Figure 3 shows the angular 
distribution resulting from the multiple scattering given 
by formula (23) averaged over momentum. The curves 
are normalized for the same number of incident Ke. For 
comparison, the dashed line represents the diffraction 
pattern for a single collision on a nucleus. 


SECTION III 
Experimental Procedure 
Figure 4 shows the experimental arrangement. A 


circulating beam of protons accelerated by the Bevatron 


30 Inch Propane 
bubble cham 


oncrete  sheiding 


Fic. 4. Layout of the 
beam (1.1-Bev/e x7). Lh, 
Lo, Ls, are 8-in. quadrupole 
triplets. H1, Ho, H3, H4, and 
Ce are bending magnets. C; 
is a correcting magnet 
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Fic. 3. Angular distribution resulting from multiple scattering, 
for three values of 6. Momentum of incident AK» beam is taken 
from experimental spectrum (Fig. 9). 30.3°> have P=565 Mev/c, 
43.4°% have P=670 Mev/c, 26.3% have P=775 Mev/c. Ordinate 
number of events per unit of cos@ for one incident K». The dashed 
curve represents the shape of the angular distribution for regenera 
tion at a single nucleus 


to an energy of 5.3 Bev impinged upon a copper target 
inside the Bevatron. The target was placed so that 
1.1 Bev/c m~’s emerging in the forward direction were 
deflected out of the Bevatron through an existing port 
by the Bevatron’s magnetic field. This beam entered a 
chain of bending and focusing magnets designed to 
select those particles having a momentum of 1.1 Bev/« 
t5% and to pass them through the liquid hydrogen 
target. This beam is shown schematically in Figs. 5 and 6 
with the central trajectory straightened out for clarity, 
so that only particles which deviate from the central 
momentum (1.1 Bev/c) show any deflection in the 
bending magnets. 

The first quadrupole ZL; focused the Bevatron target 
on the second quadrupole L2. The second quadrupole 
focused the first quadrupole onto the 60-in. hydrogen 
target, and the third quadrupole focused the second 
quadrupole at a point somewhat beyond the propane 
bubble chamber in order to minimize spreading and 
possible scattering of the beam after it left the hydrogen 
target. The first magnet C, was adjusted to a small 
field value in order to maximize the pion beam. The 
bending magnets H, and H» counteract the dispersion 
caused by the Bevatron’s magnetic field. All momenta 
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Pion 


trajectory (vertical plane). Ty is virtual 
target in vertical plane 


selected by the system passed through an area about 
5 in. in diameter in the hydrogen target. 

The reaction x~+ p — K°+A or K°+2° gives rise to 
1 beam of long-lived neutral A» particles. The K parti- 
cles that came off in the forward direction ultimately 
passed through the 30-in. bubble chamber, modified for 
this experiment by the inclusion of a metal plate within 
the propane (see Figs. 7 and 8). The propane bubble 
chamber has been described by Powell et al.” After 
passing through the hydrogen target, the charged beam 
was swept to one side by the bending magnets H; and C2, 
and hence was separated from the neutral beam. 

The behavior of the pions under the. influence of the 
Bevatron’s magnetic field was computed by means of 
in IBM 650 computer. For subsequent calculations it 
was possible to replace the relatively complicated 
Bevatron fringing field and target with a “virtual 
target.” Using an electrical analog cofnputer,” trajec- 
tories for the pions were calculated from the virtual 
target through the magnet chain to a point safely be- 
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Fic. 6. Pion trajectory (horizontal plane) Ty is virtual 
target in horizontal plane. The central trajectory is drawn as a 


line 


straight 
* W. M. Powell, W. B. Fowler 
29, 874 (1958) 
77 R_H. Good and O 


and L. Oswald, Rev. Sci. Instr 


Piccioni, Rev. Sci. Instr. 31, 1035 (1960 
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yond the propane bubble chamber. In the design of the 
beam, particular care was exercised to minimize the 
amount of the pion beam which would collide with the 
sides of the magnets, and which would have resulted in 
contamination of the beam with unwanted charged and 
neutral particles. The approximate field strength so ob- 
tained from the analog computation was refined by wire 
orbit measurements. When a pion beam was obtained, 
the current settings received a final adjustment with 
the aid of electronic counting techniques. 

The chamber was operated at a repetition rate of 
12 per minute in a magnetic field of 13.4 kgauss. 206 000 
Bevatron pulses were photographed stereoscopically. 
For the first 123000 pictures this plate consisted of 
two parts, one lead and one stainless-steel, each 1} in. 
thick, as shown in Fig. 7. For the rest of the pictures, up 
to 206 000, this plate was replaced with a stainless-steel 
plate 6 in. thick which was intended to enhance the 
transmission regeneration effect. Figure 8 shows view 1 
of picture 205 216; a A, meson decay is visible near the 
center of the chamber. 

The Bevatron beam level was generally between 
5X10” and 10" protons per pulse. The total number of 
protons striking the Bevatron target was 


4.810! protons, 13-inch lead and iron plate 


7.2X 10 protons, 6-inch iron plate 


These figures were established by monitoring the in- 
ternal proton beam of the Bevatron; in portions of the 
experiment in which such monitoring was not complete, 
values were interpolated by means of counting the 
frequency of occurrence of certain types of tracks in 
the bubble chamber. 

Scintillation counters were employed to establish the 
number of negative pions entering the hydrogen target. 
The number, which includes a correction of approxi- 
mately 20% due to contamination of the pions with 
muons (5%) and electrons (15%), is per 
6X 10* protons. 

The pions, of momentum 1.1 Bev, ¢ (+5 
a liquid hydrogen target which was 60-in. long. The 
regenerating plate of the propane bubble chamber lay 
276 in. beyond the center of this target. It was 4 in. high 


one pion 


&), struck 
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by 143 in. wide and thus subtended a solid angle of 


7.6X10~ steradian. Using the following values, 


0.42 10” protons/cm* in liquid hydrogen, 

0.15 mb/sr for AK® production, 

0.05 mb/sr for 2A° production, 

6.5 relativistic solid-angle contraction in laboratory 
frame, 


we find: 


6.3 10~* K° per pion, 


which is 0.525 X 10~” K, per proton (of Bevatron beam). 
For the K»’s produced in the hydrogen target, the 


probabilities of surviving the various hazards are: 


0.92 for escaping absorption in the hydrogen target ; 

0.47 for escaping absorption in the 4-in. lead plate 
(which filtered out most of the photons present in 
the beam) ; 

0.95 for going through the collimator; 

0.85 for escaping absorption in the 2-in. thick iron 
frame (surrounding the thin window of the cham- 
ber) which covered 65% of the beam cross-sectional 
area. 

0.76 for not decaying before reaching the plate. 


This gave a total probability of 0.264 for surviving until 
the plate in the chamber. Thus we have 1.35 K, incident 
on the plate per 10" protons in the Bevatron beam. 
For the study of regeneration (transmission and 
diffraction) in the plate, the various efficiencies associ- 


Fic. 8. Decay of K, regenerated in the thick plate. cos#=0.987, 


Q=234 Mev, P=809 Mev/c, T=0.43 mean lives. 
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Fic. 9. Momentum distribution of the events having T7<2, 
170<Q< 280 Mev. Curve shows the expected distribution 
(See text.) 


ated with our method of observation are: 


0.67 probability of charged-mode decay ; 

0.89 scanning efficiency ; 

0.70 fraction of events that are measurable; 

0.95 fraction of K, decays with 170<Q<280 Mev; 

0.90 fraction of events with P>500 Mev/c; 

0.86 fraction of events with 0<7<2 K, mean lives; 
and 

0.80 fraction of 
600 Mev/c. 


events with w+ momentum less 


The total detection efficiency is thus 0.245. Scattering 
of K»’s in the 4-inch lead plate, which tends to smear 
out the transmission peak, has a limited effect due to 
to the distance (110 in.) between the plate itself and the 
chamber. Particles scattered at angles larger than +1.5° 
have small probability of reaching the plate in the cham- 
ber. No more than a third or so of the particles escaping 
from the lead filter have suffered nuclear scattering. 
The two-in. iron frame, which covers 65% of the beam 
changes the direction of only 10% or less of the Ke 
particles. 

A pion momentum of 1.1 Bev/c was chosen because 
at the time of the experiment the cross section for K° 
production appeared to be maximum at this momentum. 
The pion beam was designed for a momentum range of 
+5%. Although not experimentally verified, the number 
of pions as a function of momentum is assumed to be a 
Gaussian centered at 1.1 Bev/c and with a standard 
deviation of 0.055 Bev/c as determined from the design 
of the beam. We use this pion distribution to determine 
the regenerated Ky’s 
which have closely the same momentum as their parent 
K,’s. All parameters that are a function of momentum 
will affect the shape of this distribution. These param- 
eters include AK® and 2K° production cross sections, 
conversion of center-of-mass solid angle to laboratory 


the momentum distribution of 


solid angle, A, decay, and our imposed criterion that 
momentum be less than 600 Mev/c. Taking all 


of these factors into account, the final momentum dis- 


the mr 


tribution of A,’s regenerated in the plate and decaying 
in the chamber is shown in Fig. 9, where it is compared 
to the experimental momentum distribution. 
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SECTION IV 
Data Analysis 


Possible K, from the plate must be distinguished from 
the background of other V-type events which are caused 
by A, and A° decay and neutron interactions in the 
propane. Much of the background may be eliminated 
at the scan table. Fortunately, most of the background 
V’s have an identifiable proton as one of the prongs and 
therefore these events may be rejected as not being 
K,’s. However, it was difficult to distinguish protons 
from positive pions on the basis of ionization at a 
momentum much above 600 Mev/c; consequently, all 
events having a positive prong whose momentum ex- 
ceeded 600 Mev/c were discarded. From the expected 
K, momentum distribution it has been calculated that 
this criterion will remove 20% of the K, mesons. The 
number of background events removed by this criterion 
exceeded the number of K,’s removed by a factor on the 
order of 100 (although most of these background events 
would have been removed by other criteria). 

About 1200 events were thus accepted from about 
15 000 events examined. These were measured either on 
stage microscopes, with digitizers which automatically 
punched IBM cards, or on an automatic measuring and 
card punching machine. Either machine measured the 
position of the origin of an event and points along each 
track. From these data an IBM 704 computer program 
spatially reconstructed the event in the chamber and 
calculated the momentum for each track from its curva- 
ture. A subsequent program computed the Q value of the 
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Fic. 10. Q distribution for all events. The computed curve Ky 
is the distribution expected from K» decays analyzed with the 
assumption that both charged prongs are pions. Curve K, and Ke 
is the sum of curve K, and a curve proportional to that of Fig. 11. 
There are 706 events under the Kz curve and 374 estimated K, 
decays. Although the background seems to be reasonably well 
accounted for by K2 decay, some background produced by neutron 
stars (see Fig. 12) could very well be introduced and still a good 
fit could be obtained (see text) 
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event, assuming that both tracks were pions, and calcu- 
lated the momentum of the presumed A, meson. 
Before describing the selection of events used for the 
study of the regeneration in the plate, it pays to discuss 
briefly the data concerning all the unselected events. 
Figure 10 shows the obtained Q distribution. We have, 
by a numerical calculation (IBM 704), computed the 
Q distribution expected for events representing three- 
body Ke decays, taking into account that electrons or 
muons originating in such decays have been treated as 
pions in obtaining the histogram of Fig. 10. This dis- 
tribution is the curve marked ‘‘K».’’ The “A,” curve in 
the same figure is the Q distribution of A, events taken 
from Fig. 11. The K; and Kz distributions have been 
mixed in such proportion as to give the best fit to the 
histogram. With this procedure we ignore, at the mo- 
ment, the contribution due to nuclear interactions of 
neutrons or gamma rays because an analysis of the 
histogram in terms of three distributions cannot be 
profitably made. The histogram of Fig. 10 is at any rate 
consistent with the conclusion that most of the events 
which are not K, decays are due to Ky» decays. This 
simple interpretation would assign 374 events to K, 
decays and 706 to K2 decays. Knowing that 1.02 10° 
K,’s have crossed the 27 cm of propane, from the mean 
life of K. mesons and the partial decay rates”* (15.2% in 
three pions, 41.4% into pion, muon, and neutrino, and 
43.4% into pion, electron, and neutrino) we expect to 
detect 574 Kz decays. The balance of 132 events is 
probably due to nuclear interactions, though we must 
remember that the K, flux is only known to +25%. 
Figure 12 shows the Q distribution of such nuclear inter- 
actions. We se'ected events which have two pion tracks 
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Fic. 11. Q distribution for events with T<2.0 K, mean 
lives and P>500 Mev/c. 
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A. H. Rosenfeld, Ann. Rev. Nuclear Sci. 7, 407 (1957). 





REGENERATION OF 
of opposite sign accompanied by a short, heavy prong, 
in much the same fashion as it was done by Lander* in 
his study of Ke interactions in propane. This type of 
event, certainly not due to K, or K» decay, should have 
a Q distribution close to that of stars caused by neutrons 
and gamma rays, that could have been mistaken as de- 
cays of neutral K’s. These three-prong stars number 
about 100 in all the pictures. There are probably as 
many corresponding stars produced by neutral pri- 
maries, within a factor of a few units. Clearly, the Q 
distribution of these events is such that very few of them 
fall within the interval of 170 to 280 Mev which we 
have established for K; events. 


SECTION V 


Plate Regeneration 
To select events due to regeneration in the plate (by 
transmission or by diffraction) we use the knowledge 
that they must satisfy three independent criteria: 


(1) The Q value must range between 170 and 280 
Mev; this interval i is chosen knowing that the measure- 
ment errors will cause only 5% of the true K, events to 
be outside the interval. 

The time of flight JT of the neutral meson, before 
decay, must be less than two, in units of the K; mean 
life (13.5% of the K,’s live more than two mean lives). 

(3) The momentum of the A, must be larger than 
500 Mev/c. This excludes 10% of the true K, decays. 


Interactions which are not due to K, decay will not, 


in general, satisfy any of these criteria, and if they 
happen, by chance, to satisfy two of them, the proba- 
bility of satisfying the third is not enhanced. A test of 
the reliability of these criteria for the sample in question 
can thus be made by selecting pictures which satisfy 
two criteria and plotting the distribution versus the 
third variable. This has been done in Figs. 9, 11, and 13, 
with quite a satisfactory result. After the triple selection 
in Q, P, and T the residual background must be next 
to negligible for our purposes. 

Using Formulas (23) and ) and our over-all de- 
tection efficiency of 0.245 we estimate, for the total 
number of 1.668 10° K» arriving on the three plates, 
the number of A, regenerated in the plate by trans- 
mission and diffraction which we should observe to 


TABLE V. Total numbers of K2’s and of regenerated K,’s 


which satisfy the acceptance criteria. 


lead “thin, 


“0.333105 0.333X 105 
0.00296 0.00468 
24.2 38 


1}-in. iron 6-in. iron 


Ky’s incident on plate 

Estimated K,’s per Ke 

K, expected (including 
24.5°), detection eff.) 
according to Set No. 2 
of Table I 


K, found experimentally 


>i 1.00 10° 
0.00436 
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iG. 12. Q distribution for 3-prong events (see text). 
decay. Table V gives the comparison with the experi- 
mental results. 

The error in the number of K,.’s is probably some 
25%. Table I shows that, according to which set of 
interaction parameters we use, the regeneration cross 
section o2 varies from 8.6 to 25 mb. Sets No. 2 and No. 5 
seem to be preferred, but due to the imprecise knowledge 
of the K» flux and also of the optical model parameters, 
this result cannot be construed as being conclusive. Set 
No. 5 was included in Table I because earlier experi- 
ments on K~ mesons appear to show o¢o.=55 mb when 
interpolated to our Kz energy. Recent experiments!® 
now give oto.=33 mb. 

The angular distributions of the selected events are 
shown in Figs. 14-16 for the thick plate and for the 
lead and iron parts of the thin plate. The curves show 
the angular distribution expected from the diffraction 
and transmission regeneration. The agreement between 
the theoretical curves and the experimental histograms 
is quite satisfactory. The presence of the transmission 
peak is clearly shown by the difference between the 
angular distribution near the plate (Fig. 17) where a 
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Fic. 13. Lifetime distribution of events with Q and P in the 
accepted range, measured in AK; decay lengths. The lower curve 
represents the estimated background. The upper curve is the Ky 
decay exponential plus the background of the lower curve. Notice 
that the background drops off beyond T=7 due to the finite 
length of the chamber. 
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Fic. 14. (a) Angular distribution of events from the 6-in. iron 


plate. The upper curve is the Gaussian exp(—@/2w*) with w=2.2 
degrees. The lower curve shows the distribution expected from 
multiple scattering, excluding transmission regeneration. (b) An- 
gular distribution for the thick plate on expanded scale showing 
the structure of the transmission peak. 


peak is expected, and far from the plate (Fig. 18) where 
no peak should be observed. Also, comparison between 
Fig. 17, related to K,’s regenerated by iron nuclei, and 
Fig. 22, related to K,’s regenerated by nucleons, gives 
strong evidence for the  diffraction-regeneration 
phenomenon. 

Because of the limited number of events, we have 
chosen to derive quantitative conclusions only from 
graphs where the events are grouped in 0.001 intervals 
for cos@, as in Figs. 14-18. However, some information 
can be derived from the graph of Fig. 14(b) where the 
events are grouped in 0.0004 intervals. We see that the 
maximum still seems to occur for the interval closest to 
the forward direction, which includes particles regen- 
erated within 1.6 deg from the forward direction. 
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Fic. 15. Same as Fig. 14(a), for the 1}-in. lead plate. 
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The expanded graph also gives an indication that the 
peak, as observed with our apparatus, has a distribu- 
tion closely represented by exp(—6?/2w*)d(cos@) with 
w= 2.2 deg. An approximate computation of the angular 
resolution showed that we could expect w to be as large 
as 3 deg. On the other hand, no imaginable instrumental 
error could sharpen the observed peak. For instance, 
the detection efficiency could not possibly be larger for 
K,’s at angles less than two degrees than for much 
wider angles. 

We thus conclude that the transmission peak is as 
sharp as could be expected and it has the expected shape. 
It is also of some value to note that a peak is observed 
in both the thick and the thin iron plate data. 

Let us now estimate the probability that the peak is, 
due to statistical fluctuation. 

For that purpose we compare the number of events 
in the two cos@ intervals, 0.970 to 0.997 and 0.999 to 1. 
Adding up the thin and thick plate, we find 73 events 
in the large interval. Our computed angular distribution 
shows 12+1.4 events should be found in the small 
interval if 6 were larger than, say, 5. 
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Fic. 16. Same as Fig. 14(a), for the 1}-in. iron plate. 


With the Poisson distribution we then compute that, 
in the absence of a real cause for a forward peak, only 
one in three million experiments such as ours would 
show 36 or more events in the cos@ interval between 
0.999 and 1. The probability that the mass difference is 
higher than five, for which value no possible choice of 
nuclear parameter would give a discernible transmission 
peak, is thus of the order of 10~°. In a similar fashion, 
we compute that for 6=1.2 #/r; we should observe 
17.6+2.7 events in the 0.999 to 1.000 interval for the 
thick iron plate only. The probability of observing 26 or 
more instead of 17.6 is then 5%, so that with such a 
confidence level we can say that 4 is less than 1.2 h/7,. 

Actually not all of the transmission component is 
included in the first interval. In computing the upper 
limit for 6 as we have just done, this is by far not as 
important as selecting a range where the transmission 
component represents a large fraction of all the events, 
but when computing the most probable value and the 
lower limit for 6 the best procedure is to consider the 
three intervals closest to the forward direction. This 
angular range, as Fig. 14(a) and (b) show, includes 
practically all the transmission component. The useful 
quantity to be calculated is therefore the ratio S of the 











REGENERATION OF 


intensity in the solid angle represented by the interval 
cos#= 1.00 to 0.997, to the intensity in the interval 
0.970 <cosé@ <0.997. 

Figure 19 shows this theoretical curve as a function 
of 5. The same remarks made in Sec. I.C about the 
quantity R apply to S as well. The curve has been 
computed for different values of nuclear parameters 
(Table I); they all yield substantially the same result. 

The experiment gave 42 events between 0.997 
<cos#<1 and 50 events in the range 0.970<cosé 
<0.997. The experimental value for the ratio S is 
therefore 0.82+0.18. From Figs. 14 and 19 we thus 
obtain that the mass difference 6 is 0.92_9.29*-®. Perhaps 
a better value for 6 is obtained by subtracting from the 
events appearing in the first 8 cm from the plate, a 
proportion of the number of events observed at more 
than 8 cm from the plate. We know that this zone must 


contain e~?= 13.5% of the number of events (92) ob- 
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Fic. 17. Angular distribution of all events that originate in 
either the 6-in. or the 14-in. iron plate and that satisfy the criteria 
170<0<280 Mev, P>500 Mev/c, and T<2.0 mean lives. 


served in the zone near the plate (T=0 to T=2). After 
subtracting this known amount, the rest is considered 
background. Since there is no propane in the plate, the 
propane regenerated K,’s are not as numerous in the 
first zone as they are in the second. We take this fact 
into account by multiplying the background (only in 
part due to K,’s) by a factor of 0.8. We thus subtract 
0.8(2.79) = 2.23 events from the interval 0.997 <cos@ <1 
and 0.8(6.58)=5.26 from the interval 0.970<cosé 
<0.997. We obtain 39.77 and 44.74 Ky, events in 
the two intervals, which gives S=0.89+0.21 and 
5=0.84_ 9.034029, 

Let us now express quantitatively the confidence that 
6 is larger than zero. The value of S corresponding to 
5=0 is 1.57, that is 2.92 standard deviations from the 
experimental value 0.928+0.220. This gives a proba- 
bility of 2 in a thousand. With a similar computation 
we find that with a probability of 5% 6 can be less 
than 0.44 h/7}. 


NEUTRAL K MESONS 1237 





EVENTS 
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Fic. 18. Angular distribution of all events that satisfy the criteria 
170<Q<280 Mev, P>500 Mev/c, and T>2 mean lives. 


The above value of 6 has been obtained from the 6-in. 
iron plate angular distribution data since a plate of this 
thickness provides the most sensitive test of the mass 
difference. Using the value 6=0.84 and the observed 
number of K,’s for the thick plate, we can now compute 
the absolute number of K,’s expected from the thin 
iron and lead plates. This prediction for the iron plate 
should even be independent of our computed 2. Only 
the ratios of our beam monitoring should contribute a 
systematic error. We thus expect 38 and 24.2 events for 
iron and lead, respectively, and we find 41 and 26. 

Inspection of Fig. 16 shows that a transmission com- 
ponent is also present for the thin plate. Indeed, for 
6=0.08, the 1}-in. iron plate should have S=0.87 
(Fig. 20). The data give S=17.8/19.3=0.92+0.3, which 
is in reasonably good agreement, thereby supplying 
additional evidence for the existence of a transmission 
peak. 

For the 1}-in. lead plate the diffraction regeneration 
is at smaller angles than for iron; thus it invades the 
angular range of the transmission component. For this 
reason, the value of 6 obtained from the lead data has 








Fic. 19. Calculated ratio S of numbers of events of the two cos@ 
intervals 1 to 0.997 and 0.997 to 0.97 as a function of 6. The quan- 
tity (S—0.5) is approximately proportional to the transmission 
regeneration. Experimental value for S is 0.89+0.21, 











Fic. 20. Same as Fig. 19 for the 14-in. Fe and 14-in. Pb plates. 
Experimental values were 0.92+0.3 for Fe and 2.03+0.8 Pb. 


less a priori significance than that from the thin iron 
plate. The expected value of S for lead is 2.02 (Fig. 20), 
and the data give 14.8/7.3=2.03+0.8. 


SECTION VI 
Propane Regeneration 


Using the value of o2; of 8.3 mb, Table III, and 
assuming that 10° K,»’s traversed the propane in the 
course of the experiment, we have calculated that there 
should have been about 80 K,’s that were regenerated 
due to carbon diffraction. Presence of this number of 
Ky’s, while consistent with the data, is not demonstrable 
because of the large background (about 600 events), 
which presumably consisted mainly of Kz decays and 
neutron stars. 

A search for decay events associated with an inter- 
action which could have been the origin where a K, was 
regenerated by a Kz collision with a proton, free or 
bound, yielded 20 examples with a good fit to the 
kinematics for K, regeneration at that origin. The dis- 
tribution of the time of flight for these events (Fig. 21) 
follows quite satisfactorily the expected mean life (solid 
curve). The angular distribution of these K,’s (Fig. 22) 
is much broader than the distributions for the plate- 
regenerated K,’s (Figs. 14-16) confirming that a nu- 
cleonic regeneration_is responsible for the K,’s with 
origins, while a coherent regeneration produces K,’s 
decaying near the plate. The twenty events indicate 
a cross section of about 0.5 mb for regeneration by 
protons. 


Time 


Fic. 21. Lifetime distribution of K, decays with origin. These 
K,’s were regenerated in collisions with individual nucleons. 
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Fic. 22. Angular distribution of the K,’s regenerated in K2-nu- 
cleon collisions. Note the large angular spread compared to 
Figs. 14(a) and 17. 
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SECTION VII 
Conclusion 


The Q distribution of Fig. 10 proves the reality of the 
K.—K, regeneration. To our knowledge, this is the first 
time that this phenomenon has been observed. More- 
over, the angular distribution of the regenerated K, 
constitutes convincing evidence that the expected dif- 
fraction regeneration by the nuclei of iron and the trans- 
mission regeneration by the plate do indeed occur. The 
peak in the angular distribution, showing that K, parti- 
cles are produced by K,’s within two or three degrees 
of the direction of the primary particle, can hardly be 
imagined to be produced by an instrumental error. The 
mere existence of such an unusual type of particle pro- 
duction gives strong reassurance that the particle mix- 
ture theory is correct, and that the mass difference be- 
tween K, and Kz is no more than a very few units. 
Quantitatively, the mass difference deduced from the 
experiment is (0.84+0.25)h#/7:, that is, 5.5+1.7 pev. 
With 90% probability, 5 is between 0.44 and 1.2 h/r. 
The error quoted is only the statistical uncertainty. The 
errors produced by the necessity of using, in the com- 
putation, parameters that could only be estimated, is 
probably less than the statistical uncertainty. 

The measured mass difference is 10~'* times the mass 
of the K meson. The detection of such a minute frac- 
tional difference is directly connected with the fact that 
the production of undeflected K,’s takes place not in a 
single nucleus, but in a large number of nuclei through 
the whole depth of the plate. It is actually interesting 
to note another consequence of this production mecha- 
nism ; the spread of the mass spectrum of the produced 
K,’s is less (about one-half) than the spread for Ky 
mesons produced in interactions with single nuclei. This 
is due to the fact that the K, amplitude of the trans- 
mission wave extends for the whole depth of the plate, 

‘which is four decay lengths. This sharpening effect, 
which becomes more pronounced with thickening of the 
plate, would make possible the measurement of a mass 
difference substantially smaller than the ‘‘natural’’ mass 
spread of the short-lived K,. For contrast, if the mass 
difference were of several units the intensity of the trans- 
mission component would rapidly drop to negligible 
values, as a consequence of the practically complete 
incoherence of the K, and K, waves inside the plate. 
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As Okun’ and Pontecorvo* pointed out, the rate of 
transition between the K°® and K° states, which is pro- 
portional to the mass difference between K, and Kz 
because this difference governs the speed at which the 
K, and Kg states go out of phase with respect to each 
other, is also proportional to the first power of the 
coupling constant for a strangeness change of two units. 
In the decay of a particle of strangeness two into a 
particle of strangeness zero, the rate is proportional to 
the square of the same coupling constant. Therefore, 
the finding that the mass difference is of the order of 
h/r, implies that the transition of K° and R° takes place 
in about 10~" sec, while the decay of the = into a proton 
and a meson will have a mean life of 10~* sec. Obviously 
it would be very difficult to set such a limit by direct 
means.”4 

We cannot compare our experimental value for 6 with 
any theoretical calculation. After the brief remark by 
Gell-Mann and Pais that the different lifetimes of Ky, 
Ko, requiring different widths for the two mass spectra, 
also imply a mass difference for the two particles, 





*%L. Okun’ and B. Pontecorvo, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 1587 (1957) [translation: Soviet Phys.—JETP 5, 
1297 (1957). 

* After this manuscript was completed, a paper by S. L. Glashow 
appeared in Phys. Rev. Letters 6, 196 (1961), where it is noted 
that the remark by Okun’ and Pontecorvo only applies to the 
C-even part of the interaction responsible for the decay of the =. 
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nothing has been added on this subject.*° It may, per- 
haps, be looked on with satisfaction that the mass 
difference is indeed, within a factor less than two, equal 
to the mass width. This may indicate that the mass 
differences produced by the weak interactions are in 
the domain where theoretical guesses are true. 
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25 The sign of the mass difference (whichever of K; or Keis the 
heavier particle) remains, of course, unknown. Again, no theoreti- 
cal indication is available. Experiments to detect the sign of 6 
have been suggested by J. Sandweiss (private communication); 
N. Biswas, Phys. Rev. 118, 866 (1960); and I. Yu. Kobzarev and 
L. B. Okun’, J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 605 (1960) 
[translation Soviet Phys.—JETP 12, 426 (1961)]. Another in- 
teresting phenomenon connected with the neutral K meson is its 
possible electromagnetic interaction with electrons, treated by 
Ya. B. Zel’dovitch, J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1381 
(1959) [translation: Soviet Phys.—JETP 36(9), 984 (1959)] and 
G. Feinberg, Phys. Rev. 109, 1381 (1958). 
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Bipionic Decay of K’ 
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The branching ratio of the bipionic decay of the K’ particle, w(K’ — K+2x)/w(K’ 


>K +7), has been 


calculated in Fermi’s statistical theory. It turns out that this ratio is a few percent with a reasonable choice 


of the interaction range. 


T has been pointed out! that the radiative and 
bipionic decay channels of the K’ particle? (K—-r 
resonant state of mass 885 Mev and width 16 Mev) 
are forbidden for a scalar A’, but allowed for a vector 
K’. Thus the experimental study of these rare decay 
modes is crucial for the spin determination. The 
expected partial width of the radiative decay mode was 
given elsewhere.'* In this note we estimate the branch- 
ing ratio of the bipionic decay mode K’ — K+2r. 
Since there is no reliable dynamics for strong inter- 
actions at present, we shall avoid the details of the 
reaction mechanism and represent the “black box” by 
a small number of phenomenological parameters. The 
simplest approach on these lines is Fermi’s statistical 
theory*® in which the matrix elements connecting the 
initia! and various final states are essentially constant. 
The branching ratio of the bipionic to the main 
decay mode is 


C(K’— K+2r Q 


PKre 
, 
[T(K’— K+) (2r)* px, 
where I is the partial width, 2 is the interaction volume, 
PK-zx and px; are the corresponding phase space volume.® 
The statistical weight factors, which come from charge 
independence and the indistinguishability of pions, 
become unity when one adds up all possible charge 
states belonging to the same mode. A numerical 
integration gives 


or Pmax 4m 3 
PKre f P 1— 7 ™ ae . % 
+ ( 2 9 
3 Joo (mx:—€)°— fp 


4m,” 
dp 


(mn —e?—pP 


= 3x’m«’*®(1.184)10 


1M. A. B. Bég, P. C. DeCelles, and R. B. Marr, Phys. Rev. 
124, 622 (1961). 

2M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. 
Graziano, H. K. Ticho, and S. G. Wojcicki, Phys. Rev. Letters 
6, 300 (1961). 

*C. H. Chan and A. Fujii (to be published). 

4 E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950). 

5 R. H. Milburn, Revs. Modern Phys. 27, 1 (1955). 

6M. M. Block, Phys. Rev. 101, 796 (1955). 


T (mx?—m,*)" 
pte™-] Mg? — ——_— 

) mk 

2(mx°+m,?) (mr’—m,)y} 
xii-— — 


Mr mr 


= }amx(5.877)10-, 


where p and ¢ are the magnitude of the three-momentum 
and the energy of the final kaon, and pmax is given by 


Pmnax= (2mx-)-"{ mx? — (m+ 2m,)" 
X[mx?— (mx—2m,)* ]}}}. 
The only parameter in the theory is 2, which we shall 
choose as the volume of a sphere whose radius equals 
the pion Compton wavelength. Then the branching 
ratio turns out to be 3.997. The spin of the K’ might 
also suppress the bipionic mode through the angular 
momentum barrier, besides the phase space volume 
given here. It is worth noting that charge independence 
predicts the probability of finding a (r*z~) pair in the 
final state to be one half of the total bipionic process. 
We may apply the statistical theory to the radiative 
decay mode as well, if we single out the electromagnetic 
interaction, as a perturbation, from the rest of strong 
interactions. We have 
r(K’—K+y) e& pr, 1.06 
=." == 0.8%, 
T'(K’— K+) 49 pxe 137 

which is consistent with the previous estimate.'* 

Note added in proof. The choice of the interaction 
volume certainly leaves some arbitrariness. The physical 
picture. behind the text may be described as follows. 
The decay of the K’ particle is a 
“explosion,” releasing its mass energy into space. 
When the system arrives in thermodynamic equilibrium, 
the “expanded” A’ is found in fragments, which are 
identified either as a kaon or a pion. Then the frag- 
ments separate from each other keeping their in- 
dividuality. The radius of the “cloud” after the 
formation of the decay products is thus of the order of 
(h/mxC)+ (h/m,C)+---. So far as the order of magni- 
tude is concerned, we may take the interaction radius 
to be equal to the Compton wavelength of the lightest 
decay product. 
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Dispersion Relations for Production Amplitudes. I* 


Y.S. Km 
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Problems of spectral representation are investigated for the processes where a nucleon collides with a 
boson resulting in a single nucleon and two bosons. The kinematical system proposed by Polkinghorne, 
Kibble, and Logunov is considerably simplified and Lorentz-generalized. For the double Compton effect, 
an alternative proof is given for the dispersion relation originally derived by Logunov, Bilenkiz, and 
Tavkhelidze. Also for the double Compton effect, two other single-variable dispersion relations are shown 


to be valid. 


I. INTRODUCTION 


T was Polkinghorne who first heuristically proposed 

and discussed dispersion relations for production 
reactions (two particles in and three or more particles 
out).! Kibble later considered in more detail dispersion 
relations for the process of pion production in pion- 
nucleon collisions, +N—-2a+a+.V.2 He made an 
effort to justify his representation in a way similar to 
Bogoliubov’s proof of the dispersion relation for scat- 
tering processes,’ but he succeeded only in reducing the 
whole problem to a theorem which has not yet been 
proved. 

Logunov and other authors have published a series 
of papers in which they discuss single-variable disper- 
sion relations for the following six processes**: 


tN > yt+74+N, 
YtN > yt+r+N, 
VtN > at+e4+QN, 
t+N > ytyt+N, 
tN yt+at+N, 
at+N—atatN. 


(la) 
(1b) 
(1c) 
(1d) 
(le) 
(1f ) 


In one of their papers, they presented a rigorous proof 
of dispersion relations for the double Compton effect 
(1a).° For pion production (If), their result does not 
go beyond Kibble’s work. 

The above six reactions constitute the class of pro- 
duction processes where a nucleon collides with a boson 
resulting in a single nucleon and two bosons, the bosons 
being photons and pions. For many obvious reasons 
these processes are of considerable interest. Throughout 
the present discussion of “production processes,” we 

* This paper is based on part of a thesis submitted by the 
author to Princeton University in partial fulfillment of the 
requirements for a Ph.D. degree. 

1 J. C. Polkinghorne, Nuovo cimento 4, 216 (1956). 

2 T. W. B. Kibble, Proc. Roy. Soc. (London) A244, 355 (1958). 

3N. N. Bogoliubov and D. V. Shirkov, Introduction to the 
Theory of Quantized Fields (Interscience Publishers, Inc., New 
York, 1959). 

4A. Logunov and I. Todorov, Nuclear Phys. 10, 552 (1958). 

5A. Logunov and A. Tavkhelidze, Nuovo cimento 10, 943 
(1958). in ' 

6 A, Logunoy, S. Bilenkiz, and A. Tavkhelidze, Nuovo cimento 
10, 958 (1959). 


shall restrict ourselves to the limited class of reactions 
in Eqs. (1). 

In any discussion of dispersion relations it is, of 
course, necessary to specify a choice of independent 
dynamical variables, one of which is to play the role of 
dispersion variable while the others are held fixed and 
physical. For the reactions under consideration the 
number of independent variables is five. In the various 
works on production reactions cited above, the authors 
were in each case led to consider a certain particular 
choice of dispersion and fixed variables. Despite the 
heuristic argument which made these variables appear 
favorable, it has turned out that one can produce, in 
perturbation theory, counter-examples to the dispersion 
relations which were conjectured for reaction (1f) and 
also, as one can show, for reaction (1c).? 

To our knowledge, no essentially different set of 
variables, which look promising from the standpoint of 
leading to dispersion relations for these reactions, has 
yet been suggested on heuristic or other grounds. On 
the other hand, with the original variables it has been 
possible to obtain a rigorous proof of dispersion rela- 
tions for reaction (1a), in the approximation of treating 
electromagnetic interactions to lowest order. For the 
remaining reactions (1b), (1d), (1e)—again treated to 
lowest electromagnetic order and with the same variable 

a rigorous proof of dispersion relations has not yet 
been found. But the outlook, in perturbation theory, is 
favorable. We shall take this up in a subsequent paper. 

Partly in preparation for this, and partly for its 
intrinsic interest, we shall discuss here an alternative 
proof of the dispersion relation already obtained by 
Logunov et al. for the double Compton effect (1a). The 
point is that the present treatment seems to be some- 
what simpler than the earlier one; the Logunov variables 
are set up in a more transparent form and Lorentz- 
generalized; and most important, we note here that 
one can produce, in fact, several different sets of 
Logunov-like variables and thus obtain new dispersion 
relations for the double Compton effect. 

In Sec. II of the present paper, the kinematics is 
formulated in a specific Lorentz frame where the vari- 
ables which are to be chosen take on a simple meaning. 


7¥Y. S. Kim, Phys. Rev. Letters 6, 313 (1961). There are 
numerical errors in this letter. The corrected and generalized 
version is given in Appendix A of the present paper. 


1241 





; ioe 2 














Fic. 1. The xy plane of the kinematical system 
introduced in Sec. IT. 


In Appendix A, the variables are Lorentz-generalized. 
In Sec. III, reduction formulas are set up, and heuristic 
considerations are presented for the dispersion relations. 
In Secs. IV and V, the dispersion relations are rigorously 
derived for the double Compton effect and shown to be 
equivalent to the earlier one. In Sec. VI, a new dis- 
persion relation is derived by the introduction of a new 
set of Logunov-type variables. Throughout the entire 
work, spins and isotopic spins are ignored. 


II. CONSTRUCTION OF THE KINEMATICAL 
SYSTEM 


Since spins and isotopic spins are ignored, a particle 
involved in the production process is completely speci- 
fied by its four-momentum. Let p and p’ denote, 
respectively, the four-momenta of the initial and final 
nucleons; &, that of the initial boson; and k’ and k”, 
those of the final bosons. The boson masses are 
defined by 


(2) 


where for the reactions under consideration, u,;=0 or yp, 
the latter being the pionic mass. We denote the nucleonic 
mass by m. ' 

We proceed to a selection of dynamical variables in 
the following way. Choose, for convenience, the Lorentz 
frame where 

po= po, (3) 
(p+p’)-k’=0, (4) 


(p+p’)-k”=0. (5) 


Since the Lorentz transformation has three degrees of 
freedom, the above restrictions do not reduce generality. 
On the basis of these, one can formulate a simple 
kinematics. 

Consider two vectors: 


, 


Q=p+p,, A=p-—p. 
Then by Eq. (3), 

Q-A=0. (7) 

Now we construct an orthogonal coordinate system 

in which the vector Q is in the z direction and the vector 
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A in the y. The x direction is naturally defined by the 
direction of AXQ. Now by Eas. (4), (5), and (7) and 
momentum conservation, it follows that the vectors 
k’, k”, and k be in the xy plane. See Fig. 1. 

It is clear that, in this system, the following five 
variables form an independent set. 


Po, Ro, A?= (p— p’), (8) 
and 


t;=—k’-(p—p’), t=——k’-(p—p’). (9) 


po and &po are, respectively, the incoming nucleon and 
boson energies; A is the momentum transfer between 
the nucleons; —#,/A, and —?./A are the y components 
of the vectors k’ and k”, respectively. 

One can easily see that the vectors k, k’, and k”, 
which are in the xy plane, depend only on the variables 
Ro, A, th, and ¢2. In the subsequent discussion we shall 
study analytic properties of the transition amplitude 
in the variable o, fixing the other variables at physical 
values. For convenience, we denote fo by w and call it 
the dispersion variable. Before proceeding with the 
discussion of analyticity, let us add a few remarks on 
the kinematics. 

Tie independent variables of Eqs. (8) and (9) are 
Lorentz-generalized in Appendix A and are then rede- 
fined to give a final set which is simply related to 
scalar-product variables. The equivalence to the 
Logunov variables is also established there. For the 
proof of dispersion relations, however, it will be con- 
venient for us to work in the Lorentz frame of Eqs. 
(3)-(5), with po=w as the dispersion variable and kp, 
A, ti, t2 as the fixed variables. It will be useful for us 
to note here the forms which certain scalar-product 
variables take in our special reference frame: For the 
double Compton effect (uo=ui1="2=0) we find 


(p+k)’=—m?—T—2wko, 

(p’—k)?= —m?—T+2wko, 
(p’ +k’)? = —m?+1,—2wky’, 
(p—k')?? = —m?+11+ 20k’, 
(p’ +k")? = —m?+ t.—2wko”’, 


(p—k")? = —m?+ 12+ 2wko”, 
where 


i= A+hth. 





Fic. 2, The two kinematical systems with opposite directions 
of e. In this figure, however, the unit vector e, which is per- 
pendicular to the xy plane, has the same direction in both systems. 
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Ill. REDUCTION FORMULAS 
The “S” matrix element for our reaction 

k+p— p’+k’' +k” 
can be written in the standard way. 
Syi= (21) 5 (p+k— p’—k’—k’’) 

X (32ko' ko” kopopo’)*T zr, 

T n= (16ko' ko’ kopo’)Kk’k’p’ out| f(0)| &) 


= i(Skubo"ha) fate exp[ —i(p+p’) -4/2)] 


x (R" out A(x) f(x/2), f(—4/2)]|k)+Re, (11) 


where f(x) is the nucleon current source (we treat the 
nucleons here as spinless bosons but observe the proper 
selection rules). Rr is an “equal-time” commutator 
term which is at most a polynomial in the dispersion 
variable w and thus need not concern us insofar as 
analytic properties of Tp are concerned; we henceforth 
suppress it. 
We now define 74 as 


T 4 = (16 po" ho’ ko’ ko) MRR” p’ in f(0) | k) 
= —i(Ske'by"bo) f atx expl—ilptp')-x /2] 


«(RR in| O(—x0)[ f(x/2), f(—x/2)]|k), (12) 


where again an equal-time commutator term R4 is 
suppressed. 

We then bring out the w-dependence by writing Tr 
and T,4 as 


a= fax exp[iwxp—ie- x(w?— A?/4—m?)!] 
XF r(x; ko, Ahi, ts), 


T,= fas exp[iwxy—ie- x(w?— A?/4—m?)§] 


XF a(x; ko, A,ts,te), 
where 
F r(x; Ro, A,t,te) 
=i (Shoko ko) (R’R” out | O(xo) Lf (%/2) 
X4(x0)[ f(x/2), f(—x%/2)]|k), 
F 4(x; ko, A,ti,t2) 
= —i(Sko' koko) RR” in 
X6(—xo)[f(x/2), f(—x/2) ]|k); 


and e is a unit vector in the direction of (p+p’). Space 
inversion invariance guarantees that T(e)=7T(—e), so 
we henceforth take 


T=}(T(e)+T(—e) ]. (14) 


The w dependence of our amplitudes is now explicitly 
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displayed in the exponentials, the quantities fr and Fa 
depending only on x and on the fixed variables. Local 
commutatively tells us that 


F r(x; ko, A,ti,t2) =0 
F 4(%; ko,A,t1,l2)=0 


unless s€ L, 


15) 
unless xEL@, ( 


where L“+) and L™ are, respectively, the forward and 
backward light cones. 

The standard heuristic procedure is to conjecture 
that TR is analytic in the upper, 74 in the lower half 
w plane. If one supposes, furthermore, that Trp=T4 
on some finite interval along the real w axis, one obtains 
the dispersion relation: 


Lp Tale!) Tale 
a lim f dw’ ——— ~~ a (16) 


err , 
21 €—0 * w —w—te 


T r(w,ko,A,ty,l2) = 


where we are neglecting the possible need for subtrac- 
tions. 

In the physical region, (Tr—74)=2iIm Tp since 
there 7 p= T 4*. As in the case of nonforward scattering, 
the contour of the dispersion integral, in general, runs 
over some unphysical region in which the integrand has 
no proper meaning. One may hope to give a rigorous 
proof of the dispersion relation by making an analytic 
continuation in m?®, the standard procedure for the 
ordinary scattering. For the process of pion production 
(1f), Kibble? and Logunov et al.‘ attempted to justify 
their conjectures by a method similar to the one just 
mentioned, but neither of them succeeded in carrying 
out the proof. On the contrary, it has been shown from 
a concrete counter-example in perturbation theory that 
the conjectured dispersion relation is not valid for 
processes with a two-pion final state.? 

But not all the production processes are subject to 
such a drawback. In the case of the double Compton 
effect, the fixed variables can be arranged so that the 
integrand may vanish in the unobservable region of the 
dispersion variable, if the electromagnetic interaction 
is restricted to lowest order. In this case, one can justify 
the spectral representation without making the analytic 
continuation in the parameter m?. Let us study the 
double Compton effect in the following sections. 


IV. CONSTRUCTION OF RETARDED AND 
ADVANCED FUNCTIONS 


In the rest of this paper, we shall discuss only the 
double Compton effect restricting the electromagnetic 
interaction to order. Furthermore, we shall 
assume that the quantity — (k’+’”’)? is smaller than 4y? 
so that 


lowest 


|k’R” out)= |k’R” in)= | k’R’’). (17) 


Our analysis will be similar to the standard procedure 
followed by Symanzik and Zimmermann in their 
treatments of the forward scattering.* In every standard 


8K. Symanzik, Phys. Rev. 105, 743 (1957); W. Zimmermann, 
Nuovo cimento 13, 503 (1959). 
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method, one encounters the intermediate-state expan- 
sion and the intermediate-mass spectrum. As a pre- 
paratory measure, let us introduce the following poly- 
nomials. 


P,(po,p)=L(potko)?— (p+k)*?—m?] 
XL (po—ko’)?— (p—k)?— m*] 
XL (po— ko”)? (p—k’’)?— m*], 
P2(po',p’)=[( po’ —ko)*— (p’—k)?— m*] 
XL ( po’ +ho’)?*— (p’+k’’)?—m*] 
XL (po’ +o”)? (p’+k”’)?— m*], 


(18) 


and operators: 
fi(—x)=Pi(po, —iV.)f(—x), 


fo(x) = P,| po’, —iV.) f(x). 
Then 


Kr=P,P:T r= fas exp[twxo—ie-x(w’—w,")!] 


x Fr (x; ko, A,ti,t2), 
(20) 


Ka=P,P2Ts= fas exp[iwxy—ie- x(w*—w,”)*] 


XF4 (x;ho,A,ti,t2), 
where 


Fr(x; k \,A,t1,t2) 2 
=i(k’k’’\0(x0)[ fe(%/2), fi(—ax/2) ||), 
F(x; ko,A,ty,te) 
= —i(k’k’’|6(—x0)[fo(x/2), fi(—x/2) ]|R), 
w= A?/4+-m’. 


Here again, $r(Fa4) is local and retarded (advanced). 
We define also 


Gr(x wk A,t), te) 
cos[e-x(w’—w,”)'] 
=> SW - — dXxo e 70 
P(w,ko, A,ti,t2) x! 
x F R (x9,x ; ko, A,ti,t2), 


(21) 
G(x; @,ko,A,h1,l2) 


~ re | x 
snc eat agit oT amperage dxoe ens 
P(w,Ro,A,t1,t2) Lr 


KF a (x0,x ; ko A,ti,t2), 
where 
P(w,ko,A,hi,te) = P,( po, P)P2(po',p’). 


It is clear now that 
Tr=43(Tr(e)+Tr(—e) | 

= (Sku'bo'ho) fx Gr(x;-:-), 
Ta=3[Ta(e)+Ta(—e) ] 


- (Bk bo") f x Gal vee), 
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Gr(Xx; ,---) is analytic in the upper half of the complex 
w plane while the same is true for G4(x,---) in the lower 
half. Let us see whether one can make an analytic con- 
tinuation from the lower to the upper half plane for the 
function G(x; ---) defined as 


[Gr (x; w,ko,A,t;,f2) for Imw>0, 
G(x;a,:::)= (22) 


| Galx; ,Bo,Atasts) for Im w<0. 


In order to prove that the continuation is possible, 
we have to show only that there exists an interval on 
the real axis where 


Gr _ G {- 
Aside from the factor P(w,---) and the symmetriza- 
tion of Eq. (14), Gr (Ga) is essentially a form of the 


Kr (Ka) where the spatial integration is not completed. 
From Eqs. (20), (Kre—Ka) can be written as 


B=Kn—Ka=if dv expl —i(p+p’)-x/2] 


(RR | fi (x/2),fe(—x/2)]|k). (23) 


Expanding in a complete set of intermediate states 
and completing the time integration, we obtain 


B=2ri f &xexpl—i(ptp)-s 2] 


x (k’k’"| f(x/2) Pre) Pnae| f(—x/2)|k) 


XPi(po, Pa—k) P2(po', pr—k’—k’")5 (Pro— po— ho) 


-> (R'R” f(-x 2) Pro Pro f(x/2)\k 


XPilpo, k’-+k’? Pn) P2( po’, = p, ) 


where p, stands for the intermediate-state momentum 
and a all other relevant quantum numbers. Except at 
the points where P(w,---) is zero, Ge and Gy, will 
coincide where B vanishes. Let us now find the interval 
in which B is zero. 

According to the selection rules, the lowest mass 
intermediate state is that of a single nucleon. In lowest 
order electromagnetic interaction, one can ignore all 
intermediate photons except the following discrete 
States. 


(R’), (R’"), (k), (k,R’), (R, R”’), (k’,R’’), (h,R’R”), 


where the photons are represented by their four- 
momenta. 
But it can be shown easily that for the state of a 
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single nucleon or a nucleon plus any of the above dis- 
crete states, either one of the matrix elements vanishes 
or the polynomial P,P, has the same factor as the 
argument of the delta function in the expansion (24). 
The next lowest mass intermediate state is that of one 
nucleon and one pion. Thus 


Pno> (m+n), (25) 
that is, if 

— (m+p—ky) <<w< (m+y—ho), 
then 


Gr(X3,°° -)=G,4(x;o,: aire 


except where P(w,:--)=0. 


1 — (m+p—ko) 
G(x, ° -) =—- f 
2n1 


D 
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The polynomial P(w,---) vanishes for the following 
values of w. 


O.9= +T/ 2Ro, O41>= +1, 2k’, W2 = +12/2ko”. (26) 


V. DISPERSION RELATION 


It has been shown that the function G(x;.w,---) 
defined in Eq. (22) is analytic in the entire w plane 
except possibly on the real axis where 


w| > (m+py—ko), 


and at the poles of Eq. (35). One can thus perform the 
standard contour integration and write the expression: 


, 


Gr(X;w’,-+:)—Ga(x;30’,:--) 
, 


; 
— 1) 


6) @ 


',++-)—Ga(xj",- 


oi} 


If ko and A are so small, yet physical, that (m+y—ho) is larger than wy, the physical threshold for the variable 


w, that is, if 


A?<4y2°[2m(1—ko/u)/u+(1—ko/u)], ko< 


(28) 


then the integral in Eq. (27) is only along the physical region of the dispersion variable. Thus we can complete 
the spatial integration and, on the right-hand side, interchange it with the w’ integration to obtain 


) 1 : Tr’, --)—Ta@’,:-*) 
t-— dw 
2at J (mtu /—w 


Ww W 


1 m+p—ko T r(w’,---)—Talo’,:-- 
Trw,:--)=— [ dw —— 
2ri e= 


DH 


’—w;) 
(Te(w’,---)—Tao’,---) f Imw>0. (29) 
) 


ne 
The quantity lim [Te(w’)—7T.4(w’)] depends only on the fixed variables, that is, as far as the w dependence 
wo’ >w2 


is concerned, it is to be regarded as a constant. The integrand in Eq. (29) vanishes if 


“a a 
— Wy .~ WS Wo 


where 


my 
wo= min{—f{ 1 
ko 


Thus we write 
Viela-+ 


L @ Ww 


lim | 


+> 


Now the derivation of a dispersion relation is complete. 

In the course of this derivation, the restrictions (28) 
have been imposed on the fixed variables. It is evident 
that the second condition automatically implies our 
earlier assumption, — (k’+")?<4y?, These conditions 
are met if the energy of the incoming photon and the 
momentum transfer of the nucleon system are suffi- 
ciently low. 


—") mu 
2mu hy’ 


1s Im Tr(w’,-:-) 1 Im T r(w’,:-: 
dos’ - +- da’ - 
T w’ ee T wo ) 


—wW 
Ww 


0w owes | 2( 


fyty?\ my tou? 
i+-——- J, i+— ) . 
2mp J ko” 2mu 


;— 


»-) 
sii ah ; \ " , 1 | 
[Tr(w’,---)—Taw’,---) Ri Im w>0, 
—_ ¢):) 


Ww W 


It is shown in Appendix A that the dispersion variable 
w is, in fact, equivalent to the one adopted by Logunov, 
Bilenkiz, and Tavkhelidze.* It can be shown by a 
simple algebra that the restrictions on the fixed vari- 
ables, the threshold wo, and location of the poles are 
also equivalent to those in the earlier treatment. Thus, 
the dispersion relation (31) is another form of what 
has been obtained in reference 6. 
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VI. FURTHER REMARKS ON THE DOUBLE 
COMPTON EFFECT 


In formulating the kinematics of the previous section, 
it was essential for construction of the orthogonal 
coordinate system that the initial and final nucleons 
have the same mass. We notice here that the initial and 
final photons have the same mass. Thus one can choose 
two other Lorentz frames where the role of the nucleon 
p is replaced by the boson & and that of the nucleon p’ 
by one of the final bosons. 

Let us consider the frame where 


o=ko', (k’+k)-p=0, (k’+k)-k”=0, (32) 
and choose the following five variables. 
o=ko, po, ®=(k—k’)?, 
m=—p'-(k—k’), r.=—k’-(k—-k’). — (33) 


We shall study, in this section, the analytic property 
of the transition amplitude in the variable o fixing the 
others at physical values. In Appendix B, this kine- 
matical system is compared with the one formulated in 
Sec. II. It is shown that the two systems are not 
equivalent, that is, the variable o is not the same as w 
in view of the fact that the fixed 7; and fp are also 
dependent on the former dispersion variable. 

In order to investigate the analytic properties, let us 
consider the quantity 


(34) 


W p= —i(16ko'ho”’ po’ po) Xk'k’p’ out | j(0)| p), 


where j(x) is the current operator for the photon field. 
One obtains this formula after reducing the photon k 
from the initial state. By a standard algebra, 


Wr= (Spops'bs”)! fd expl —i(k+h’)-2x/2] 


K(k" p’ out| A(x) 7(x/2), 7(—2/2)]| p), (35) 
=i(pops'bs") f aay een + 
x (p00) yo—x0) L(y), (@), 5 0)I] 
+6(yo)O(x0— yo) Lj (x), C7 (y),7(0)]]| p). (36) 


We have neglected here terms due to the equal-time 
commutators. 

The first of the above two formulas is to be used in 
investigating analyticity while the second is for the 
computation of Im W.. In the physical region, 


Wa=W* 


= far exp[ —i(k+hk’)-x 2] 


x(k" p’ in| O(—xo) Lj (x/2),7(—x/2)]| p), (37) 
=i(dpope"”)! f dtxa'ye k! -2—ik’! -y 
 (p" | O(—x0)0(x0— yo) 7(y), C7 (x), 7 (0) J) 
+6(—yo)O(yo—xo)[ 7 (x), 7(y),7(0) }]| p). (38) 
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One can now express Wr and W, in terms of the 
variables o, po, 8, 71, and r2, show that the o-dependence 
is entirely contained in the exponent of the integrand 
in Eq. (35) or (37), and construct a retarded (advanced) 
function after multiplying and dividing Wr (W4) by 
the following three polynomials in a way similar to the 
procedure in the previous discussion. 


ho(ko,k) = [(pot+ko)?— (p+k)?— m?] 
X[(po’ —o)?— (p’—k)?— m?], 
hy(ko’,k’) = [ (po— ko’)?— (p—k’)?— m?] 

XL (po’+ho’)?— (p’+k’)*— m?], 

ho(ko” k’’) =( (po—ko”)?— (p—k”)?— m?] 
XL ( po’ +o”’)?— (p’+k’’)?—m?]. 
Then we analyze the quantity [Aohy2(Wr—Wa) | 
constructed from Eqs. (36) and (38). Performing the 
standard contour integration and following the standard 


procedure for interchanging the order of integration, 
we arrive at 


1p ImWelo'’,---) 
Welo,--)=- f doa’ - 
7 o’— 


(39) 





—2 oC 
1 7” ImWelo’,---) 
+-f da’ 
T 70 o’—o 
+1 (o’—o;) 
+> lim}- 
i=+0 0/0: |2(c¢—<;) 
XLW alo +-)—Walo',-+)]], Im a>0, (40) 
where 
_ [me Titte+6—w\ my Tith\ | 
oo=min{i —{ 1— — ), ( + )} 
Po 2mu po’ 2mu J 3 





Fi0>= + (0+71:+72) ‘2po, 


Ox1=+71/2p0' 
with the restriction on the fixed variables: 


(0/2+ po) <(m+y). (41) 


This completes the derivation of the second dispersion 
relation. 

Next, one can consider another kinematical system 
where the role of the final boson k’ is replaced by the 
other boson k’’. It will be seen that this new system 
represents a set of independent variables which is not 
equivalent to either of the former two. Then we can 
follow the same procedure as before to derive another 
dispersion relation. Thus there are at least three single- 
variable dispersion relations. 


CONCLUSION 


A Lorentz frame has been introduced for the study 
of production processes. This simplifies the kinematical 
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formulation of the early works. In this simplified 
system, a heuristic consideration has been given for 
the spectral representation of the transition amplitude. 
Regarding the double Compton effect, it has been 
shown that the present formalism gives the same con- 
clusion as the one derived by Logunov, Bilenkiz, and 
Tavkhelidze.® It has further been shown that there 
exist two additional spectral representations. 
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APPENDIX A 


We have chosen the five independent variables in 
the specific Lorentz frame defined by the restrictions 
(3)-(5). Let us now obtain covariant expressions for 
those variables. 

The expressions for 4, f2, and A can be trivially 
written. 


h=—k'-(p—p'), bh=—k":(p—p’), 





2=(p—p’)?. (Al) 
For the others, one finds the following 
[R—r2—re? P—4ryers? 

= -—— —__—_-—., (A2) 

8(2—8)(R°—re—r2)— (2—B)*r?— Br? 
w= —3(pt+p’): (k’ +k’) 

B(2—B) (R?-re—r.*)— (2—B)'r?— fr? 7 

|" —- -——— =], (A3) 

(R?—r2—r2)?—4rPre? 


where 
rP=(th/A)+yr, r= (te/A)?+n2’, 
R?=[(A?+4+h)/A P+ue’, 


(p’—’’)- (p+p’) 


. (+R) (pp) 


Now the five variables have been written covariantly. 
From the previous discussion it is clear that we are 
varying the variable E defined as 


E=—(p+p’):(k’ +k"), (A4) 
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keeping the following fixed. 

x= —k’-(p—p’), x2=—k'-(p—p’), 

n= (k’—k"’)-(p+p’)/(k’ +k"): (p+ 9’), (AS) 


v= (p—p’)*. 

It has been seen that the variable E corresponds to 
the nucleon energy in the frame where the restrictions 
(3)—(5) are satisfied. 

After a simple algebra one can write E as 


E= — (p+k)?— m?— po? —V—%41— Xe. (A6) 


It is clear from this expression that the variable E is 
linearly related to the square of the total energy in the 
center-of-mass system. 

Finally in the Breit system where p+p’=0, E is, 
in effect, the energy of the incoming boson. The early 
authors formulated their kinematics in this system from 
a different point of view. We shall see in the following 
that the variable E is the same as what was adopted by 
Logunov et al. In reference 5, one chooses two four- 
vectors 


A=hfat(1—s)k’+a8(1+)k" ], 


and 
B=}[a-tk’—atk’’], (A7) 
where a and é are defined, in the Breit system, as 
g= ko’ /ko”, é= — | 1/2B?) (an)?—aps”). (A8) 


Hence A-B=0 and By=0 in the same frame. One then 
chooses the following five independent variables. 


Ao, A’, B-p, a, and p’, 


A» being the dispersion variable. 
These five quantities can be related to the variables 
E, n, %1, 2, and v by: 


1—7 


1 4 
Ao ( — ) E, 
4\ m?+}40 


1—n 1+n 
a= —41-07( Jur—ya+e"(— ue 
1+ 1—n 
—3(1—&){2 (414-42) +04 (uP? —pvr—n2’)}, 
ip si—n\! 1+n\3 
= (cee! 
4L\1+n i— 
a=(1—n)/(1+n), 
p’=0/4, 


(A9) 


where 


(1—n)*1°— (1-+n)*n2? 


¢—- 
s 





The quantities A*, B-p, a, and p® depend only on 
the fixed variables while Ao is linearly related to E£. 


(1—n)?as?+ (1+)? (1— 0?) 2 (xr tne) ter + (ut — mi?) 





Thus the two dispersion variables E and Ao are equiv- 
alent. 
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APPENDIX B where E’ is the dispersion variable, and 7’, x1’, x2’, and 
f 


v’ are the fixed variables. 


In this appendix, a covariant version of the kine- : aE ‘ i 
These quantities are related to the former ones by 


matics of Sec. VI is presented and compared with the 
kinematics introduced in Appendix A. E’=}(3+n)E+e+21, 
It is rather obvious that the new set of variables is —1(3+n) E+ (3ai—x) +21 
represented by the following five quantities. als see eeatcniatdieaniaiadeenciaicinath 
—4(3+n) E+ (3x—x1)—21 
a’ = — (k/+k)- ( f4epl). 
. dpi x =43(1—n) E+} (a1—2), 
fam '_pll).(k _k') (p’ k”)-(k k’), : ; 
rd m sis ” v2 =X2T we", 


, 


¢)'=—p’- (k—F’), 
x! = —k"’- (k—k’), 


v =4(—pe—pr—po?+2x2+2), 


where x=1+2;+.2. It is seen that the two sets of 
v’ = (k—k’)?, variables are inequivalent. 
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In the (2x,2y) problem, the Mandelstam representation is written for the two independent gauge 
invariant amplitudes. On the basis of unitarity limitations on the asymptotic behavior of these amplitudes, 
only a j=1 subtraction in the y+ — y+7 channel and a j=0 subtraction in the y+y — +7 channel 
are allowed. No over-all subtraction constants are required and the Thomson limit is automaticall 


maintained. Only the effect of 2x intermediate states is considered. The odd-j rx contribution ir 
amplitude for the process y+ — 2x analyzed by Wong and shown to be proportional to a pseudo 
elementary constant A. Even with a xx P resonance, the correction is negligible (<1%) if we 


of A estimated by Wong on the basis of r° decay and confirmed by Ball in connection with photopion pro 
duction on nucleons. A moderately important contribution comes from the S-wave interaction if we use a 
recent estimate of rz S-wave phase shifts obtained from crossing relations. For the pion-pion coupling 
constant A of order —0.20, this effect is ~10% in y+ — y+=7 scattering. For y+y — r+7, the correction 


for the J=0 state at threshold is positive and ~100% of the Born approximation. However, as the energy 
is increased, the correction quickly changes sign. 


I, INTRODUCTION connection with the nucleon electromagnetic structure. 


If such a resonance exists, one might expect its effects 
to be appreciable in Compton scattering on pions (e.g., 
ytx— y+). One may recall in this connection 
Compton scattering on protons (e.g., y+p— ¥+)), 
where the 3-3 resonance causes a large increase in the 


N the (27,27) probl m, both strong and electro- 
magnetic interactions are involved. In principle, 
one can calculate electromagnetic interactions on the 
basis of perturbation theory. Our purpose here is to 
understand the effects of strong pion interactions on the : ; aes 
de. 3) vertex.) cross section above the value given by the Klein- 
Attempts have been made in recent years to under- Nishina-type formula.’ Pion-picn er somndverss.! also be 
stand strong pion interactions at low energies by using manifested in the final-state interactions of pion pairs 
the Mandelstam representation.2* In particular, a produced by photons (e.g., vty rt des such final- 
P-wave pion-pion resonance has been conjectured in — racer, if they are substantial, psy, be 
observed experimentally by producing a pion pair from 

* This work was done under the auspices of the U.S. Atomic 4 high-energy photon in the Coulomb field of a nucleus. 
Energy Commission. ; at ae ; Further, an understanding of the (27,27) vertex is a 
wieliminary acount of this work was given at the 190 prerequisite for a theory of mucleon-photon scattering 
29-31 1960 [Bipin R. Desai. Bull. Am ‘Phys. Soc. 5. 509 (1960) J. and, in fact, for most problems where a vertex con- 
We employ units #=c=y=1, where yu is the pion mass. For the 





charge e we use the units @~1/137. The metric is defined so that *W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 
we have g°°=1 and g**= —1, where i=1, 2, 3. 1959) ; Phys. Rev. 117, 1603 (1960). 
: Mandelstam, Phys. Rev. 112, 1344 (1959); 115, 1741 and 5G. F. Chew, 1958 Annual International Conference on High 


2S 
1752 (1959). Energy Physics at CERN (CERN Scientific Information Service, 
3. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). Geneva, 1958). 
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necting strongly interacting particles with two photons 
is involved. For example, in the calculation of the 
electromagnetic mass of charged pions, one needs the 
pion Compton scattering amplitude for virtual photons. 
The information obtained here may, therefore, be 
helpful in understanding the mass difference between 
charged and neutral pions. 

We shall investigate the (27,27) problem within the 
framework of double-dispersion relations proposed by 
Mandelstam.? We do not think it pertinent to go into 
the principles and conjectures underlying the 
Mandelstam representation, since we have nothing 
new to contribute to these general questions, which 
have been the subject of so many papers. Following the 
effective-range approximation given by Chew and 
Mandelstam we assume the behavior of the amplitudes 
to be dominated by nearby singularities.3 Moreover, 
the contribution of intermediate states containing one 
or more photons will be neglected since, even though 
they correspond to near singularities, powers higher 
than e? are involved. 

In the next section, we shall go into the kinematics 
of the problem and show that because of Lorentz and 
gauge invariance only two invariant amplitudes are 
involved. The Mandelstam representation for these 
amplitudes is then written in Sec. IIT, and the question 
of subtractions discussed. In Sec. IV, the helicity ampli- 
tudes of Jacob and Wick are introduced.® In Sec. V, we 
consider Compton scattering, y+ — y+7, and discuss 
the effect of the rm interactions. In Sec. VI, pion-pair 
production, y+7— #+7, is considered and the effect 
of final-state rm S-wave interactions discussed. 

One of our main results is negative and very sur- 
prising, in view of the large enhancement of nucleon 
Compton scattering by the 33 resonance.® We find that 
the effect of the 2 P resonance on pion Compton 
scattering is negligibly small. The important matrix 
element here is that for y+2—> a+ and has been 
estimated by Wong on the basis of the 7° lifetime, 
where this amplitude also plays a role.? Wong’s esti- 
mate, confirmed in order of magnitude by Ball in 
connection with photoproduction of pions from 
nucleons,® is smaller by about a factor of 10 than one 
might naively guess. Since this matrix element appears 
squared in the Compton amplitude, the 27 resonance 
turns out to make a contribution only of the order of 
1%. In Sec. V, we shall discuss the probable reason 
for the smallness of Wong’s amplitude. We do not here 
consider a 3m bound state or resonance, which may 
play a large role in pion Compton scattering. 

In the y+y—>2+7 channel only even angular- 
momentum states are involved because of charge- 
conjugation invariance. By a reasonable choice of rx 

6 M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959). 

7 How-sen Wong, Phys. Rev. Letters 5, 70 (1960) and Phys. 
Rev. 121, 289 (1961). 

8 James S. Ball, University of California Radiation Laboratory 
Report UCRL-9172, 1960 (unpublished); Phys. Rev. Letters 5, 
73 (1960). 
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Fic. 1. The (27,27) vertex. 
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S-phase shifts, we find in Sec. IV that the contribution 
of the final-state interaction is large. For the 7=0 state, 
where the interaction is strongest, the contribution at 
low energies is found to be positive corresponding to 
attraction and is of the order of 100% of the Born 
amplitude at threshold. As the energy is increased, 
however, it quickly changes sign. Such a circumstance 
corresponds to the fact that the pions are produced 
with a large relative separation (~ one pion Compton 
wavelength) and have, therefore, a fairly small proba- 
bility of interacting with each other. 


II. KINEMATICS AND INVARIANCE 
CONSIDERATIONS 


Figure 1 describes the (27,27) vertex under con- 
sideration, where the wavy lines indicate photons and 
solid lines indicate pions. For the sake of symmetry, 
we shall take all the lines as incoming. Let p, p2 be the 
four-momenta of the pions and a, # the corresponding 
charge indices, while k;, ke are the four-momenta of 
the photons and ¢;, é2 the corresponding polarization 
vectors. We then define the three Lorentz invariants 
s, §, and ¢ as follows: 


s= (kit pi)’ = (kot po)’, (2.1a) 
§ (kit po)? = (ko+ pi)’, (2.1b) 
t= (ki +ks)? = (pit po)’. (2.1c) 


From energy-momentum conservation, we have 


s+§+1=2. 


Notice that s, §, and / are the squares of the energies of 
the following three reactions in the barycentric system: 


ktpi-m —ki—po, (y+tr— y+) 2.2a) 
kitpe— —ke—pfi, (ytr—ytn) = (2.2b) 
kitk——pi-—po, (yty—7+7). (2.2c) 


The S matrix is defined as 
S5= 8 pp— (2) [16 (ki )w(p1)w(ke)w( peo) |} 
Xb(Ait pithet po)T si, 
where f and i indicate final and initial states, respec- 


tively, and the w’s indicate the energies of the different 
particles. For the given charge indices a and 6 we have 
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for the T matrix 
T 28> (6a8—5a3583)T*+5235337"", 


where 7* and 7" denote the J matrices corresponding 
to charged and neutral pions, respectively. Henceforth 
we shall suppress the charged and neutral indices. We 
shall concentrate our attention mainly on the charged 
case and only comment on any alterations needed in 
the neutral case. 

We may further write 

T= 2,7 *"e},, 

where 7*” is a tensor of second rank which can be 
expressed in the most general form as 
T+" = Ak,*ko’-+ BA*k2’ +Cho"ho’ + Dhky"hy’+ EA*hy” 

+ FPho*kh)’+Gk,"A’+ HA*A’+ [kyA’+J g*’, 
where A= ,— 2, and g*”’ is the conventional metric 
tensor.' The amplitudes A---J are functions of the 
invariants s, §, and ¢. Gauge invariance requires that 
(a) ko, 7**=0 and (b) T**k,;,=0. With the above con- 


ditions and the requirement of zero photon mass, 
=(0=k,*, we obtain 


T (s,8,t) = (€2° hye," Ro— Re ky€2+€;)A (s,3,t) 
+ (—e1-€2ko-A+ (ko: ky ‘Re A)eo:Ae,-A 


+2: Ae,:ke— eg: ke, A) B(s,8,t). (2.3) 
Crossing symmetry requires 
A(s,8,t)=A(8,s,1), and 


B(s,8,t)= — B(8,s,t). (2.4) 


The foregoing results have been obtained independently 
by Gourdin and Martin.® 


III. MANDELSTAM REPRESENTATION 


The Mandelstam representation for A and B can be 
written for charged pions as 


A(s,8,t) = (49re’ 1—§8) 


au(s" yt’) 1 1 
+f af dt'— (— —_+—— ) 
‘ U—t \s’—s s'-38 
1 sa 9 ae(s’ 3’) 
+— f as’ f ds 
r 4 


B(s,8,t)= (4we?/1—s) — (4e2/1—8) 


8,(s’,t’) 1 1 
+f asf dt’ -( -—) 
‘ ’—t \s’—s s'-38 
1 2 ’ B2(s’ 8) 
+= f asf as 
wr, 4 


1—s)+ (4re? 


» (3.1) 
(s’—s)(3’—8) 


(3.2) 
ae —s)(a’ —3) 


*M. Gourdin and A. Martin, Nuovo cimento 17, 224 (1960). 
The Cini-Fubini approximate version of the Mandelstam repre- 
sentation has been used by these authors, but no numerical 
estimates have been attempted. 
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Here ai, a2, 8;, and @2 are the double spectral functions. 
Notice that the crossing condition (2.4) is explicitly 
contained in Eqs. (3.1) and (3.2) for ao(s,8)=ae(8,s) 
and 82(s,8)=—2(8,s). The poles at s=1 and §=1 
correspond to .single-pion intermediate states in re- 
actions (2.2a) and (2.2b), respectively. The lower 
limits on the above integrals correspond to the fact 
that the least massive intermediate states in the three 
channels given in reactions (2.2a)-(2.2c) are the two- 
pion states. For neutral pions, the only difference is 
that the poles are absent. Subtractions are perhaps 
necessary in the above dispersions relations and we 
shall discuss them later on. 

The region in which the double spectral functions 
a, a2, 81, and 82 are nonzero are given as follows: For 
both a:(s,t) and 6,(s,t) the region is defined by the 
curves 

t=4(2s+1)?/s(s—4) (3.3a) 
and 


t=4(s—1)/s—9. (3.3b) 


For a2(s,8) and 82(s,8), the curves are 


(s—4)(8—16)—81=0 (3.4a) 
and 


(s—16)(8—4)—81=0. (3.4b) 


Notice that there are no anomalous thresholds involved. 

By a proper choice of amplitudes, the pole terms 
correspond in the y+ — y+7 channel to the Thomson 
amplitude, which A and B should approach in the 
zero-energy limit. Hence on the basis of zero-energy- 
limit theorems, subtractions are unnecessary. We thus 
differ from the observations of Gourdin and Martin,’ 
who use a different set of amplitudes and are uncertain, 
therefore, about the number of possible subtractions. 
We may go farther and discuss possible subtractions 
on the basis of unitarity limitations on the asymptotic 
behavior of the A and B amplitudes. Such an analysis 
was first carried out by Froissart in the case of scalar 
particles” and was applied by Singh and Udgaonkar to 
the pion-nucleon problem."' We give below the results 
for the A and B amplitudes which are derived in Secs. 
V.B and VL.B. 

For the y+tw—y+7 channel as 
infinity, we have 


|A|Ss, 


for fixed / (i.e., for cos@= 1), 


s approaches 


| B| Sconstant (3.5a) 


<s 


wa? 


(3.5b) 
for fixed 3 (i.e., for cos#= —1), and 


|Alss, |Blss't (3.5c) 
for any other value of cos#, where @ is the scattering 
angle in this channel. For the y+y — +7 channel as 
” Mares! Froissart, Phys. Rev. 123, 1053 (1961). 
1 Y, Singh and B. M. Udgaonkar, Phys. Rev. 123, 1487 (1961). 
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t approaches infinity, we have 
lAISé |BlSe 
for fixed s or § (i.e., for cosp= +1) and 


lAlse', [Bis 


(3.6a) 


(3.6b) 


for any other value of cos, where ¢ is this scattering 
angle in the channel. Since y+y — 2+-7 is an inelastic 
channel, we may assume that the A and B amplitudes 
do not attain their maximum values given by expression 
(3.6a) in the forward or backward direction. For 
cos@= +1 we then have 
lA| Ses, 


|B| <tr, (3.6) 


where ¢€ is any small positive number. 

From the above asymptotic conditions, we observe 
that no arbitrary over-all subtraction constants are 
allowed in the A and B amplitudes since their presence 
violates conditions (3.5c) and (3.6b). Thus we do not 
anticipate that any new parameters will appear in our 
problem. One subtraction in ¢, corresponding to 7=1 
in the y+a— y+7 channel, is allowed for both A and 
B amplitudes. However, further subtractions bring in 
powers of ¢ larger than or equal to unity and are in- 
compatible with the asymptotic behavior of expression 
(3.6c). One subtraction in s (and §&) is allowed for the 
A amplitude, corresponding to j=0 for the 
yt+y— 2+ channel, but subtractions for 7>0, where 
j is even, are incompatible with expression (3.5a) since 
they bring in powers of s (or 8) larger than or equal to 
two. For the B amplitude, the first subtraction involves 
(s—§&) and is incompatible with relation (3.5a). 


IV. HELICITY AMPLITUDES 


In the present problem, we shall use the helicity 
amplitudes given by Jacob and Wick.® Thus we have a 
simpler connection between unitarity and analyticity 
than when the conventional electric- and magnetic- 
multipole amplitudes are employed. 

In a two-body collision, we denote the helicities of 
the initial particles by \, and A, and of the final particles 
by A, and Ag, respectively. The corresponding scattering 
amplitude is given by 


(8; AcAaAaAv) = (1/p) 5 (744) 


X(AAa! T(E) |Aads)dyy(0), (4.1) 


while the differential cross section is 
do /dQ= | g(0;X<Aara,As) |2. (4.2) 


Here we have A=Aa—A» and w=A.—Aq; j is the total 
angular momentum; ~, /, and @ are the barycentric 
momentum, energy, and scattering angle, respectively ; 
(AAa| T?(E) |XX») is the corresponding T matrix; and 
d,’(9) is the function given by Jacob and Wick.® 

In the (27,27) problem, the pions have zero spin, and 
therefore zero helicity while the photons have helicity 
+1 or —1 depending on whether they are right or left 
circularly polarized. 
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V. COMPTON SCATTERING CHANNEL 
In the barycentric system, we can write 


k= (kk), fi=L(P+1)!, —k, ], 
ko= (—k, k2); po=[— (F?+1)!, —ke]; 


and k,-k,=—k* cos#, where @ is the scattering angle 
and we define 


s=[k+ (+1)'F, 


t= —2k*(1—cos8), 


(5.1a) 
(5.1b) 


and 

s=[—k+ (k?+1)! P—2k?(1+-cos6). (5.1c) 
Here s is the square of the barycentric energy, and ¢ the 
square of the corresponding momentum transfer. The 
differential cross section is 


do j1 TP 


dQ |8r v/s 


where T is the T matrix defined in Eq. (2.3). 


A. Helicity Amplitudes 


Here we have \g=0=Azq and therefore \a=A, Ac=yn, 
with the A and uw values being +1. If we denote the 
helicity amplitude by /,,(@), we have 


1 «= 
fur(0)= i+3)T,7(s)dy,4(8), 
k j=! 


(5.3) 


and 


do/dQ= | fyn(0) |. (5.4) 


If we denote \ and yu indices by +, we have 
T.,. .4(s)=T__#(s), 
and 


T, ~i(s)=T_ +s). 


Using Eq. (5.2) with appropriate values for the polari- 
zation vectors ¢,, and é: and comparing it with Eq. 
(5.4), we obtain 


B(s,8,t) 8k 


a(s,8,t)= mr (5.5a) 


(5.5b) 


where 
1 « 

YS (74+5)7T142(5)d1,7(0), 
ki l 


4. (@)= (5.6a) 
and 

1 

fy, (0) =- © (f4+3)T 4 ~(8)d1,-17(0). (5.6b) 


k j=1 
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Thus we have 


and 


b(s,8,t)=-| A(s,8,)+ 
4 


ee 


t 
- B38.) 
§ 


dos 


d;,17(0) 
> (2j7+1)T, —*(s)—— 


(5.7b) 
s—l1 t 
The @’(@) functions are given by Jacob and Wick as 


P;' (cos) — P;_1' (cosé) + 7 P;(cosé) 
d, (8) = ——___—_—__——_ — (5.8a) 
j(J+1) 
and 
P;' (cos@)+ P;_1' (cos) — 7? P;(cosé) 
dy _17(8) =— we weneme eens 


——— , (5.8b) 
j(@+1) 

where the primes indicate derivatives with respect to 
cos@. In Eqs. (5.7a) and (5.7b) we have s§—1 and / in 
the denominators, and therefore we can use 


d,,°(@) P;_1'(cos@)— P;’’ (cosé)+ jP;' (cos@) 


-- — ——— (5.9a) 


1+cosd i(j+1) 


and 


d,1°(0) Pj_1'"(cosé)+ P;"’ (cos#)+ 7 P;' (cosé) 
sn ceca nee, (OR 


1—cos@ q(7+1) 


B. Asymptotic Behavior 
Unitarity demands that 


T+43(s)| <1, (5.10a) 


and 


T.,. .4($}} <1. (5.10b) 


Further, the Legendre functions and their derivatives 
satisfy the following relations: 


P,A)=1, P/()=7(j+1)/2, 
Pj’ (A)= (f-—1) 7(G+1) (f+2)/8. 
use the relation 


(—1)!P;(cos8). 


(5.11a) 
(5.11b) 
For cos#= —1, we 
P ;(—cos@) 

For cosé¥ +1, we have for large values of 7 
P ;(cos@) 


fhe (8) (5.12a) 


P' (cos@) jhy(0), (5.12b) 
and 
Pj (cos0) = j5h2(8), (5.12c) 


where /io(#), 41(0), and /2(6) are functions of 6 only. 
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For the a and 6 amplitudes given in Eqs. (5.7a) and 
(5.7b), if we keep ¢ fixed and let s approach infinity, 
then, since cos@ approaches 1, we have from Eqs. (5.9), 
(5.10), and (5.11) 


1 1 1 1 

a s-—LZL (j+3)—-> z Ina’ = (RR)? > . (5.13a) 
Ss 2 s* s AY 

and 


1 1 
earn (kR)* ang ¢.. (5.13b) 


AY § 


1 
b|S-2L G+)? > 
AY 


where R is the interaction radius in the sense of 
Froissart’s analysis’ and is essentially a constant. 
Similarly, if we keep § fixed and let s approach infinity, 
then, since cos# approaches —1, we have 


|a| Sconstant, (5.14a) 
and 
|b| S constant. 


(5.14b) 


For cosé¥#+1 and s— «, we have from Eqs. (5.12a)- 


(5.12c) 


and 


(5.15b) 


From these asymptotic conditions for the a and b 
amplitudes, we have for the A and B amplitudes as s 
approaches infinity 


|A|<s, |B|<Sconstant (5.16a) 


, 
for ¢ fixed, i.e., coso=1; 


(5.16b) 


(5.16c) 


for cosé~+1. 


C. Fixed Momentum Transfer Dispersion 
Relations 


In Eqs. (5.7a) and (5.7b) we notice that since B is 
an odd function of s— 8, no new singularities are intro- 
duced in the a and 6 amplitudes. Moreover, we have 
d;,%(r)=0 and d,,1/(0)=0, corresponding to the 
vanishing of the forward helicity-flip and backward 
nonhelicity-flip amplitudes. However, these zeros are 
absent in the a and b amplitudes because of the presence 
of the factors s8—1 and / in the denominators in (5.7a) 
and (5.7b). The a and 6 amplitudes have the further 
property that each is expressed in terms of a given type 
of helicity amplitude. 

We shall now proceed to write dispersion relations 
for the a and b amplitudes rather than the A and B 
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amplitudes because of their simple properties given 
above. We shall not, however, use the Mandelstam 
representation in its full generality, but only the part 
of it obtained by keeping ¢ (the square of the momentum 
transfer) fixed. In order to derive maximum benefit 
from the Mandelstam representation, i.e., in order to 
use information about the singularities of the scattering 
amplitude in all variables, we write down partial-wave 
dispersion relations. If we do so in the Compton 
scattering channel, the total amplitude for y+ — 2+7 
is explicitly involved, corresponding to the cut ¢>4. 
For the fixed momentum transfer dispersion relations, 
however, because of crossing symmetry, only the 
absorptive part of the y+m— y+7 amplitude is 
involved except for the j;=0 amplitude for the 
y+y—2+7 channel. By making proper subtractions 
(see Secs. V.B and VI.B), we then have, for fixed ¢, 
4rre? 


a(s,t) = —_—_———————_- 
(1—s)(1—8) 


1 p* wa’ 1 
+] as! a(s)( - +— ), (5.17a) 
Wwd4 s'—s s'-8 


4rre” 


and 


b(s,)=— ———+4rC,"(t) 
(1—s)(1-—8) 


1 “* 1 1 1 
+ f is (| . ener re 
wl4 s’—s s’—8 2pq_ 


s'+p?+q/7+2p_q- 
xin( ——$_—_—_—_—. ‘yi (5.17b) 
s'+p 2+ 2 2p q- 


where C,°(t) is the correction term coming from the 
7=0, y+7— r+ amplitude continued to negative ¢ 
values (see Sec. VI.C) and is allowed in 6 but not in a 
by the asymptotic conditions (5.13a) and (5.13b). The 
correction terms C,°*(t) and C,°"(¢) for the charged 
and neutral case, respectively, are connected through 
the relation (6.10) to the correction terms C,°!(t) 
given in Eq. (6.16). In Eqs. (5.17a) and (5.17b) we 
define a;(s,t), b:(s,t), p_, and g_ by 


a;(s,t)=Ima(s,t) 
drs d,,17(0) 
= > Be (2j+1) ImT,+%(s)—— : 


s-1l i= ss—1 


(5.18a) 


-Imd(s,/) 


drs « 
> (2j+1) ImT, —*(s) 


s—1li 1 


(5.18b) 


p-=i(4—1}/2 


g-=i(—2)3/2. 
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Using the unitarity of the S matrix we can express 
Ima and Imé in terms of a sum of the absolute squares 
of the amplitudes for y+ — n, where n stands for the 
possible intermediate states. In this preliminary calcu- 
lation, motivated by the success of the analogous 
approach for yp scattering,® we neglect the contribution 
of all but the 27 intermediate states. If a 34 resonance 
or bound state exists, its contribution may be non- 
negligible. However, because of insufficient information 
about such a state, we do not consider it in the present 
discussion. In the above approximation, then, a knowl- 
edge of the y+ — 2m amplitude is sufficient to give 
Ima and Imdb. This amplitude has recently been studied 
by Wong on the basis of the Mandelstam represen- 
tation.” Only a single invariant amplitude is involved, 
and only odd angular momenta need be considered. 
We denote the helicity amplitudes (yr 7?(£) | xm) for 
a given angular momentum j and energy £ in the 
y+ — 2m reaction by R,’(s), where + indicate the 
photon spin parallel or antiparallel to the photon’s 
direction of motion.* From unitarity, we then obtain 


Im7?(s)=+3]| R%(s) \?, 
where 

R,3(s)=— R_?(s)=R’(s). (5.19) 
The R’(s) amplitudes are connected as follows to the 
amplitudes M;(s) given by Wong: 


1 [=] 
(644) ; 


J+) 
pi M ;(s)}?. 
(2j+1)° 


R*(s) 


(5.20) 


Thus from Eqs. (5.18a) and (5.18b) we obtain 


1 [=| 
‘3r)? Ss 


q(j+1) 


ay (s,t) = 


d; ;°(0) 
M ;(s) 2 (3: 


“ Z ; 
1+cosé 


jodd 27+1 
and 


bi (s,t)= 


[s(s—4)* 2 


| j+1) d; _;7(0) 
XL M,(s)|? . (5.21b) 
j odd 2j+1 1—cosé 


In Eqs. (5.21a) and (5.2i1b) we retain only the j=1 
term and substitute the corresponding a; and 6; in the 
dispersion integrals (5.17a) and (5.17b). This seems 
to be a good approximation, since energies under 
consideration are low. Furthermore, because of the 
assumed P-wave rm resonance, the amplitude for 7= 

is expected to be larger than the higher waves. A similar 
approximation has been made in proton Compton 
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scattering, y+p—y+p).° Here only the xp inter- 
mediate state is retained, and by neglecting all but the 
contribution of the resonance in the j=} and T=3 
state (7 being the isotopic spin), the results obtained 
are in good agreement with experiments.’ Reintro- 
ducing the charged and neutral superscripts c and n, 
we have then the following relations: 


1 1 


a‘(s,i)=— entree . -— 
(1—s)(1—8)  3(32\/n)? x 


- (s’—4)*7} 
xf is|— | M,(s’)|? 
4 s 


4re? 
b*(s,4)=—_ 


¢()-+-+——— 
(1—s)(1—8) 


+4rC,° — 
3(32\/ 9)? 


x 


xf ds'[s’(s’—4)* }4| M,(s’)|? 
4 


1 1 
x|—+-—- 
s’—s s’—8 2p q_ 


s +p ?+q?7+2p_q- 
xin 


s'+p?+q?—2p_q_ 


1 1 7” (s’—4)*}! 
a*\sj=—- sa f is|— : | 
3(324/xr)? x s’ 
1 
xX | My1(s’) (- 
5’ 


1 1 
b"(s,t)=4nC,-"*(t) + 


3(32\/x)? x 


Da 


xf ds'[s’(s’—4)8 | M,(s’)|? 
4 


1 1 1 
s’—s s'—8 2p¢ 


+p 2-+-g_?+-2p q- 
xin(- — )| (5.23b) 
s'+p?+q?—2p_q 


The M,(s) amplitude has been obtained by Wong 
using partial-wave dispersion relations.? Keeping only 
the contribution of the 2x, J/=1 intermediate state, 
we observe that the phase of M,(s) is given by the 
phase of the rr P wave. By replacing the left cut 
involved in the partial-wave dispersion relations by a 
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TABLE I. Values of [/a(s)/By(s) P and [/5(s)/By(s) # 
4 


for se=10 and r=0 


[la(s)/By(s) P 


2x10-° 
5X 10-5 
4x 10-5 

10-5 


CIs (s)/By(s) 


6X1078 
5x<10-% 
9X 1073 
4x 107% 


single pole at a, Wong gave the M,(s) amplitude 


M,(s)=A(1+a)D,(1)/(s+a)D,(s), 


(5.26) 


where A is a pseudoelementary constant proportional 
to the residue of the left-cut pole, and D,(s) is the 
denominator function of the P-wave xz system which 
is necessary to give M,(s) the required phase. The 
position a is given by the behavior of the P wave, and 
is larger for higher values of the P-wave resonance 
energy. The constant A is estimated by Wong on the 
basis of the 7° lifetime, where it plays a role.’ For a 
w® lifetime of ~4X10~'® sec, he estimates A to be ~e. 
With the Frazer-Fulco value for the P-wave rm reso- 
nance position se™~10 and width '=0.4, Wong found 
a=5.7. When these estimates of A and a are inserted 
into the dispersion integrals in Eqs. (5.22a) and (5.22b) 
for charged pions, we find by an exact calculation that 
their contribution is <1%. Near scspr, we of course 
expect the imaginary parts of a and 6 to be important. 
For any s value, we have from Eq. (5.26) 


T,(s)= Ima*(s,t)= Ima"(s,/) 


A? (=) | | D,(1)|? 
— 3(324/m)*\ sta ; Fld]? 


and 


T4(s)=Im6b*(s,t) = Imb"(s,/) 


Ae si+ay? | Px(1)| 
=——_——_ ( ) Es(s—ay7 » 27D) 
3(32\/r)?\ sta D,(s) 

The ratios [Ja(s)/B,(s) F and [/,(s)/By(s) P 
in Table I, where B;(s) is the minimum value of the 
Born term in Eqs. (5.22a) and (5.22b) attained in the 
forward direction. We observe that the above ratios 
are not greater than ~1% near the resonance energy 
Sr™10. We have, so far, discussed the resonance con- 
tribution only for sg~™~10, but for a higher sz value ~20 

the situation will not qualitatively change. 

The biggest correction to the Born amplitude seems 
to come from the C,°:*(/) term and is roughly of the 
order ~ 10% if we take \= —0.20 (see Sec. VI.C). The 
ratios of the differential cross section da/dQ to (da/dQ), 
is given in Table II for 2=90 deg and 6=180 deg, 
where (da/dQ), is the differential cross section obtained 
by keeping only the Born term. For 6=0 deg, the 6 
amplitude is absent, and hence the contribution to 


are given 
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ia do do‘ 
> Te ae pases =C = 
ras e IT. Values of ( )/( ay at 6=90 and 180 deg. 





6=90 deg 


1.06 
1.10 





da/d2 comes entirely from the Born term. For the 
neutral case, of course, the contribution of C,°"(¢) is 
the only important one. If the correction term for the 
I=2, j=0, y+y— 4+7 amplitude is neglected (see 
Sec. VI.C) we have from Eq. (6.10) 


Cy" (tC ,%-"(2). 


The above results are in great contrast to the results 
in proton Compton scattering where, as described 
earlier, the 3-3 resonance in the intermediate pion- 
nucleon system increases substantially the cross section 
coming from the Born term.' The reason for the 
negligible contribution of the rm resonance is, of course, 
the smallness of the y+a— 2x amplitude as is seen 
from the factor 1/[3(32./x)?] in front of the integrals 
in (5.22a) and (5.22b). The normalization of the 
constant A introduced by Wong is evidently misleading, 
since Acve suggests a substantial magnitude for the 
y+n— 2n amplitude. Numerical factors should be 
absorbed in A so as to make it appear small compared 
to e. The reason A should be small is probably associated 
with the minimal character of the electromagnetic 
interactions which appear in y+2— 2x. This ampli- 
tude is essentially the vertex joining a single photon 
to three pions. Now from minimality we know that a 
photon line can couple directly only with a charged 
pair, and then the coupling constant is e, the elementary 
charge. In the case under consideration, therefore, we 
need a two-particle intermediate state. A two-pion 
intermediate state or, in fact, any state containing an 
even number of pions is, however, forbidden because 
G conjugation does not allow an even number of pions 
to go into an odd number. Thus particles heavier than 
pions (e.g., kaons or nucleon-antinucleon pairs) must 
be created in intermediate states. The constant A should 
then be of the order e/M (where M is the nucleon or 
K-meson mass) and therefore be small. In Compton 
scattering, the contribution of the 2m intermediate 
state is proportional to A? and thus to 1/M?. 


VI. PION-PAIR PRODUCTION CHANNEL 


In the barycentric system we can write ki=(g, —q), 
ko= (9,q), A= (~¢, P), and p2= (—¢, —p), where 


s=—¢— p+ 2gp cosh, 
s=—q— p’—2¢p cos. 


(6.1a) 
(6.1b) 


(6.1c) 
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Here ¢ is the scattering angle, ¢ is the square of the 
barycentric energy, and s is the square of the momentum 
transfer. The differential cross section is 


do pi\i T/? 
—= —|. (6.2) 
dQ q\8r v/t| 


A. Helicity Amplitudes 


If Aa, A» are the helicities of the photons and X., Aq 
those of the pions, we have A\.=O=Aqg, and A=Aq—Ab. 
If we denote the helicity amplitudes by Fy0(¢), we have 


Fyo(@) = (1/9) Xs (G+3)Mr07(b)drvi(P), (6.3) 
and 


da/dQ= | Fyo(¢) |?. (6.4) 


If by M,4'(t) we denote M)o’(t) with Aa=1 and A»=1 
(iie., A=O) and Ag=1 and A,=—1 (ie., A=2), re- 
spectively, then we have 


and 
M,, -i(t)=M_ (2). 


As in Sec. V.A by comparing Eqs. (6.1) and (6.3) for 
appropriate polarization vectors, we have 


dz,o?() 


l 4 x 
0(6,80)=4x(— ) s (23-+)M,.4)—— 


t—4/7 j= ss—1 


: d>,o4($) 
=4e D> (2j7+1)h_()——_-, 

j=2 1—cos*o 
and 


do.o?(¢) 


j=0 t 


b(s,8,t)= 


t \} x 
ir( -) > (27+1)M,4°(0) 
4 


t-— 


=4r ¥ (2j7+1)h,4(t)do,0*(¢), 


j=0 


4 | } ie 
h_i(t)= ( ) 0, 
t\(i—4)8 


if 3 43 
h,(t)= ( -) M.,,.,4(t). 
t\i—4 


In terms of a and 6 we have 


(6.5b) 
where 


(6.6a) 


(6.6b) 


i, 
h_i(t)=— f d(cos@) de,o3(d)a(t, cos@), 
8x —| 
and 
1 1 
h(t) =— f d(cos@) do.o4(@)b(t, cosd), 
8r 1 


where 


d2,0'() = (1—cos*)de,0'(¢). 
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The d’(@) functions are 
2P;_1' (cos) — j(j—1)P;(cos¢) 


: (6.7) 
Ci-1) 7G +1) (J+2)}! 


do; \od)= 
and 
doo’ (¢) = P;(cos@), (6.8) 
where primes indicate derivatives with respect to cos@. 
In Eq. (6.4), we have (1—cos*@) in the denominator, 
and we find 


d 5(¢) P;'’ (cos) 


1—cos’¢ (G-1)jG+D(G+2} 


| all 
B. Asymptotic Behavior 


The general procedure for establishing asymptotic 
behavior is the same as in Sec. V.B. Relations (5.11) 
and (5.12) together with the unitarity limitations 


M,, _?(t)| <1, (6.9a) 
and 


M...7(t)| <1, (6.9b) 


then give us fori!— =x 


a} Sconstant, |b| Sconstant 


for fixed s (or 8), i.e., cosp= +1, and 


< SC p~3 
a Ss! b.st' 


for any other value of cos¢. Equivalently, we have 


1S B 


a") 


< 
Sl 


for cosé= +1 and 
for cos@¥ +1. 


C. Partial-Wave Dispersion Relations 


Knowing the singularities in the amplitudes a and 6, 
we can write down partial-wave dispersion relations 
for h_?(t) and h,?(t). The branch cuts in a and 3 are, 
of course, the same as those in A and B. There is a 
branch cut ¢>4 for the amplitudes A(t). Corre- 
responding to the cut s>4 as well as §>4 in A and B, 
there will also be a cut t<—9/4. We shall project out 
the Born term and write it explicitly as /g+’(t). Before 
we write down partial-wave dispersion relations, how- 
ever, we introduce amplitudes h+?’ corresponding to 
a definite isotropic spin / of the final two-pion state. 
From charge conjugation or, equivalently, from crossing 
symmetry, we notice that only even angular momentum 
states are allowed and, therefore, only states with J=0 
and J=2 need be considered. For the 7=0 and J=2 
states, we designate the amplitudes by the superscripts 
0 and 2, respectively. An elementary calculation then 
gives their relations with the charged-neutral ampli- 
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tudes as 
h,?(t)= (4) 2h, *()+A,7 "(0 ], — (6.10a) 
and 


hy? (t)= (2) [hy (Ay? * (0) ], (6.10b) 


where /,?:¢(t) and A,/"(t) are the charged and neutral 
amplitudes, respectively. Similar relations hold for 
h_*(t) amplitudes. We then have 


1 974 Im Az?! (0) 
hxt! (t)=hpx?! (t)+—- dt’ - 


(6.11) 


where 


1 ; r - 
hp?" (t)= -f d(cos@) de o?(d) : 
V3 J_; (1—s)(1-—8) 


and 


1 : é 
hp,?4 (t)=— f d(cos@) do.o7(¢) - —, 
V6 1 (1—s)(1—8) 


From Eqs. (6.6) and (6.9), we have |/_’(t)| S1/f and 
h,/(t)|S1/t in the physical region. Hence, in the 
above relations, no subtraction constants are needed. 
The integral along the left cut corresponds to the 
correction to the Born term for the crossed channel 
yt+tr— y+. As we have already seen, the correction 
is probably small and we shall neglect it in this pre- 
liminary calculation. 

For the integrals in Eq. (6.11) involving positive / 
values greater than four, we shall use unitarity. In the 
approximation of including only two-pion intermediate 
states, we have 


(6.12a) 


(6.12b) 


Imhz?! (t)= hz? (1)A* 4 (OL (t—4)/t]!, (6.13) 
where 


Ail (t)=[t/(t—4) }! exp(id,/) siné;? (6.14) 


is the pion-pion scattering amplitude defined by Chew 
and Mandelstam for angular momentum 7 and isotopic 
spin J; 6;/ being the corresponding phase shift.’ 

At low energies, we shall neglect the integrals in Eq. 
(6.11) along the right-hand cut for 7>2, since the 
pion-pion amplitude for D and higher waves is expected 
to be small. We then have 


h_?-"(t) = hp? T(t), 
since always j7>2; 


hi (t)=hp,? 7 (0) 


for 7>2; and 
1 s '—4\3 
hs? (t)=hp,® 4 (t)+ f av( ) 
T 4 e 
(6.15) 


Thus we consider the zz interaction correction only to 
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IIL. Values of hg,°(t), ReC,°.°(t), and ImC,°."(4) 
for \= —0.20, in units of e*. 


ImC,°.°(t) 


ReC,°°(¢) 
0.395 0 
0.042 0.208 
— 0.026 0.178 
0.059 0.093 
— 0.056 0.056 
0051 0.037 
— 0.032 0.010 
—0.022 


0.086 
0.045 
0.027 


the 7=0 state (ie, S state). Following Chew and 
Mandelstam, we write® 


A®1(t)= Ny! (2) Dy! (d), 


where .Vo!(t) and Do/(t) are the numerator and de- 
nominator functions in the mr S amplitudes. From a 
modification of the form given by Omnes,*'” we have 


t 4 » dt’ st’—4\3 
hi? (t)=hp (+ J — (— ) 
aD (t)h4¥, U—-t\ t 


Khps (U)Nol(t’) 


=Mp,.®4(t)4+C494 (0), (6.16) 


where C,°7(t) is the rescattering correction term due 
to the rm interaction. 

In an earlier work,” values for the S amplitudes in 
terms of the pion-pion coupling constant \ have been 
obtained from crossing relations. At present A~—0.20 


TABLE IV. Values of ha,°?(t), ReC,°* (4), and ImC,°?(4) 
for \= —0.20, in units of é. 


t hp.®?(t ReC,,°:?(t) 


0.204 0.027 
0.016 
0.009 
0.002 

— 0.001 

—0.003 
0.004 
0.003 


4.0 
4.5 0.168 
5.0 0.143 
6.0 0.103 
7.0 0.077 
8.0 0.061 


0.018 
0.015 
0.012 
0.011 
0.006 
0.004 


12.0 
16.0 


0.032 
0.019 


12 R. Omnes, Nuovo cimento 8, 316 (1958). 
13 Bipin R. Desai, Phys. Rev. Letters 6, 497 (1961). 
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ase V. Values of ¢4°(t)/op,°(t) and o,2(t)/og,? (0) 
for \= —0.20. 


o."(t)/oBps 


Of 1.29 
1.21 
1.16 
1.05 
0.99 
0.94 
0.83 
0.77 


seems a reasonable estimate." For this \ value, we have 
calculated the correction C,°/(t) to the Born term 
hp, (t). This correction, of course, comes from the 
final-state wm interaction in the S wave. From Tables 
III and IV, we find that for the 7=0 state the cor- 
rection is large at low energies corresponding to strong 
attraction, but for higher energies it quickly changes 
sign. Such a circumstance can be understood as follows: 
If we take the Born term /:g,°(t) to be approximately 
a pole at ‘=—/¢g, then its slope is ~ég-*. Since the 
distance at which the pairs are produced is ~/g~, the 
larger the distance, the faster is the decrease of /p,°(t) 
in the integral in Eq. (6.16). We have here a case in 
which the pions are produced at a relatively large 
distance—about a pion Compton wavelength—and, 
therefore, /7g,°(¢) decreases relatively rapidly, giving 
rise to a sign change in the principal part of the integral 
in Eq. (6.16). At higher energies this negative contri- 
bution is ~70% of the Born term. The ratios o/(t) 

op,/(t) of the total cross sections for a given J spin with 
and without the correction terms are given in Table V. 
Such interactions as discussed above may perhaps be 
detected by rather accurate experiments on pion-pair 
production by a photon in the Coulomb field of a 
nucleus." 
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Elementary and Composite Particles* 
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It is shown for two simple fixed-source theories with one stable excited state of the source that (1) a 
knowledge of the physical S-matrix elements of the theory is sufficient to decide if the state is associated with 
an elementary particle or a composite particle, and (2) the theory in which the particle is composite corre 
sponds to the elementary-particle theory in the limit of vanishing wave function renormalization constant 
of the elementary particle. The distinction between elementary and composite particle is related to a 
generalization of Levinson’s theorem, and it is made plausible that this generalization is valid in local field 


theory 
treatment of rearrangement collisions is suggested. 


I. INTRODUCTION 


N the Lagrangian formulation of quantum field 

theory, there exists a natural distinction between 
elementary and composite particle—an elementary 
particle is associated with each type of field operator 
appearing in the Lagrangian, and a composite particle 
is associated with each single-particle state for which 
there is no corresponding field operator. In the S-matrix 
formulation of the theory, on the other hand, elementary 
and composite particle alike appear as poles in certain 
matrix elements, which are supposed to be analytic 
functions of an appropriate set of complex variables; 
the residue at the pole is related to a renormalized 
coupling constant if the particle in question is regarded 
as elementary, or to the asymptotic normalization of 
a bound-state wave function, if the particle in question 
is regarded as composite.' It is perhaps reasonable to 
ask whether, within the framework of such a theory, 
the distinction between elementary and composite 
particle is more than purely semantic, i.e., whether it 
is possible to distinguish in principle between an ele- 
mentary particle and a composite particle from a 
knowledge of .S-matrix elements alone.” 

It is shown in the present work that such a distinction 
is indeed possible in principle, at least within the 
framework of the two fixed-source theories which are 
examined in detail here. The elementary-particle 
versions of these theories are (1) the Lee model,’ which 
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and the National Science Foundation. 

t Part of this work is contained in the Ph.D. dissertation of 
R. Aaron, University of Pennsylvania (1961). 

t National Science Foundation Cooperative Fellow. Now at 
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' It should be noted here that the particle in question need not 
be stable; if it is unstable, the associated bound-state wave 
function will be of the type which is appropriate to a radioactively 
decaying state, and the poles in the S-matrix elements will appear 
on the second (unphysical) sheet of the Riemann surface asso- 
ciated with the complex energy variable. The following discussion 
is relevant to both cases. 

? Even in the absence of an underlying Lagrangian theory, the 
distinction is of theoretical interest; one hopes to calculate the 
parameters associated with a composite-particle pole in terms of 
the more fundamental parameters associated with the elementary 
particle poles. 


*T. D. Lee, Phys. Rev. 95, 1329 (1954). 


In an Appendix, the result (2) is generalized, and an application to the dispersion-theoretic 


describes the interaction of a scalar boson @ with a fixed 
fermion source (possessing two internal degrees of 
freedom, V and V) through the virtual processes 
V — N+8, and (2) an extension of the Lee model in 
which the @ particle has a distinct antiparticle 4; the 
interaction with the source takes place through the 
virtual processes V «++ V+6 and V «> V+64 (this latter 
model possesses crossing symmetry which is absent in 
the Lee model). The corresponding composite-particle 
versions are (1) a separable potential model, which 
describes the interaction of a scalar boson 6 with a 
fixed source .V through a separable potential, and (2) a 
generalization of the meson pair theory of Wentzel,* in 
which the (complex) boson field @ interacts with the 
source V through a quadratic interaction; in these 
versions, the single V-particle state appears as a 
dynamical consequence of the basic \—é interaction. 
It is shown that each composite-particle theory can be 
obtained as a strong-coupling limit of the corresponding 
elementary-particle theory, in which limit the wave 
function renormalization constant of the V particle 
vanishes.° 

The observable distinction between the elementary 
and composite particle theories is found in the high- 
energy behavior of the V—@ scattering phase shifts, 
which is similar to that suggested by Levinson’s 
theorem in potential scattering,® and its generalizations 
to certain fixed-source theories which have been dis- 
cussed by other authors.*~" These are re-examined here 
in the light of the Fredholm theory of the scattering 
equation,"'~" and it is made plausible that a generalized 
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ELEMENTARY AND 
Levinson’s theorem is valid in a fully relativistic field 
theory ; however, a rigorous proof cannot be given. 

In an Appendix, it is shown that any model in which 
a field interacts with a fixed source through a potential, 
and in which there is a bound state of the field and 
source, can be obtained as the limiting case of a theory 
in which the bound state is replaced by an elementary 
particle. An application of this result to the dispersion- 
theoretic treatment of rearrangement collisions! is 
suggested, but detailed discussion is reserved for a sub- 
sequent publication. 


II. LEE MODEL AND SEPARABLE 
POTENTIAL MODEL 


The Lee model’ describes the interaction of a neutral 
scalar boson @ of mass yu with a fixed extended fermion 
source [ having two internal degrees of freedom, denoted 
by .V and V, with (bare) masses m and my, respec- 
tively ] through the virtual processes V < V+86; the 
Hamiltonian of the model is 


H=mpyibytmy py ips + f xa! (hahah Hs, (1) 


W ith 


_ | dk 
Hint : f —u(k) 
(2x)3| (2w,)4 


X[Wv Wwa(k) +n Prat(k) ] ' (2) 


Here Wnt, Ww (vt, Wv) are the creation and annihilation 
operators for the V state (V state) of the source; these 
satisfy the usual anticommutation rules. at(k), a(k) 
are the creation and annihilation operators for a 6 
particle of momentum k and energy w= (k?+uy?)!; 
g is the (bare) coupling constant of the theory, and 
u(k) is a cutoff function [normalized to «(0)= 1). 

The V—8@ scattering states |. Vk(+)) associated with 
an incident @ particle of momentum Kk satisfy the 
Schrédinger equation 


(E.—H)| Nk(+))=0, (3) 


with E,=m+w,. Write | Vk(+) (k); 


then 


at(k)| V)+x¢ 


(k)=[1/(E,—H+in) ]j(k)|.V), (4) 


where 


j(k) =[ H,at(k) ]—w,a'(k) 


=-[g (2a)! |[u(k) (2wx)! Wty (5) 
is the ‘‘current operator” for a @ particle of momentum 
k. 

The S matrix for V—@ scattering has elements 
(Vk’(—)| Vk(+))=6(k’—k) 
— 2rid (hy — Fy )( NK (—)| 7(K)|.N), (6) 


! R. Amado and R, Blankenbecler (unpublished). 
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and the 7-matrix element (.Vk’(—)! 7(k)| V) is givenby'® 
(Vk'(—)| 7(k)| NV) 

(CN | it(K)[1/ (Ee —A+in) 7 (k)|N). (7) 
Equation (7) implies that the function /(w) defined by 
4x u(k)u(k’) 

h(w) (8) 


(2r)* (4e,07)! 


Vk’ (—)| 7(k)|N 


is the boundary value of an analytic function /(z) of 
the complex variable z, regular in the z plane cut along 
the real axis from uw to ©, except for simple poles along 
the real axis associated with the discrete eigenstates 
of H for which (.V | j'(k)|a)#0. 

For the Lee model, with Hamiltonian (1), the function 
h(z) is given by 


r® -* q|u(q)|? ‘% 
h(s)=T® ag deg J ; te, | , 
T Wg—Z 


u 


where ['\ = (g)?/4a and Ey =my—wm. The exist- 
stable V particle with (physical) mass 
my=m-+ Ey requires the existence of a solution of 


‘ q u(q) 2 
daw, <p. (10) 


Tv ue Wy uy 


ence of a 


= fy — 


If a solution of Eq. (10) exists, 4(z) can be written as 


(0) r . q|u(q)|? a 
[1+ f ; —— st (9’) 
By T (w y—2) (we— Ey ) 


u 


4 a 
[1+ (e—Bn [ 
s— kh, ™ 


Ty 


x 


q|u(q) |? 


—l! 
to,| 
(cog—2) (wy— Ev)? 


(9”’) 
zr™, 


where [' with 


x 


r g|u(q)|* 
Z I =] T [ dwg. 
T * (wy— Ey y? 


u 


(11) 


The state vector of the physical V particle is given by 


V)=ZhWyt| vac) 


g u(k) 1 ee 
— foe at(k)|.V), 
(2r)! (2w, ) w,.— Ey 


where the renormalized coupling constant g=Z'g 
has been introduced; Eq. (11) implies that Z, the 
probability that the physical V particle is in its bare 
state, satisfies 0<Z<1 (recall 1 >0); also 


Tr ® giu(q)|? 
~~ [ dw, 
Ts ‘@a™ ie 2 


u 


(12) 


i—Z<1, (13) 


‘6 The methods used here are standard. See, for example, G. F. 


Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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so that the magnitude of the renormalized coupling 
constant g=(4rI)! cannot exceed a certain critical 
value, as was noted by Pauli and Kaillén,!” and there 
are no spurious (ghost) poles of /(z). 

The separable potential model to be discussed here 
describes the interaction of a neutral scalar boson 6 
of mass u with a fixed source (denoted by .V) through a 
separable potential; the Hamiltonian of the model is 


A= f wal k)a(k\Pk+ Hin (14) 


u(k)u(k’) 

—_——a' (k’)a(k)@k dk’, (15) 

( 04") 4 
where J is the coupling constant of the theory, and u(k) 
is a cutoff function [normalized to u(0)=1]; the 
equivalence of the model described by the Hamiltonian 
(14) to the Lee model is anticipated by using the same 
cutoff function. 

The analysis of .’—@ scattering proceeds as in Eqs. 

(3)-(7) above, except that the 7-matrix element 
(Vk'(—)| j(k)|.V) is now given by 


(Nk’(—)| j(k) | V [a(k’),j(k) ]|N 


=(N 
+(N| j(k’) [Ev —H+in} 7 (k) |). 


(7’) 
The first term on the right-hand side, which is equal 


to zero in the Lee model, is now given by 


. dN u(k)u(k’) 
N | [a(k’),j(k)]|.V)=—— — 
(2a)? (4erjcoy,)? 


(16) 


and the function /(z) defined by Eq. (8) is given by 


— f* q|u(q)\? ” 
vis Wg—Z 


u 


(17) 


where £=)/4r. Now if 
qi u(q) 


< D 
+= f 
Ty Wap 


the denominator of /(z) will vanish for z= Ey <y given 
by 


9 


<0, (18) 


12 
| 


E p* g|u(q) 
+= f ——$der,=0, 
T wa— Ey 


Mb 


(19) 


corresponding to a bound state of the V—@ system at 
energy Ey. 
Then h(z) can be written as 


1 ws q u (q) 2 I 
(s—E, if -_ . | 
a" (tg —8) (ey Ev) 


u 


h(z)= (17’) 


‘7 W. Pauli and G. Kallén, Kgl. Danske Videnskab. Selskab 
Mat.-fys. Medd. 30, No. 7 (1955). 
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r : 
= itz ) 


z— Ey 
: 2 1 
x f ons ty , (17°) 
(wa—2) (w,— Ev)? 


7" 
where 


rT. ¢” giu(g)|? 

f : ds 
wJ, (w—Ey) 
Thus the V—@ scattering amplitude [Eq. (17’)] in 
the separable potential model with a bound state 
(V particle) with energy Ey has the same structure as 
in the Lee model with a stable V particle (with physical 
mass m,=m-+ Ey); the residue of /(z) at the V-particle 
pole is, however, an @ priori arbitrary (except for the 
restriction 0<I'<I.) parameter in the Lee model, 
while in the separable potential model it is determined 
by Eq. (20). 

Also, the bound state wave function 
separable potential model is 


(4x1)! u(k) 1 
V p)=— — fee - at(k)|.V) 
(27)! (2a)? Ey—ox 


(normalized to (Vg|Vs)=1) which is the limit of Eq. 
(12) as Z—+0, g— g.= (4x1 .)*. This reflects the fact 
that in the separable potential model, the “‘V-particle” 
state is a superposition of .V—é plane wave states, and 
no independent bare V-particle state is required."* 

It may also be noted that Eq. (17) can be obtained 
as the limit of Eq. (9) as T’— & and Ey > x 
in such a way that £=—T'’/Ey remains fixed (and 
negative). This limiting procedure also includes the 
case in which the physical V particle is unstable, in 
which case the wave function renormalization constant 
is no longer a well-defined quantity. 

It is interesting to examine the high-energy behavior 
of the V—@ amplitude in the two theories. Write 


(20) 


Ve) in the 


(21) 


h(w) =T/(w— Ey) D(w), (22) 
which serves to define D(w). It follows from Eqs. (9) 
and (13) that D(w) > Z asw— ~©; thus h(w) ~T®/w 
for large w in the Lee model, while in the separable 
potential model, 4(w) — & for large w. This behavior is 
reflected in the high-energy behavior of the V—@ scat- 
tering phase shift 6(w) which is related to h(w) by 
e'8() sind(w) = k| u(k) |2h(w). (23) 
The difference 6(u)—6() is given in the Lee model 
by 
5(u)—5(~)=0 (stable V particle), 


5(u)—5(~)=—-x (unstable V particle), 


18 This has been noted independently by Houard and Jouvet 
(reference 5). 
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# ReDw) 


Fic. 1. (a) The real part of D(w) defined by Eq. (22), for the 
cases ZO ( —) and Z=0 (-----). (b) The N—6 scattering 
phase shift 6(w) shown for the case Z¥0 ( ) and Z=0 
| ). 


and in the separable potential model by 


5(u)—6(~%)=a7 
5(u)—6(~%)=0 


(bound state), 


(no bound state). 


The relation between the two models in the stable 
V-particle case is illustrated in Fig. 1. These results, 
which can also be derived from the generalized versions 
of Levinson’s theorem to be discussed in Sec. IV, show 
that a knowledge of the \—@ scattering phase shift 
5(w) and the presence or absence of a single-particle 
bound state suffices to distinguish between the two 
models. 

It can also be verified that the equivalence of the Lee 
model and the separable potential model in the limit 
l’ — I, is valid in the other sectors as well. For example, 
the V—@ scattering amplitude /y (w) defined by 


de u(k)u(k’) 
Vk'(—)| 7(k)| V)= hy (ox) 


(22)? (4ejco,)! 


(24) 


is given in the separable potential model by /,(w) = /(w), 
with (w) given by Eq. (17), since in this model, the 
scattering of a @ particle by the fixed N particle is not 
affected by the presence of an additional @ particle in 
a bound state; the process V+6<> V+6-+4 is forbidden 
in the absence of a direct @—@ interaction.” 

In the Lee model, on the other hand, Ay(w) has the 
form”? 


D(w) 
1—D(w)+[1—J (w) V[i+J (w)] 


19 We are indebted to B. W 
of this point 
20 R. Amado, Phys. Rev. 122, 696 (1961). 


hy(w) —h(w) (25) 


Lee for an illuminating discussion 
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where D(w) has been defined in Eq. (22), and J(w) is 
the boundary value of an analytic function of the 
complex variable w, regular in the w plane cut along 
the real axis from w its precise 
form will not be given here,” but it has the following 
property : 

(26) 


2u—Ey to w=@; 


lim J(w)= 0, 
lle 


whence /iy(w), defined by Eq. (25), satisfies 


lim hy(w)=h(w), 


(27) 
rTe 

so that the Lee model approaches the separable poten- 
tial model in the limit ! > I,. 

There is an apparent paradox in this result, since the 
V—@ scattering amplitude /y(w) has a pole at w= Ey, 
the residue, of which is f according to Eq. (24) and —T 
according to Eq. (25) [/(£y)=0]. The resolution of 
the paradox is that the function hy(w) of Eq. (25) 
develops a second pole for w<y as I increases from zero 
(this pole corresponds to a dynamical bound state of 
the V—@ system) and, as '—T., the position of the 
pole approaches Fy, and the residue at the pole 
approaches 21; thus Eq. (27) is consistent. 


III. EXTENDED LEE MODEL AND 
MESON PAIR THEORY 


rd 


Consider now an extended Lee model in which the 
@ particle has a (distinct) antiparticle 6; the interaction 
between the 6 field and the source takes place through 
the virtual VoN+0, NoV+86. The 
Hamiltonian of the model is 


] yrocesses 


H=mOpntytmy Ov yy 


+ f eifar kato +bt(k)b(k) Jd®k+Hing (28) 


with 


eo dk 
Hint= , J 
(27)! (2c)? 


ak 
——u(k) yn tbvb(k) +yvtywdt(k) ] . (29) 


(2wx) 


u(k) [Wy bwa(k)+yntyvat(k) | 


Here m, my are the (bare) masses of the .V particle 
and the V particle, respectively; at(k) and a(k) 
[dt(k) and &(k)] are the creation and annihilation 
operators for a @ particle [@ particle] of momentum k 
and energy w.= (k’+y’)'; g® is the (bare) coupling 
constant of the theory, and «(k) is the cutoff function 
[normalized to «(0)= 1]. 

The state vectors |.V) and |V) associated with the 


physical V particle and physical V particle, respec- 


21 The form of J(w) has been given by Amado (reference 20) 
for the case of my =m. Its form for my #m is easily derived. 





1262 VAUGHN, 


tively, satisfy 


(m—H)|N)=0, 
(my—H)|V)=0, 


(30) 
(31) 


where m and my are the physical masses of NV particle 
and V particle, respectively (it is tacitly assumed in 
the following that m<my<m-+uy); formal expressions 
(not solutions) for the state vectors can be written 
down, but since they are not required in the following 
discussions, they will be omitted here. 

The .V—6 scattering states |. Vk’(+)) associated with 
an incident @ particle of momentum Kk satisfy the 
Schrédinger equation (3), as do the V—@ scattering 
states |N&(+)) associated with an incident 6 particle 
of momentum k; formally'® 


Vk(+))=at(k) | V)+(F.—H+in)"j(®)|N), 
Nk(+))=d'(k)! V)+ (E.—H+in)“j(k)|.V), 


(32) 
(33) 
where 7(&) is given by Eq. (5), and 
j(k) = (H,bt(k) ]—w,dt(k) = jt(k). 
The S matrix for V—6 (.V—8) scattering has elements 
(VK (—)| Nk(+))=6(k—k’) — 2715 (FE, — F,) 
xX (Vk’ (—)| 7(K)|.V), 
(Nk’(—)|Nk(+))=6(k—k’)—27id(E, — Ey) 
x (Nk’(—)| 3(K)|.V), 


(34) 


(35) 
and the 7-matrix elements 
(Vk’(—)| 7(K)|.V), (Nk’(—)| 9(R)| NV) 
are given by 
(Nk’(—)| j(k)|.V 
= (N| jt(k)(we-+m—H+in)'7(k)| NV) 
— (N| 7 (kK) (we —m+H) jt (k’) | N 
(Nk’(—)| j(k)|.V 
+ (N| 7(K’) (wx-+m— H+ in)-jt(k) | V) 
—(N| jt(k) (ox —m+H)“j(k’)| NV (37) 
where use has been made of the relations 


a(k’)| V)= — (we —m+H)"j'(k’)| NV), 
b(k’) | VN) = — (we —m+H)"j(k’)| N). 


(38) 
(39) 
Consider now the analytic function of the complex 
variable z defined by 
. V Wn'vv a)\a Yvivn N 
i((2)=T D4 - —__— ! 
: m— Eat 
Vidvibn | adalwn yy N)| 
Tr >, (40) 


m+Ea—2 |’ 


where T (g)*/4r; the summation extends over a 
complete set of eigenstates of H. i(z) is regular in the 
z plane cut along the real axis from —* to —y and 
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from yu to ©, except for simple poles on the real axis 
associated with the discrete eigenstates of H for which 
(N |\ywtby|a)¥0 or (N|Yvw!a)¥0. 

Equations (36) and (37) imply that the functions 
T(w), T(w) defined by 


doe u(k)u(k’) 
T (wx), 
(27r)* (4,0, 4 


(Vk'(—)! 7(k)| V)= (41) 


4dr u(k)u(k’)_ 
T 


(Nk’ (—)!7(k)| .V)= (wr) (42) 
(2)? (4exco,-)4 


are given as boundary values of /(z) according to 


T(w)= lim t(w+in), (43) 


n—0* 


T (w) = lim t(—w—in). (44) 


n—0* 


The contribution to the summation in Eq. (40) from 
the physical V-particle state is |(ViYyt¥y|V)|? =Z. 
Define the renormalized coupling constant g=Z}g); 
including the contribution to the summation from the 
V—6 and N—6 scattering states yields 
dr 


. d q 


uy 
L£Wq 


with ['=g?/4r, Ey=my—™m. The contributions from 

the remaining states have been dropped (one-meson 
approximation). 

The standard solution for /(z) is® 

: 1 


(s—Ey) Di 2) 


r D 
D(zs)=1+(2—E, - f q| (q) 2 


Tu 


where 


r | 1 
={— f q u(q) P — dwg. (48) 
wT | (w, — fe, 2 (w,-+t hy | 


a 


2 L. Castillejo, R. Dalitz, and F. Dyson, Phys. Rev. 101, 453 


(1956). D(z) is assumed to have no poles 
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It is necessary that C>O in order that ¢(z) shall have 
no ghost poles for complex z; thus, in the one-meson 
approximation at least, there is a finite upper limit on 
the magnitude of the renormalized coupling constant, 
except for the special case Ey=0, which is excluded 
here. 
More generally, /(z) is given by Eq. (46), with 


v D 


I 
D(zs)=1+(s—Ey)- f 
Tv 


ba 


' r (wy) 
q|u(q) | ont nntnsenenn 
(wg—2) (wa— Ey » 


F (wy) 


L (49) 


dura 


(wy +2) (w,+Ey)?) 


© 


I f r (wy) 
q|u(q) | ; 
(w,—2) (wy— Ey) 


u 


F (wg) 


= 4 on 
(w_+s) (wy+ Ev) 


- r (wy) 


f q|u(q) | 
mi (w,— Ey y 
F (wy) 


—— —- de, (50) 

(w,+ Fy)’ 
Here r(w) [7(w) ] is the ratio of the total VN—6 [V—6] 
cross section to the corresponding elastic cross section 
at energy w. Again it is required that C’>0, but it is 
no longer clear that this implies a finite upper limit 
for I’, since the integral in Eq. (50) may vanish or be 
negative. This possibility seems remote, however, and 
it will be seen presently that for [—T, defined by 
C=0, C’—>0 also. Note that ZC’ in general, but is 
related to it by 


Z=C'(N | [ow 'bv,dvtpw |). (51) 


Finally, note that ¢(z) can be written as 


: A 
=a /| em + f q|u(q) |? 
o "9 


r(w,)  F(w,) 
x +—— 


dey} (52) 
Wats 


‘ 
We ~ 


where A is given by ['=C’A, and 
os) 


A ‘ r (wy) 
nv= Ey + f q uot " + 
T wWa— Ey 


be 


F (wg) | 
‘ Wa. 


watEy 


(53) 


The relativistic meson pair theory to be considered 
here describes the interaction of a (complex) scalar 
boson 6 of mass w with a fixed source (denoted by .V) 
through a generalized separable potential; the Hamil- 
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tonian of the model is 


H= f aifa'(kja( +bt (k)b(k) ]24+-H int, (54) 


r u(k)u(k’) 
Aisin f ~~ “Tat (k)a(k’) +51(k)b(K’) 
(27)8 (4ar0,/)3 
+at(k)bt(k’)+-a(k)d(k’) jd®kd®k’, (55) 
where J is the coupling constant of the theory. 

Since the Hamiltonian is quadratic in the field 
operators, the asymptotic creation and annihilation 
operators can be constructed™ as linear combinations 
of the at(k), a(k), 5'(k), 6(k); consequently, only 
elastic scattering processes are allowed. Thus when the 
analysis of V--@ and V—6 scattering is carried out as 
in Eqs. (32)—(45) [Eqs. (36) and (37) must be modified 
by adding to the right-hand side commutator terms 
(N | Ca(k’),j(k)]|V) and (NV|[b(k’),j(k)]|.V, respec- 
tively], the one-meson approximation to the function 
t(z) defined by Eq. (40) will be exact. 

Thus the exact solution for /(z) is given by 


| € wat -1 
(2) =} i+ f q|u(q) | + fia , (56) 
| Tey Wg—S Wats 


where £=/4r. 
Now if 


a & . | 
1+- f q|u (q ) 7; + — dw, <0, (57) 
T Mu a J 


Wy— Mh Wot 
the denominator of ¢(z) will vanish for z= Fy <u given 
by 


gf 7% 1 1 
i+- f q|u(q) 2|_ +- pias il (58) 
ad, lug Bie lie! 
corresponding to a bound state of the V—@ system at 
energy Ey <u. 

Then /(z) has the form of Eq. (46), with D(z) given by 


r. f” : 1 
D(z)= f q| u(q) | — 
Ts (wy—2)(w,— Ev) 


Me 


1 
i (59) 


(wa+s) (w,+Fy) 


rs Dn 
-1+(s— Ey) f g|u(q)|? 
rg 


be 


1 1 
x | i, (50/) 
(we—2%)(we— Ev)? (wy+s) (wat Ev)? 


23. B. W. McCormick and A. Klein, Phys. Rev. 98, 1428 (1955), 
have constructed the solution for the neutral pair theory of 
Wentzel (reference 4); extension to the charged pair theory is 
trivial 
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where 


r 2 1 1 
f q wad! — ————-_}dw,=1. (60) 
zs, (ca9—Ev)? (we+Ev)*) 


Thus the extended Lee model becomes a pair theory 
in the limit C— 0 in Eq. (48), or Z— 0 in Eg. (51); 
this is the strong-coupling limit. It is also clear that 
the V-particle wave function renormalization constant 
Zy vanishes in this limit, since the state vector for the 
V-particle bound state can be constructed from the 
N-—é plane wave states; as before, the distinction 
between the two models can be made from a knowledge 
of the V—@ scattering phase shift as a function of 
energy. 

It may also be noted that if Eq. (58) is satisfied, the 
denominator of /(z) will vanish for z= —£y; this cor- 
responds to a bound state of the V—6 system at energy 
Ey. This bound state is present also in the extended 
Lee model: as I is increased from zero, there will appear 
a zero in D(z) [Eq. (47) ] which moves from —y to 
— Ey as T is increased to I,. 


IV. LEVINSON’S THEOREM 


Levinson’s theorem for potential scattering® is most 
simply demonstrated by writing the partial wave am- 
plitude J, 

T1(E)=[e*+“ sind, (E) |/q¢ (61) 
for scattering in the state of angular momentum L 
and energy £=q*/2m in the form™ 


T1(E)=N1(E)/D1(E), 


(62) 


where D;(£) is the boundary value (as £ approaches 
the real axis from the upper half-plane) of an analytic 
function of the complex variable F, regular in the & 
plane, cut along the real axis from 0 to ~, and satis- 
fying D;(E) > 1 as E— ~., Also, 


1 

- lim [D,(E+in)—D,(E—in) ] 
,; + 
41q” of) 


N1(E)= (63) 


is real for OC E< x. Consequently, D,(£) has the 
phase —6,(/) forO < E< ~, and the S-matrix element 
S,(E) =1+2igT 1(£) is given by 
D,*(E) 
Si (E) =e 6L( 2) — — 


DL(E) 


D,(E—in) 
= lim —————_, 
n—0* D,(E+in) 


(64) 


and the phase shift 6,(/) is given by 


1 
AE InS;(E) 
2i 
1 
lim [InD;(E—in)—InD,(E+in) }. 
21 1-0" 


(65) 


* See, for example, R. Blankenbecler, M. Goldberger, N. Khuri, 
and S. Treiman, Ann. Phys. 10, 62 (1960). 
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(b) 


rhe circles denote zeros 
(b) The contour C’ of Eq 73 he circles denote zeros 
the crosses denote the poles of D(/ 


Fic. 
of D(E 
of D(E 


2. (a) The contour C of Eq. (66 
t). 
); 


Consider now the integral 
1 D,'(E) 1 Pd 
-— f dE= - f {InD,(E+in) 
2ri Cc 1 ( : 
(66) 


D_(E) 2ri 1E 
—|InD,(E—in)}dE, 

where the contour C is illustrated in Fig. 2(a). The 
value of this integral is equal to the number of zeroes 
of D(E) enclosed by the contour C [ D(£) has no poles 
within the contour ]; this is just equal to the number mz, 
of bound states of angular momentum JL; using Eq. 
(65) to evaluate the right-hand side of Eq. (66) then 
yields the relation 


6,(0)—6;,(@) 


1) Tr, 


which is Levinson’s theorem.' 

For the purpose of the subsequent discussion, it is 
useful to note that for the case of potential scattering, 
the Fredholm determinant, defined formally by 

E-—H 
D(£)=det 
E-—H 


can be expanded according to 


D(E) 1. (2L +1)D,(4é). (69) 


While the infinite product (69) diverges, the D,(/) 
are well-defined" (for a central potential), and in fact 
can be identified with the D,(£) defined in Eq. (62), 
as has been noted previously by many authors.” 





ELEMENTARY AND 
In the Lee model, or its generalization in which there 
ure several distinct bare V particles, the V—é scattering 
amplitude 7(/:), which is related to the phase shift 
S(£) by Eq. (61), with E=m-+ (q?+u?)!, can be written 
in the form 
T(E)=N(E)/D(E), (70) 
where D(£) can be chosen as the boundary value of an 
analytic function of the complex variable £, regular in 
the E plane cut along the positive real axis from m+yu 
to « (except for simple poles at the points z= m,, 
-, m,, where m,, ---, m,® are the masses of 
the bare V particles), and satisfying D(E)— 1 as 
E— «. Also, 
1 
N(E)=— lim [D(E+in)— D(E-—in) ] 
2iq n—0* 


(71) 


is real for m+u<QE<o, and regular (except for 
simple poles at z=m,, ---, m,“) in a neighborhood 
of the interval mtyu<kE<oa. 

An explicit representation of D(£). is 


n r,° 1 ¢” g|u(q)|? 
D(E)=1->. (- cm ) f ——éi, 2 
k= \m, — EJ er J ni, EE 


where u(q) is the cutoff function of the model [u(0)= 1], 
and 1°, = (g,)*/4a where g. is the (bare) V.—N@ 
coupling constant. D(/), as defined in this manner, 
can be identified with the Fredholm determinant [ Eq. 
(68) |] for the V—8@ sector of the model. 


Consider now the integral 
———§dE+ 


1 D(z) | 
1p Pps f Py 
2nilJde, D(E) i Jc, DE) |! 


1 = ¢ 
=— f —{InD(E+in)—|InD(E—in)}dE, (73) 
2ri 5 


mip & E 


D'(E) 


where the contour C’ is illustrated in Fig. 2(b), and 
the C; are contours enclosing the poles of D(/2)-on the 
real axis for m+yp<E<. The left-hand side of Eq. 
(73) is given by n—mo, where n is the number of zeroes 
of D(F) (which all lie within the contour C’) and mo 
is the number of poles of D(/:) (which lie within either 
C’ or one of the C;); by virtue of Eq. (68), is the 
number of discrete eigenstates of H (stable V particles), 
and mp is the number of discrete eigenstates of Ho (bare 
V particles); using Eqs. (64) and (65) to evaluate the 
right-hand side of Eq. (73) then leads to the relation 


6(m+pu)—6(%)= (n— 9) 2. (74) 


This result has been known previously,’:* and is valid 
rigorously for any single-channel theory in which the 
relationship between the Fredholm determinant [ Eq. 
(68) ] and the S-matrix element S(/) is given by Eq. 
(64). 

The possibility of generalizing Levinson’s theorem to 
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more complex systems is elucidated by examining a 
generalization of the Lee model*® in which the distinct 
6 fields 6;, , 6, interact with a fixed source, whose 
internal states are V; Vi, ---, Vino, through the virtual 
processes V;<> V+6,. The S matrix for the process 
N+64<+ N+46, is related to a certain analytic function 
tga(E) defined in the same way as the function /(w) 
of Eq. (8); the éga(Z) are related to the functions 
Dsa(E) defined by 


Zia’ Zip 1 1 
Dga(E) | _ )( ‘ ) 
i Aor E—m, Os x 


q| tg (wep) |” 
m+ug Ew—E 


[where m; is the (bare) mass of V;, gia is the (bare) 
V,N@_ coupling constant, %g(w,g) is the cutoff function 
associated with the 6g field, E,g= m--w¢ | according to” 


dE,g (75) 


tga(E)=[1/D(E) ] oy Ney (E)dya(E), (76) 
where D(E£)=det||Dg.(£)|| is regular in the complex 
E plane cut along the positive real axis from m+ p to 
0 (u=min{u.}) except for simple poles at z=m; 
(j=1, ---, 0), dya(E) is the cofactor of Da,(E) in 


D(E), and 
| 1 
)( ). (77) 
mO—E 


Lip Sir 
Ve,(E)=>_ 
i Ar 


D(E) as defined here can again be identified with the 
Fredholm determinant [Eq. (68) ] for the V—@ sector 
of the model. 
The S matrix S(2£) can be written as 
S(£)= D*(£)D“(2), (78) 
and 
D(E-—in) 
lim — 


detS(£) ; 
»~0* D(E+in) 


(79) 
Then also 
1 , . 5 
> 6,(E)=— lim [nD(E+in)—InD(E—in)], 


Y 2i 1-0* 


(80) 


where the S,(£) are the eigenphase shifts. Evaluation 
of the integral 


D'(é) 


D'(é) 
Sa f dé 
DQ)” FT Ic, Di) |} 


1 » @ 
f —{InD(E+in)—InD(E—in)}dE, (81) 


Qt J mi,pdE 


where the contours C’ and C; have been defined pre- 
25 F, J. Dyson, Phys. Rev. 106, 157 (1957). 
26 The reader will recognize this as the generalized V/D solution 
of J. Bjorken, Phys. Rev. Letters 4, 473 (1960). 
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viously, then leads to the relation?’ 
d L16,(M+uy)—5,(%) ]= (u—no)x, (82) 


where » is the number of stable V-particle states and 
no is the number of bare V particles. 
Furthermore, D(£) can be written as 


D(E)=TI d,(E), 


y=l 


(83) 


where the d,(£) are the eigenvalues of D(£). It seems 
plausible that the d,(£) can be ordered so that d,(E) 
is regular in the & plane cut along the real axis from 
m+, to ©, except perhaps for simple poles at z= m;° 
(j=1, ---,n®). However, the pole at s=m,; will 
occur in one and only one of the d,(Z) (and generally 
in the one whose threshold lies lowest). The eigenphase 
shift 6,(£) is given by 


1 
§,(E)=— lim [Ind,(E+in)—I|nd,(E—in) ]. 


2i »-0* 


(84) 


Carrying out the usual contour integral yields 


5,(m+p,)—6,(2)= (n,— Noy) x, (85) 
where #, is the number of stable V particles associated 
with the V channel and , is the number of bare V 
particles associated with the y channel; in this model, 
it is possible to have n,> ny. 

In a fully relativistic field theory, the Fredholm 
determinant Eq. (68) does not exist, nor do the partial 
wave determinants defined by Eq. (69) exist. It may 
nonetheless be possible to factor the D,(/) according to 


D,(E)=TI, ¢yd1,(E), (86) 


in such a way that d;,(£) are well-defined, and possess 
the expected analyticity properties: regularity in the 


E plane with a cut from EF, to ~, except for simple 
poles associated with the bare particles coupled to the 
y channel. Then the eigenphase shifts S,,(£) should 
be related to the dz,(£) by Eq. (84), and the relation 
Eq. (85) provides a distinction (in principle) between 
elementary and composite particle. 


V. DISCUSSION AND CONCLUSIONS 


The purpose of this work has been to make it plausible 
(1) that a meaningful distinction between elementary 
and composite particles exists, even within the frame- 
work of an S-matrix theory, and (2) that a theory with 
a composite particle can be obtained as the limiting 
case of a theory with an elementary particle in which 
the wave-function renormalization constant of the 
particle tends to zero. While many of the results of 
this work have been discovered or conjectured pre- 
7 A similar relation has been conjectured by Kazes (reference 
10); his proof by operator methods, however, requires the assump- 
tion of uniform convergence of certain integrals whose uniform 
convergences is precisely the point in question. See also reference 8. 


ARON, 


AND AMADO 
viously, the present work serves to generalize these 
results, and emphasize their relevance to (1) and (2). 

The distinction between elementary and composite 
particle is based on an extension of Levinson’s theorem 
to field theory which is suggested by the discussion of 
Sec. IV. A rigorous proof for the relativistic case cannot 
be given on the basis of present knowledge; however, 
the validity of the theorem for the eigenphase shifts 
seems very plausible, since it depends only on the exist- 
ence of suitable analytic functions d,(/2) from which the 
eigenphase shifts can be obtained by Eq. (84). It seems 
reasonable to hope that such functions d,(/) with the 
desired analyticity properties exist?*; perhaps it may 
even be true that the S matrix in field theory can be 
diagonalized by a simple transformation, and the d,(/) 
may be determined from the requirements of analy- 
ticity, unitarity, and crossing symmetry.” 

The conjectured extension of Levinson’s theorem to 
the eigenphase shifts may prove a useful guide to 
understanding of certain problems in strong interaction 
physics. For example, if the 3-3 resonance in pion- 
nuclear scattering is a dynamical consequence of a 
fundamental interaction between pions and nucleons, 
the 3-3 eigenphase shift must approach zero at high 
energies. Is the apparent structure of the 7= 3 pion- 
nucleon cross section above 1 Bev related to a decrease 
of this phase shift through 90°? Are the A, 2, Y*,¥o* 
elementary particles, or the dynamical consequences of 
certain more fundamental interactions,” and what are 
the implications of the answers to these questions for 
the low-energy behavior of the coupled Ar—ZSa—K.\ 
system? Is the p-wave resonance in pion-pion scattering® 
the dynamical consequence of fundamental interactions 
between the presently known elementary particles,” 
or the kinematical consequence of the existence of an 
elementary unstable vector boson?* These and similar 
questions have been asked before; the discussion of the 
present paper suggests strongly that there may be 
experimentally meaningful answers to them. 


28 As was kindly pointed out to the authors by B. W. Lee, the 
analytic properties of the eigenvalues of the S matrix were dis 
cussed for a nonrelativistic problem with two coupled channels 
by Ning Hu, Phys. Rev. 74, 131 (1948). A more recent treatment 
of the nonrelativistic multichannel S matrix, which unfortunately 
omits a discussion of the eigenamplitudes, is found in R. Newton, 
J. Math. Phys. 2, 188 (1961). 

* The spirit of this approach is exemplified in a recent review 
by G. F. Chew, Lawrence Radiation Laboratory Report UCRL- 
9289 (unpublished). The present authors would like to suggest 
that a study of the eigenamplitudes S;(£) will be fruitful 

39Such as those suggested by J Ann. Phys. II, 1 
(1960). 

31 J. Anderson et al., Phys. Rev. Letters 6, 365 (1961); W. D. 
Walker et al., Bull. Am. Phys. Soc. 6, 311 (1961) 

32 G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960); 
see also J. Belinfante, Princeton University thesis, 1961; and 
Phys. Rev. 123, 306 (1961) 

33 J. Sakurai, reference 30; B. W. Lee and M 
Rev. Letters 4, 578 (1960). 

* It has also been suggested by Chew (reference 29); however, 
it is not sufficient merely to look for zeroes of the T matrix since 
one of the zeroes associated with the coupling to an elementary 
particle may, and in general does, occur at infinite energy. 


. ° 
oakural, 


T. Vaughn, Phys. 





ELEMENTARY AND 

Finally, the equivalence of a theory with a composite 
particle to the limiting case of a theory in which the 
composite particle is treated as elementary can be used 
to remove one of the difficulties encountered in the 
attempt to apply dispersion relation methods to rear- 
rangement collisions.!® 

Note added in proof. Chew [Lawrence Radiation 
Laboratory Report (UCRL-9701)] has recently sug- 
gested that the requirements of analyticity and 
unitarity, together with the new postulate of maximal 
coupling for the strong interactions, may suffice to 
determine the masses and coupling constants of all the 
strongly interacting particles, and that, in this sense, 
none of these particles should be regarded as elemen- 
tary. The discussion of this paper shows that the Lee 
model and its generalizations (which are prototypes 
of relativistic partial-wave dispersion relations) provide 
concrete examples in which the postulate of maximal 
coupling consistent with unitarity has an_ explicit 
meaning, and leads to observable consequences, e 
in the Lee model, the V particle is not elementary. 

We also note that even if some of the strongly 
interacting particles are not elementary, it is per- 
missible to regard them as such in treating weak and 
electromagnetic interactions by standard field theory, 
since the discussion given here indicates that a com- 
posite particle is equivalent to an elementary particle 
with vanishing wave function renormalization constant. 


oO 
“+9 


APPENDIX 


Scattering and reaction processes involving bound 
states have been studied extensively using the tech- 
niques of formal scattering theory.** There are, however, 
a number of shortcomings in this approach ; for example, 
no convergent iteration procedure seems to exist.*® 
Also, there are difficulties connected with the symmetry 
between particles in projectile and target, which can 
be overcome for computational purposes by devices 
such as the distorted wave approximation,*” but which 
remain as an obstacle to the formal understanding of 
the theory. 

Similar problems have been met and partially solved 
in elementary-particle physics by the use of dispersion 
relation methods, but application of these techniques 
to nonrelativistic problems'® is hindered by certain 
unpleasant facts. For example, in the study of deuteron 
stripping reactions by these methods, one is led to 
consider a matrix element of the form (vac! Ja|p(+-)), 
where Ja is the current operator associated with the 
deuteron field, and |mp(+-)) is a neutron-proton scat- 
tering state. However, if the deuteron is regarded as 
the bound state of a neutron and a proton interacting 
through a nonrelativistic potential, this matrix element 


% See, for example, a recent review by 
Theoret. Phys. (Kyoto) 24, 980 (19060) 
6 R. Aaron, R. Amado, and B. Lee, Phys. Rev. 121, 319 (1961) 
’ See, for example, reference 35. 
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vanishes identically.**® On the other hand, it does not 
vanish if the deuteron is treated as an elementary 
particle coupled to the neutron and proton by a Yukawa- 
type interaction, even in the limit when the wave 
function renormalization constant of the deuteron 
vanishes. This suggests that a suitable method for 
handling this problem, and in fact a large class of 
problems involving bound states (e.g., rearrangement 
collisions), is to treat the bound state as an elementary 
particle, perform the calculations of interest, and take 
the limit of vanishing wave function renormalization at 
the end of the calculation. The method is elucidated 
here by an example, but the application of the method 
to problems of physical interest is reserved for a sub- 
sequent publication. 

Consider the models I and II of a scalar boson 6 
interacting with a fixed source \V; the models are 
defined by the Hamiltonians 


Hs+V, 
Hy+ V, 


H (1) 
H(i) 


(Al) 
(A2) 


where Hs is the Hamiltonian of the separable potential 
model [ Eq. (14) ] and Hz is the Lee-model Hamiltonian 


L. 


[Eq. (1)]; V is a direct V—8@ interaction of the form 


1 V (k’,k) 
f . a (k’)a(k)@ka®k’, 
(27r)* ( TEA )2 


(A3) 


where V (k’,k)=V(k,k’) is a scalar function of k, k’. 
Now let* 
H, = fosarck \a(k)d*k + V, 


and let |NRk(+)); be the scattering eigenstates of H, 
[with outgoing (+) or incoming (—) wave boundary 
conditions ] associated with an incident @ particle of 
momentum k; these states satisfy 


(A4) 


1 
|Nk(+)): 


at(k)|.V)+ ji(k)| NV), 


FE. — H, i rT 


38 P. Redmond and J. Uretsky, Ann. Phys. 9, 106 (1960). The 
creation operator for the deuteron has the form 


(A5) 


W.(X,t)= Ke (oy! (X+4o, Dy," (X—4o, t)d%p, 
where y¥,," 
oa(O 


, Wp! are neutron and proton creation operators, and 
is the internal wave function of the deuteron. The deuteron 
current operator Jq' (X,t) defined by 


Ja (X,t)=[i0/at+4vx?— Ea va (X,t) 


consists of a sum of terms, each of which has at its right a pp 
or a wn; since there are no antinucleons in the theory, these 
operators annihilate the vacuum, and thus the matrix element 
np(+)|Ja'{vac)=0. It is of course possible that this matrix 
element vanishes in a relativistic theory, but the present argument 
does not suffice to show it 

39 Of course the matrix element (!7,!d), where jp is the proton 
current, does not vanish; this matrix element can in fact be used 
to define the wave function. See R. Blankenbecler and L. F. Cook, 
Jr., Phys. Rev. 119, 1745 (1960 

” The procedure followed here is essentially that of S. D. Drell 
and F. Zachariasen, Phys. Rev. 105, 1407 (1957). 





1268 VAUGHN, 
where j:(k)=[H,a'(k) ]—«,a'(k). Also, the creation 
and annihilation operators 6‘*)t(k), b‘*)(k) defined by 


b=" (k)| V)=|NK(+)):; 6 (K)|}N)=0 (AO) 


satisfy the usual commutation rules (it is tacitly 
assumed here and below that AH, has no discrete eigen- 
states). The configuration space wave function y‘~ (k,x) 
associated with the scattering state | Vk(+))) is defined 
by 

¥‘*) (k,x) = [6(x),b™ (k) ], (A7) 
where 


$(x)= (2n)-* f Lak)ei*-*+0l keri 
X (2u,)-'Pk (A8) 
is the 6-particle field operator. 
H (1) and A(II) can now be written as 


a(t)= fob —t(k)b@ (k)@k 


p*(k’) p(k) 
hemes —nnninneacte > (Cm Re (k)d*k, 


(2x)* (4e,09,-)4 


(A9) 


H (11) = mbytbyt my Opty 


+ fs ~t(k)b@ (k)&k 


45 [teaov: xb (k) 
(2x)! 


(A10) 


ak 
+ p*(k)rpytb@t(k)] — e 
(2 


£W} 


1 
p(k)=— — fuc e~ a WY (k,x)@xd*g, (A11) 


2r)! 


where «(qg) is the cutoff function associated with the 
Hamiltonian (A1) or (A2); if «(q) is spherically sym- 
metric, p(k) is also spherically symmetric, and that is 
supposed to be the case here. 

The scattering states | Vk(+))x of H(X) (X=I, II) 
can be written as® 
| Nk(+))x=b@ (k)|N 

+[E.—H(X)+tie}"jx™ (k)| NV), 

where 


jx™ (k) =(A(X),b™ (k) ]—a.b@™ (k), 
and the S-matrix elements for V—8@ scattering can be 
written as 
(Nk’(—)| Nk(+))x=10Vk'(—)| Nk(+)): 


— 2rid (Ey — FEy)(NK (—)| 7x (kK)|N). (A13) 
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Now 
(Nk’(—)| jx (k)|¥) 


= five) jxO(k’) | N)Si(k" kee", (A14) 


where S,(k”,k),:=i(.Vk'(—)|Nk(+)):; applying the | 
methods of Sec. II shows that 


(Nk’'(—)| jx (k’) |.) 


tr = p*(k’)p(k’’) 
L 
= - a Hx (wz), 


(2m)? (4ery-ewy)! 


(A15) 


where /x(w,’) is the boundary value of an analytic 
function /x(z) of the complex variable z with the now 
familiar analyticity properties; the functions /;(z) and 
hy1(z) are given by Eq. (17) and Eq. (9), respectively, 
with u(k) replaced by p(k). The discussion of Sec. II 
shows that /y1(z)— /1(z) is the limit of vanishing 
V-particle wave function renormalization constant; 
hence also 


(Nk’(—)| Nk(+))n — (VK'(—)| VkK(+))1 (A116) 


in the same limit [the integrand of Eq. (A14) contains 
a 6 function of the energy, so /(z) need not converge 
uniformly in z]. 

Now suppose a scalar boson interacts with a fixed 
source through a local potential V(r); let V(k—k’) be 
the Fourier transform of the potential. Suppose there 
exists one s-wave bound state with energy /,, and 
momentum space wave function ¢(%). Let V.s(k’,k) be 
the separable potential which has a bound state with 
the same energy and wave function; Eq. (21) shows 
that this can be arranged by taking the cutoff function 
associated with the separable potential to be 


u(k) Viw —/] B g(k), (A17) 


where NV is a normalization constant. 
The corresponding models I and II have Hamiltonians 


H(1) and H(II) given by Eqs. (A1)—(A3), with 


V (k’,k) = V (k—k’)—Vs(k’,k). (A18) 


The preceding discussion justifies the replacement of 
H(1) by H(II) for calculational purposes, provided the 
limit of vanishing wave function renormalization is 
taken at the end of the calculation. Note that the inter- 
mediate Hamiltonian, Eq. (A4), of this model has no 
discrete eigenstates, since that would imply the existence 
of a pole in the S matrix associated with H,; however, 
the bound-state pole is known to be contained in the 
function h(z). 

The results of this Appendix can easily be generalized 
to include bound states in other partial waves, theories 
with spin, etc. 
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Behavior of Nucleon-Nucleon Singlet Phase Shifts* 


DANIEL M. GREENBERGERT AND B. MaArco.ist 
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By applying a conformal mapping to the partial wave scattering amplitudes, it is possible to confine 
the entire unphysical branch cut in the amplitude to a compact region. This allows us to introduce a set of 
expansion functions for approximating the behavior of the amplitude in the physical region. With these 
functions we can correlate the observed energy dependence of the phase shifts with that of the imaginary 
part of the amplitude along the unphysical cut. In this way we show that the 'So energy dependence seems 
to require a short-range repulsive core. The attractive long-range forces tend to give a positive shape 
parameter and the hard core a negative one, so the actual sign can go either way. We present a two-parameter 
'So fit up to 300 Mev, and for the ‘D2 phase shift a one-parameter fit accurate between 40 and 250 Mev. 


We argue that inelastic scattering is small below 250 Mev, and also that a good fit to scattering data up to 
250 Mev does not accurately determine the behavior of the amplitude in the unphysical region. 


— advent of double dispersion relations! has given 
a new impetus to work on the nucleon-nucleon 
problem. This approach leads to integral equations for 
the partial wave scattering amplitudes, which can be 
treated either exactly,” leading to complicated numerical 
calculations, or extremely simply. In the simple ap- 
proach the singularities in the amplitude in the un- 
physical region are replaced by one or several poles,’ 
leading to an approximate qualitative description of the 
behavior in the physical region. 

In this work we propose an intermediate alternative, 
which preserves the analytic features of the amplitude 
and at the same time provides a “model” by which the 
system can be treated, and which shows a direct correla- 
tion between the phenomenological features of the scat- 
tering one wishes to explain and the associated behavior 
of the amplitudes in the unphysical region. The model 
is also capable of providing a quantitative fit to the 
nucleon-nucleon scattering data. 

In the Mandelstam representation the partial wave 
amplitudes hk‘ (v) are analytic in the y=? (in units of 
the pion rest mass) plane except for two branch lines 
along the real axis, one for y>0 and the other for »v< —} 
(see Fig. la). One can write? h(v)=N©™ (y)/D© (y), 
where V‘(y) is analytic except for the left-hand cut 
v<—}, and D“ (y) is analytic except for the right-hand 
cut v20. One also knows that Imh (v) = —vtR® (v)/m 
for v>0, where R“ (v)=ctor(v)/oe1(v) and is equal to 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at Lawrence Radiation Laboratory, University of Cali 
fornia, Berkeley, California. 

t Now at Physical Sciences Centre, McGill University, Mon 
treal, Canada 

1S. Mandelstam, Phys. Rev. 112, 1344 (1958); 115, 1741 and 
1752 (1959). The discussion in G. F. Chew, Lawrence Radiation 
Laboratory Report UCRL-9289, 1960 (unpublished) is adequate 
for the purposes of this paper. 

2M. L. Goldberger, M. Grisaru, S. MacDowell, and D. Y 
Wong, Phys. Rev. 120, 2250 (1960). D. Amati, E. Leader, and 
B. Vitale, Nuovo cimento 17, 68 (1960); 18, 409 (1960); 7bid 
p. 458. M. Cini and S. Fubini, Ann. Phys. 10, 352 (1960). 

3G. Chew, reference 1. The one-meson contribution can be 
treated exactly and higher singularities replaced by poles. See 
H. P. Noyes and D. Y. Wong, Phys. Rev. Letters 3, 191 (1959 
H. P. Noyes, Phys. Rev. 119, 1736 (1960) 

4S. Mandelstam (unpublished) 


unity below the pion production threshold (m is the 
nucleon mass, ~ 6.7). We shall work nonrelativistically, 
although it is a simple matter to make this approach 
relativistic.® 

Assuming that N“(v)—1/v, while 
bounded, Cauchy’s theorem then states that 


 (p')D (v’) 
f ee A 
y’—yp 


x 


D(v) is 


v x VO(r)R® (v’) 
i— f dv’ (v’)? ' 
7mm y’( y’—vp) 


(v)=Imh (v), »< —}, and a subtraction at 


v=0 has been made in D“ (vy), which has been normal- 
ized to D®(0)=1. In the following we shall ignore 
inelastic scattering® and assume R(v)=1. These 
formulas ignore any coupling between channels and we 
shall apply them only to singlet states. 


where f 


(a) v PLANE 





Fic. 1, Singularities in the partial-wave amplitudes 
in the v, w, and w, planes. 


5In the energy region we will be considering, inelastic and 
relativistic effects are small. Upper limits have been established 
by D. Y. Wong (unpublished), according to H. P. Noyes. 

6 For the coupled amplitudes, it is the helicity amplitudes which 
have only the singularities prescribed by unitarity (Goldberger 
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Our approach to the solution of these equations is to 
exploit an earlier suggestion’’* to perform a conformal 
mapping of the v plane with the purpose of condensing 
the extended singularity in V“ (y) into a compact region 
so that one might then develop a systematic approxima- 
tion scheme for V“? (vy). Also, by approximating V“ (v) 
rather than {‘”(v), we have only to integrate Eq. (2), 
rather than solve the coupled integral equations. 


CONFORMAL MAPPING 


Consider the successive mappings v’=(v+})}, 
v’—}). In the w plane, the 
has been transformed into a circle of 
radius 1, centered at w= —1 [Fig. 1(b) ], while the low- 
energy physical region has been pushed out tow=+. 
With this geometry .V‘" (w) is singular only on the circle, 
and the procedure that suggests itself is to approximate 
NV‘? (@) by a series of poles at the center of the circle. 
Dropping the superscript (2), 


— 7 < 
a 


argy<a, and w=1 


left-hand cut 


we write 


dy 


(w+1)* 
o-—-@ Vilw)+---]. (3) 
This choice makes each .\ 
[i.e., \ ie >] vas} 
contributes at w © (Or 1 


w) vanish as w at the origin 
x |, while only the first term 

0). This map has the ad- 
iges of preserving the analytic properties of the 
amplitude and of removing the low-energy physical 
region to very far from the unphysical cut. There is no 
special reason for placing the poles at the center of the 
circle, except extreme convenience in performing the 


does not affect our qualitative 


vant 


the integrals, and it 


Fic. 2. Behavior of the functions ImN;(p), p= —v, along the 
unphysical cut. The dashed curve is the exact one-meson contribu- 
tion. For each k, the curve crosses the axis & times, and the low 
energy oscillations have been left out 

7D. M. Greenberger and B irgolis, Phys. Rev 
310 (1960 

8W. Frazer, Phys 123, 2180 
superficially very dillerent [rom ours, 
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arguments. In fact, if we had placed them closer to the 
origin, the series would converge faster, for reasons to 
be discussed later. 
From Eq. (2) it follows that 
iT « 
ReD(v)=1-—-—— ¥} ailx(v), 


Tm k= 


» dy’ N,v’) 
=v f _ —, for 
o (r’)) v’—p 


where P denotes the principal value of the integral. The 
first few integrals are given below: 


a =]. 


v>0O, 


Ip= —8/3—2/r7+ o(r), 
T,= —16/15—20/3v—2/rv?+ (2+1/v) o(y), 


I,= —24/35—62/S5v—32 


ro 
3v°—2/v = 


{)) 
+ (3+4/v+1/v") ¢(v), 
I3= —32/63—1976/105vy—476/15v?—44/3°—2/r 
+ (44+-10/r+6/r?+1/r*) o(y), 
where 
1)} 


4 
{Inf (v+3)!+34+ 4/7] 


, eae 
—In[ (v+4 


At very low energy, 


1 
10) +2 - — 
2k—1 2k+1 


This formula is also valid for k=0. 

The discontinuity in V;(p) in the unphysical region 
p2>i, where p= —», is given by 

ImNV,.(p)= (—)**' sin[2(k+1)8]/p, 
tan@= (4p—1)!. 

As p varies from } to ~, @ goes from 0 to 2/2, so that 
Im ;(p) changes sign (k—1) times. In the unphysical 
region, the contribution of each /;,(p) to D(p) is slowly 
varying and monotonic, as can be seen from Eq. (4), 
since N,(v)>0 for v>0. Therefore the behavior of 
f(p)=D(p) ImN (p) is determined almost exclusively by 
the N;(p). The functions Im\;(p), for the few lowest 
values of &, are plotted in Fig. 2. Note that Im.Vo(p) 
closely resembles 1/p, the one-meson contribution to the 
amplitude, except that it falls off as 1/p!. 

The phase shift 59 for y>0 is given by 


k cotép>= Re(D /N) 


m 


1 D D 
—- > a,J,(v) /t > a:Ni(v)], ao=1. (8) 
k=0 


Tl @ k=0 


At low energies this can be approximated by 


k coté 1 a + Sok? : Py k4 t 
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lor higher partial waves, NV‘? (v) behaves as v! for low 
energies, while the functions .V;(v) behave as v*, so that 
the lowest contributing function to N“(y) will be 
N,(v). Thus 


m 


1 > 2 @w 
—- Yah) /0CE aNi(v)], 


T k=l k=l 


k coté;= 


mF. (10) 


'So PHASE SHIFT 


If we try to fit the 1S» phase shift with only the first 
function No(v), and choose I to give the right scattering 
length (1/a=m/I'~0.07), we find too large an effective 
range, about 4 rather than 1.9. So we next try a two- 
parameter fit 


N©=T(No+ai3). (11) 


Now the effective range is determined in our approach 
primarily by the shape of /,(v) near v=0, as given by 
Eq. (6), and the slope of /»(v) has the opposite sign to 








Fic. 3. Imaginary part of 'So scattering amplitude along the 
unphysical cut (p= —v): (a) for two-parameter fit, (b) for three 
parameter fit. The ordinate is drawn with arbitrary units. 


that of all the other 7,(v), R>0O, from which it follows 
that a; must be positive in order to decrease ro. This has 
the interesting consequence, if one looks at Im“ (p) 
(where p= —v) along the unphysical cut, that the second 
term tends to cancel the first near p24, but enhances it 
further out. This tends to support the common view 
that the two-pion contribution plays the dominant role® 
in the low-energy ‘So behavior in the sense that it deter- 
mines the strength of the potential, while the one-meson 
contribution primarily determines the long-range tail. 
Im\(p) for this two-parameter fit is plotted in 
Fig. 3(a), and k cotés is plotted” in Fig. 4(a). We find 
a,=1.19 in Eq. (11). 

Because of the nature of our functions, the tendency 
to minimize the importance of the very near unphysical 


*It is true in perturbation calculations of meson potentials 
See, for example, S. Gartenhaus, Phys. Rev. 100, 900 (1955). 

1 Our phase shift data are taken from the articles by M. Mac 
Gregor, M. Moravesik, and H. Stapp, chapter in Annual Review 
of Nuclear Science (Annual Reviews, Inc., Palo Alto, California, 
1960), Vol. 10; and M. MacGregor, M. Moravesik, and H. P. 
Noyes, University of California Radiation Laboratory Report 
UCRL-6375-T, 1961 (unpublished). 
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Vv 
Fic. 4. Plot of kcotéo: (a) for two-parameter fit, (b) for 
three-parameter fit. The straight line is the effective range 
approximation. 


region, p~4, is represented by rather wild oscillations in 
this region when only a few functions are used. If the 
one-pion contribution were truly most important, then 
we should have found a;<1. In fact, our functions are 


useful primarily because they oscillate more rapidly for 


small p than for large p. Otherwise, their decreased mag- 
nitude at large p would prevent any significant large-p 
contribution to the physical region. Frazer’s functions® 
have this same property, and we believe any other 
reasonable set of functions would also. 

Notice that the shape parameter determined by the 
two-parameter fit is positive, as found by all double 
dispersion relation calculations to date," and also by all 
and it would 
seem to be an unambiguous conclusion, if there were no 
high-curvature short-range effects or hard core. 


calculations on potentials with a tail,” 


Next we add a third parameter to help reproduce the 
high-energy behavior of 69. The prominent experimental 
feature is that 69 decreases monotonically and passes 
through zero at about 240 Mev, or 6 (see Fig. 5). 
This is equivalent to k cotép) > © at v=6. Thus our 
third parameter can be determined by the requirement 
that V develops a zero at v=6. It is rather drastic to 
expect one extra parameter to completely determine 
the high-energy behavior; however certain qualitative 
features are brought out by the attempt. We thus write 


. N©=T(No+a,N,+a,N,). (12) 


1M. Cini, S. Fubini, and A. Stanghellini, Phys. Rev. 114, 1633 
(1959); Wong and Noyes, reference 3; and references 7 and 8. 

2 |. Hulthén and M. Sugawara, in Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39, Chap. I. 
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Since for all k, N.(v)>0 for v>0, a, must be negative 
to give V(6)=0. If we put m=2 in Eq. (12), then 
k cotéy develops a large hump at low energy, a com- 
pletely wrong qualitative behavior. However, for n=3, 
we find a,;= 1.36, a3= —6.44, and for this case k cotdo is 
plotted in Fig. 4(b) and ImN in Fig. 3(b). 

Looking at Fig. 3(b), we see that after the oscillations 
near p~ 3, which tend to cancel, there is a further en- 
hancement of the peak near p=1, and now a negative 
tail has developed in the high-p region. Thus by forcing 
the phase shift to go to zero at v=6, the ImV™ displays 
a behavior analogous to that of a hard core in potential 
theory. The maximum contribution to the ‘“‘core” comes 
at about p=5, which would correspond to a potential 
core of about 0.3 fermi, using the naive rule of thumb! 
that the range of interaction is 1/(4p)!. Thus the wrong 
behavior for n=2 can be explained by its short-range 
attractive core, while the correct qualitative behavior 
for n=3 comes from its repulsive core. 

The contribution of V3(v) tends to decrease the shape 
parameter at low energy, and had it come in a little 
more strongly, it would have made P» negative. A 
further result that agrees with potential calculations is 
that we could have chosen any higher odd value of n, 
with the result that each higher value would correspond 
‘to a shorter range core and at the same time have a 
smaller effect on the shape parameter. Thus while in- 
creasing the size or strength of the core tends to make 
the shape parameter more negative, the existence of a 
core does not seem to prohibit a positive shape 
parameter.” 

We are inclined to conclude from these results that 
one can get a good approximate over-all behavior for the 
‘So phase shift and yet learn nothing about the shape 
parameter, which seems to depend critically on the 
balancing of short- and long-range forces. Its most 
important general feature seems to be that it is small, 
and because of this, various small non-nuclear effects 
may have as strong a bearing on its actual value as 
specifically nuclear ones. 


ALTERNATIVE MAPPING 


The above mapping has been used because its mathe- 
matical convenience makes it possible to follow the 
effect of varying the parameters involved. To illustrate 
the point that it is possible to obtain a mapping which 
leads to a more rapidly converging series, we choose a 
map that puts the point y=6 at w= «. Then letting 
N(w)— 0 for w— ~ will ensure that the phase shift 
goes through zero at that point. The map is 


w= 1/[(v+43)!—$], (13) 


and we choose 


: w? a 
No(w;)=T—— 1+), 
(wi: +3)* wit} 
43 This result agrees with that of J. K. Perring and R. J. N. 
Phillips, Nuclear Phys. 23, 153 (1961). 


(14) 
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Fic. 5. Plot" of 59, as obtained from the alternate mapping «,. 


The singularities in the w; plane are plotted in Fig. 1(c). 
Again the poles are placed at the center of the circle 
(w;= —}). With the value a=0.15, this two-parameter 
function gives an accurate fit over the entire range 
O0< v <6, as can be seen from Fig. 5. This mapping gives 
a very small but negative shape parameter, which we do 
not consider significant, and one can check that the 
same qualitative statements can be made as for our 
previous mapping, though the calculations are tedious 
and will not be presented here. The reason for the more 
rapid convergence of this series is that the imaginary 
part of the first function has an attractive maximum in 
the two-pion exchange region, 1<p<2, p=—», and a 
repulsive maximum at around p= 10, and therefore sub- 
sequent terms serve only as perturbations on this. A 
consequence is that the large oscillations of the original 
mapping do not appear. This mapping is equivalent to 
the original one with the poles located not at the center 
of the circle, but closer to the origin. 


1D, PHASE SHIFT 


To discuss D waves we shall return to the original 
mapping. According to the discussion following Eq. (9), 
we can expect that 


N© (a) =TENi(w) +ani.Vi1(w)4 


The first term in this equation goes as v' for y<}. Above 
v=4, the term N2; takes over the behavior v'. Since 
there are very few available data below v~1 (about 


40 Mev), we propose to try the one-parameter fit 


N® (wo) =TN,(w). (16) 


This function predominates over N2(w) in the region 
v>1, and it will only be at lower energies that N2(w) 
would be felt, and indeed be dominant. 

A plot of 5, is drawn in Fig. 6. Notice that this one- 
parameter function gives an almost perfect fit up to 
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v=6 (~240 Mev). There are two further interesting 
consequences of this fit. First the integral determining 
D® (w) is very small and contributes less than 10% of 
the constant term in Eq. (4). Thus in the region 1<» <6, 
k coté, has approximately the simple functional form 


k cotéa™(m/T)/N4(w). (17) 


Since the integral J4(w) contains all the inelastic con- 
tributions to the amplitude, and since this integral 
contributes very little to the amplitude (and the calcu- 
lated form fits the data), we believe that this furnishes 
independent evidence for the statement that inelastic 
scattering is unimportant® up to at least 240 Mev. 

Incidentally, we have found that a high order pole 
approximation, namely 


N®) (v) =T,y ( v+ vo)’, 


gives as good results in this energy range, though it is a 
two-parameter fit (with vo~2.7). In the unphysical re- 
gion this function, Eq. (18), gives ImN® (v) « 6’’(v+ v9) 
which perhaps represents the fact that the D-wave 
amplitude must oscillate there. 


(18) 


CONCLUSIONS 


We have shown that by performing a conformal 
mapping of the partial-wave amplitudes which preserves 
the unphysical cut, it is possible to introduce a set of 
functions to represent these amplitudes. These functions 
have the property that when chosen to produce a desired 
behavior for the amplitude in the physical region, they 
tend also to produce a reasonable behavior along the 
unphysical cut. 

In particular, we have shown that for S waves one 
can qualitatively see one- and two-meson attractive 
effects, and the effect of a hard core. For D waves, it 
is possible in the region 1<»<6 to find a one-parameter 
fit to the phase shift over the entire region, and to argue 
that inelastic contributions are small below 250 Mev. 

It might be thought that a knowledge of the phase 
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Fic. 6. Plot! of the 'D, phase shift 52, calculated from 
the one-parameter function Eq. (16). 


shift would yield the imaginary part of the scattering 
amplitude along the unphysical cut, which in turn could 
be used to construct a nuclear potential; however we 
have been able to construct different functions which 
closely approximate the behavior of the phase shifts 
over fairly extensive regions, but whose imaginary parts 
have quite different detailed behavior, though they show 
the same general characteristics. Thus the same prob- 
lems that plague the potential approach are mirrored in 
a corresponding form in this approach. 
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A dispersion-theoretic calculation of the lifetime of the 2° is carried out along lines suggested by previous 
treatments of the nucleon electromagnetic form factors. In terms of the coupling constants of the =, A,and NV 
baryons to the pion (ga, gs, and g), the 2° lifetime is predicted to be r= (gyga/g*) *X1.1X10-¥ sec, irre 
spective of the relative (A,=) parity, the validity of this expression depending on the dominance of the two- 
pion resonating state contribution to the 2° — A+ transition magnetic moment. 


INTRODUCTION 


MODERATE amount of success has been en- 

countered in the study of the three-point (vertex) 
function where at least one of the particles entering the 
vertex is strongly interacting. By applying dispersion- 
theoretic techniques, a sequence of investigations— 
those of Chew ef al.,! of Federbush et al.,? and of Frazer 
and Fulco*—have shed some light on the origin of the 
electromagnetic structure of nucleons. In particular, 
the nucleon isovector magnetic moment form factor 
stands as the candidate for being 'the relatively best 
understood. 

The task we set ourselves here is the calculation of 
the D°-A°-y vertex function for low momentum trans- 
ferred into the vertex. At zero momentum transfer, the 
value of this vertex determines the 2° lifetime. Although 
the procedure and approximations involved are very 
similar to schemes employed in the study of the nucleon 
magnetic moment isovector form factor, differences 
enter because the masses of the three particles forming 
the vertex all differ, a circumstance which leads to 
appreciable numerical deviations from the equal baryon 
mass approximation. 

On the experimental side, the very brief time of 
existence of the 2° is not known quantitatively and only 
a very crude bracketing of the lifetime is available 
(10-” sec>r>10-* sec). However, proposals for deter- 
mining the 2° radiative transition rate have been put 
forward‘ and, hopefully, experimental data on this rate 
will eventually be gathered. 

If a conserved vector current of baryons in the form 
proposed by Feynman and Gell-Mann’ is coupled to the 
weak interaction lepton “current” and if the minimal 
weak coupling scheme‘ is realized, then the vertex 
function, which concerns us here, is also proper to the 
study of the =+ and =~ disintegrations into A° and the 

¢ Supported in part by the National Science Foundation. 

* National Science Foundation Postdoctoral Fellow 1960-61. 
Now at Stanford University, Stanford, California. 

t Now on leave at the Institute for Advanced Study, Princeton, 
New Jersey. ; 

1G. Chew, R. Karplus, S. Gasiorowicz, and F. Zachariasen, 
Phys. Rev. 110, 265 (1958). 

2P. Federbush, M. Goldberger, and S. Treiman, Phys. Rev. 
112, 642 (1958). 

3W. Frazer and J. Fulco, Phys. Rev. 117, 1604 (1960); 117, 
1609 (1960). 


‘J. Dreitlein and H. Primakoff, Phys. Rev. 124, 268 (1961). 
5 R. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 


lepton pair (ev). In fact, if we neglect the =+, =~ beta 
decay induced by the primitive axial vector coupling 
which we estimate as negligibly small,‘ the whole 
scheme of = multiplet decay into A° is completely 
predictable. 

In Sec. I, the =-A-y vertex is dispersed and the dis- 
persion relations for the form factors are recorded. The 
two-pion contribution to the absorptive part of the 
vertex is then analyzed. Sections II and III treat, in 
particular, the dispersion relations satisfied by the 
J=1, T=1 partial wave amplitude for A+ — x+7 
on the basis of the Mandelstam representation. The 
singularities of this amplitude are exhibited for com- 
plex as well as real values of the energy variable associ- 
ated with the channel. It is then shown (Sec. IV) to be 
reasonable to construct a Frazer-Fulco approximation 
(dominance of a pion-pion resonance) for the absorptive 
part of the form, factor. Explicit expressions for the 
form factors are then obtained and numerical predic- 
tions given. 

Units with #=c=1 will be used in the following. The 
relative (A,=) parity will be assumed to be even 
throughout this paper. The results for odd relative 
(A,=) parity are summarized in the last section. 


I. DISPERSION RELATIONS FOR THE 
=—A-vy VERTEX 


With the requirement of Lorentz and gauge invari- 
ance, the most general structure of the vertex of 
interest (A|j,(0)|2°) is, assuming the relative (A,z) 
parity to be even, 


(Ex/ma)*(Ex/mz)A| j,(0) |Z) 
=F, (—P )itiso, €zt+Fo(— 2) tisiy uy 

+F3(—P)Evtiaus; 9 E,=(pe—pa)y 
Here we are treating the vertex function in lowest order 
in ¢; with this proviso, 2° may be treated as if it were 
stable. Only the isovector part of j, has a nonvanishing 
matrix element since > is an isovector and A an isoscalar. 
The F,(—#) and F.,(—#) of Eq. (1.1) are related 
[because of the gauge condition (A|£,7,(0)|2°)=0] by 


A=mz— M4. 


(1.1) 


It proves convenient? to consider instead of (I.1) the 


1274 





LIFETIME OF 2° 


related quantity: 


(Ex/ma)*(Ex/mz)*(0| j,| AZ?) 
= —F (t)b,t0 yré,uz—F 2 (t)dniy ux 
—F3(t)Eoauz, 
t=pxtpr; t=—(pxt+pi?=—?#, 
where the identity of the F; in Eqs. (1.1) and (I.3) 
follow from the substitution rule.® 
By contracting out the A in Eq. (1.3), we are led 
heuristically to dispersion relations for the form factors 
F,(t) and F,(t): 


1 7” ImF;(¢’) 
FP, @=-f dt/——_—__, 
( t'—t 


TY (2myz)? 


(1.3) 


(I.4a) 


l ImF,(¢’) 
F,(t)= F2(0)+— dt'——_——_ 


- ~ (1.4b) 
WY (2m,_)? (t —tyt 


In order that F3;(#) of Eq. (1.2) be finite for ?=0, 
F.(@) must vanish as #->0. This condition deter- 
mines the subtraction constant F2(0) of Eq. (I.4b) to 
be zero. F,(t) is assumed to obey an unsubtracted dis- 
persion relation. 

The absorptive part of the form factors ImF; and 
ImF; is found from the absorptive amplitudes ob- 
tained by dispersing (0| j,,|A2°) (Fig. 1): 


A,=—8r' ¥ ,(0| j,|)(n| fx (0) | 2°) 
X 5*(pur— ps— px) (Es/nz)', 
f(x) = (y,0"+ ma) a(x) =source of A? field, 


(1.5) 


which must be of the form 


A,=—ImF, (t)d,toysé es 


—ImF2(t)i,(iy,—EA/t)uy. (1.6) 


The lower limits of integration in Eq. (1.4) are a 
consequence of the two-pion state being the lowest 
mass state generating a nonvanishing contribution to 
the A, of Eq. (1.5). No anomalous threshold is associ- 
ated with the two-pion contribution unlike the case of 
the electromagnetic structure of the 2+.’ Since the gen- 
eralized charge conjugation operator’ G prevents three- 
pion states from contributing to A,, (Gj,"G"=j,"), 
the next higher mass states are the four-pion state, the 
six-pion state, and then the K-meson pair with which 
an anomalous threshold is associated. Using the pre- 
scription of Karplus, Summerfield and Wichmann,’ we 
find that the threshold is lowered from the expected 
value of tnormal= (2mx)?=50.1 m,? to tanomalous= 49 m-’. 


6 J. Jauch and F. Rohrlich, Theory of Photons and Electrons 
(Addison Wesley Publishing Company, Reading, Massachusetts, 
1955), p. 161. 

7 R. Marr, L. Landovitz, and R. Blankenbecler, Bull. Am. Phys. 
Soc. 6, 80 (1961); we thank Professor Blankenbecler for showing 
us the manuscript prior to publication. 

8 T. Lee and C. Yang, Nuovo cimento 3, 749 (1956). 

®R. Karplus, C. Summerfield, and E. Wichmann, Phys. Rev. 
114, 376 (1959). 


Fic. 1. Dispersion of the 2-A-y vertex. 


Just as in the treatment of the isovector part of the 
nucleon form factors, the seemingly reasonable assump- 
tion is made that the lowest mass state, viz., the two- 
pion state, dominates the contribution to the F;(¢) 
since such states are weighed most heavily in the dis- 
persion integrals of Eq. (1.4). 

The matrix element (0| j,,(0) | 27) has been calculated? : 


| j,4| q,t; q’,j (out)) 
= (4g0q0’) “Neesij(q— q’).M*(t), (1.7) 

where g,q’ and i,7 are the pion four-momenta and 
isobaric spin indices, respectively. M*(t) is the pion 
form factor which we assume has a sharp and strong 
peak at ‘=¢,, the Frazer-Fulco resonance energy for the 
two-pion system. 

The other matrix element which must be computed, 
(2| fx|Zo), is related to the process >°+A — r+ to 
which we now turn. 


II. THE PROCESS: A+? 


> RR 

The second essential ingredient in the absorptive 
amplitude is the matrix element (#7(out)| f,4|2°) which 
is related to the S matrix for the process A+2 — 4+7: 


(xm(out) | S| AZ (out)) 
= —1(my/Ex)'(29)*5(qg4+-q'— pi— ps) 
X (qg,7; q’,j (out) fx(0) |Z) 
= (2r)*5(q+q'— pi— pz)(wm|s|AZ). 


(11.1) 


Since the absorptive amplitude A,(¢) of Eq. (1.5) is 
Lorentz covariant, it may be evaluated in any con- 
venient Lorentz frame, in particular in the barycentric 
frame of the baryon pair AY. Only the J =1 even parity 
states of the AZ contribute to the absorptive amplitude 
of Eq. (1.5). Although the 4S, and *D, amplitudes could 
be discussed,’ it proves more useful to use the helicity 
amplitudes” employed by Frazer and Fulco.* 

Keeping only the 7=1, /=1 projection of the S- 
matrix element in Eq. (II.1), we find for the two 


10M. Jacob and G. Wick, Ann. Phys. 7, 404 (1959). 
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helicity states": 
(+)=(+)) 
mtr RL tess BT TP 4, 
(4E 3B. e=gogo ) 
i(2n| st!" | A(+)2(—)) 


i(Qe|sTI=1| K 


(II.2) 


—~—[— iesis 3 T- (bX Qe; 
(4E 1E 29090")! 


where p= (pzs—pa)/2, q= (q—q’)/2 in the c.m. frame, 
and ¢ is the azimuthal angle of 4. Here A(+) signifies 
a positive-helicity state for the A. 
When the S-matrix elements of Eq. 
stituted into Eq. (1.5), we find 


(11.2) are sub- 


Pqdgt i 
A=—-8&r'> t 3(0)| 9,2; 9',7) 
6 


J 2(2m) (2x)! 


X(q,83. 99/8 i) |(—) : 
Mamys 


| j| 2) = (Age?) hiees:;2qM* (2), (11.3) 
i e M*() 
pA mm” 

M*(i) T- 
Ai=- 


mG, 
2 (mamz)' V2 

To relate T+ and T~ to the form factors, we simply 
evaluate the alternative expression for f-A and A, by 
using Eq. (1.6). The result is 


1 (my+Ex)'(mz+ Ez)! 


ImF,=- - 
fi (2M ++?) 


oa 
eM*(t)— ‘[z T++M | 
p v2 


(11.4) 


_ (mst Ei 1)3(mzs+ Ex 
- M*() 


(2M +1!) 
q i 
x |-ur+e | 
P v2 
with 
4(t—4M?)! 


A=mz:—Mz,, 


q=}(t—4m,)', p= (1—A*/t)}, 


M=3(ms+ma,), 


and 


E=}(Ex+Ez2). 


We shall show below that it is useful to define new 


1t The consequences of the indistinguishability of the two pions 
have not been included here. However, in Eq. (II.3), it will be 
noted that the integration is carried out over half the phase space 
available. It is here that indistinguishability of the two pions is 
taken into account. 
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LEE 


energy dependent amplitudes f/, and /f_ instead of 


T+ and T-: 
_& at+ms)(Ex st+my:) 
(2n-+13) 


ede 
"' pqgi—A 
ip 
q pgi—A 


takes the form: 


(E sa tms)*(Es s+my:) 
f-()=2— 
2M +0 


in terms of which Eq. (II.4) 


eM*(t) 


ImF;= ————¢T (0), 


rk) 


(1—A?/?) ] 
lr, (¢)= ——— (s+ ~f ), 
2p° v2 
M A? FE? 
r,(t)=—-— (:-- )\(- j--f1). 
P t v2M 


In order to explore the analytic properties of the 
partial wave amplitudes, the Mandelstam representa- 
tion of the singularities of the invariant amplitude for 
A+ Z— «+7 is needed. The expressions for which we 
postulate the Mandelstam representation are the A 
and B defined by 


(~ *) aise »J|fx(0) |= 


, 


)c-. 1+ iy: (q—q')B jus 


(11.6) 


MAMy: 


—— 
(IT.7) 
A (t,s,3); B= B(t,s,3), 


t= —(q+q’) ?=4(9+ =4F 


m,”) 
1—9)?= (Ex—qo)’— p° —¢+2pq cosd, 


s==— (pi—q’)?= (Ex—qo'?—- =o 2pq cos8, 


t, s, and § are expressed in the barycentric system. 
s and § can in turn be expressed in terms of / and cosé@: 


t A? 
s=—-+M?4+—+m?2 
2 4 


ssoa{((-)(-2)(-»)) 


amplitudes occur, the final two- 
thus: 


(11.8) 


Because only the 7=1 

pion state is spatially antisymmetric, 
A(t,s,8)=—A (t,8,5), 
B(t,s,3) = B(t,8,s). 


(II.9) 
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By again expressing Eq. (II.7) in partial-wave 
helicity amplitudes and then comparing with Eq. (II.4), 
T+ and T~ can be expressed in terms of Ay and By 
defined by 


+1 
A;s= f Py (x)A (t,x)dx, 


—1 


+1 
By= f Py(x)B(t,x)dx. 
1 


The explicit expressions for 7+ and T~ are 
1 q (2M +1)'(1—A*/2) 
~ Sal! p (mst E 2) (mE 4)! 


KS 
Xx 
1—A?/t 


i¢g (2M+1)4(1—A?/t) CA 
~ Sav2 (mrtEs)matEs 





Ai+pqM (3B2+3 1B), 


(II.11) 





? 
1—A?/t 


and for f, and f_: 


1 1 P 
rps a Art po @Br+ 4B.) | 
8m pqli—A?/t 
(II.12) 
1 v2 . 
ame i BT 
8x 3 


All the notation used in the above expressions has been 
chosen so as to yield the results of Frazer and Fulco 
in the limit A— 0 except for insignificant changes in 
sign convention. The following two identities were 
found useful in reducing the above formulas to the 
form given: 


(my+E,)(ms+ Ez) — p* 
=4(mz+my,)(Extm+E 


(my+ Ea) (mz+Ex)+p° 
=}(Ex+Es)(Ext+ma+Ez+my)(1—A?*/t). 


s+my)(1—A?/t), 
(1T.13) 


Ill. PROPERTIES OF THE A+ —>x+= 
PARTIAL-WAVE AMPLITUDE 


Accepting the prescription of Mandelstam®” for locat- 
ing the singularities of scattering amplitudes, we can 
write down a representation for the A and B ampli- 

12S. Mandelstam, Phys. Rev. 
(1959); 115, 1752 (1959). 


112, 1344 (1958); 115, 1741 
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tudes introduced in Eq. (II.7): 


(3)-(, eelaaaTas 
es ) >. emcee ole —| 
B 1 my—s my*—§ 
eee 
i - bio(s’,8’) 
reed f ds! f i 
Tr (ma +m,)? (ma +m)? 


(s’—s)(8’—s) 
eee 
1 - - bis(s’ st’) 
+— as’ f dt’ — 
i (ma +m,y)? (2m)? (s! ~s)(t —t) 
ee 
1 oa ” bo3(3" st) 
a 2 
r (ma+m-,)? (2m)? (3’ —s)(r =f 
E ) ( ”), 
Dio(x,y) + bio(y, x) 
‘ape ) ‘ieaeiget 
bis(x,y) + bo3(x,y) , 
Starting from the representation, the singularities of 


the partial-wave amplitudes can now be found by 
forming A, and B;: 


pe 
B;(t) iw a(s’,t) 1 
(pq) so b(s’,t) 7 (pq)? 


+1 1 1 
7) eee 
_1 Ls’—s(t,x)  s’—8(t,x) 
where 


a(s’,t) A/2 
( )- ( )resgs8(s/- ms?) +6[s’— (ma+m,)? ] 
b(s’,t) 1 
(" 7 
; bis(s’,t’) 
t'—t 


apse 
b (s’ 3’) 


grrre —2m,2—ms?—m,2 


(IIT.1) 


Je. (x)dx, 


+f 
1A +m)? 


If we neglect rescattering effects, the terms in Eq. 
(III.2) involving aj. and },. are dropped. Physically 
such a neglect is tantamount to assuming that the only 
important force in the process A+ — 2+7 for the ¢ 
range of interest arises from the singularities associated 


| (III.2) 
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Fic. 2. Singularities of the partial- wave amplitude associated 
with the pole term. #,=3.57m,*, t.=0.30m,?, t:=0.91m,?, te 
=0.63m,"; to=4m,?’. 


with the pole term of the Born approximation. To make 
such an approximation plausible, we must show that 
for the ¢ values for which A,(¢) are required, i.e., for 
(2mr)?<t<, the absorptive parts of the Born ap- 
proximation are located in such a way as to give a large 
and hopefully dominant contribution to the dispersion 
relations which A ,(t) and B,(t) satisfy. 

It may be verified that both f,(¢) and f_(¢) and I, (¢) 
and [.(¢) as defined have the same singularities as 
(pq)-7A s(t) and (pq)-7B,(t). Indeed, these functions 
have been defined so as to have just such a property. 
We may therefore limit our explorations of singularities 
to those of (pqg)-7A s(t) whose singularities are located 
just where those of (pq)~’B,(t) are. 

The singularities of A,(t)/pq arise from two sources. 
First, the singularities of a(s’,t) of Eq. (III.2) produce a 
branch cut running from t= (2m7)* to t= «. Secondly, 
the integral 


1 +1 1 1 
[;=- f - a os = |P(as, J odd, 
(pq)7_1 Ls’—s(t,x) s’—8(t,x) 


produces singularities for those values of ¢ for which 
s’=s(t,x) provided |x| <1. Since only even powers of 
pq are present in J;, no kinematical singularities associ- 
ated with p,q appear. We are thus instructed to find 
solutions of the equation: 


1 
-t8(t—c9) = (t—c1) *(t—c2) 1(t—c)8, 
x 


Co=my+my+2m2—2s’, 


c1=4M?, (IIT.3) 


co=4m,’, 
Cc3=>= A’. 


By studying the position of the singularities as a func- 
tion of x and s’, we find that the singularities trace out 
the curve in the complex ¢ space illustrated in Fig. 2 
for the Born term singularity s’ =m"; co=2m,’—2MA. 
For s’= (m,+m,)’, further singularities are introduced 
but none of these approach so close to the right-hand 
branch cut as do those of the singularities associated 
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with the pole. If we take the rescattering corrections as 
going dominantly through the Y* quasi particle then in 
fact all of the associated left-hand singularities lie to 
the left of =0. Now let us write down the dispersion 
relation for I';(¢) which follows from a knowledge of the 
(¢ plane) right-hand and left-hand singularities: 


— (t’) 
r()=T,“()+4+- ~[" ’ 


(III.5) 


where I';“(¢) is the contribution from the left-hand 
singularities: the analytic structure of T;“(¢) will be 
discussed in some detail in the Appendix. Again follow- 
ing Frazer and Fulco, we observe that I';(¢)/M(¢) must 
be analytic and real for 4m,? <i<16m,’, 


Im[T;(t)/M(t)]=0, 4m2<t<16m,? (III.6) 


because the phase of I';(¢) must simply be that of 
M(t). In fact both of them are given by the phase 
shift of pion-pion scattering in the 7=J=1 state ac- 
cording to the theorem of Fubini, Nambu, and Wata- 
ghin. This guarantees that the imaginary parts of the 
form factors F;(¢) are real. 

Applying Cauchy’s theorem to I';(¢)/M/(é)"and ap- 
proximating I';“(¢) by that arising from the pole term 
r,;4(t), we obtain 


ro=— 


T 


M (1) Abs[T',?(t’)/M(t’')] 
fur = —, (III.7) 


(t’—1) 

where the contribution from the right-hand cut for 
t'>16m,* has been neglected and where C is the appro- 
priate contour for the singularities arising from the 
pole term, and “Abs” means “the absorptive part of.”’ 


IV. LIFETIME OF THE 


Collecting together the relevant quantities Eq. (II.6) 
and Eq. (III.7), the form factors are given by 


eM* 
ImF;,(t) = -(— an 
l 
va ae 
r,()=M (t) = fav -- 


The M(?’) in the integrand of Eq. (IV.1) will be 
replaced by 1 since for the singularities closest to the ¢ 
values of interest M(t’) ~1. Our final result amounts to 
the following: ImF;(¢) is given by the Born approxima- 
tion [ImF;(¢) ]o multiplied by |M/(t)|?, the square of 
the absolute value of the pion form factor: 


| M (t)|\*{ImF;(t) ]o. 


M(t’ J 
(IV.1) 
—{ 


ImF ;(t)= (IV.2 


In the absence of a realistic calculation of the rescatter- 

ing corrections, we believe that the above approxima- 
3S. Fubini, 

329 (1958). 


Y. Nambu, and V. Wataghin, Phys. Rev. 111, 





LIFETIME 


tion is, at present, the best that can be made in view of 
other uncertainties. 


A straightforward calculation yields the following ex- 
pression for the [ImF;(t) ]o: 


C£ags 
de 2th ga 


(2) 
35(-ar)h 


egags 1 q;° 


[ImF;(t) ]o= 


[ImF,(t) Jo= 
4dr 204 ga 


AM 2 1 
(D4 
-(w)p-2(-n)s 

nes %(-tos) 


— (}1—m,’)}, 


tan-*/) 


ga= —ip=(—}t+M?)!(1—A?/2)!, 


(IV.3) 
f=2gaqe/(3t—m/?+MaA). 


We recover the well-known results for the isovector 
nucleon form factors [F 2" (#) ]o and [F1" (2) Jo by setting 
A=0, M=my and gags=g’ with g equal to the pion- 
nucleon coupling constant. 

The lifetime of the 2° is found from F,(¢). To calcu- 
late this quantity we assume that the pion-pion reso- 
nance is very sharp so that the | M(¢)|? effectively acts 
as a delta function multiplied by some_constant. By 
comparing Eq. (1.4) with the analogous relation for the 
nucleon isovector form factor F," (2), 


is mF," (t) 
promt” ahh, 
T leas: ’ 


the transition magnetic moment F,(0) for = — A+y 
can be directly expressed in terms of the nucleon iso- 
vector anomalous magnetic moment: 


[ImF (tr ) Jo 


(IV.4) 


F,¥ (t)<0.64F 2" ~~ 
~ [ImF, V (te) Jo - 


for ¢ small. 


(IV.5) 


Also, we note that the transition magnetic moment 
radius is the same as the magnetic moment radius in 
the present approximation. 
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If the calculation had been carried through with A=0 
and M=(m,+my)/2 then the result would have been 
about 30% smaller. Not only is the result sensitive to 
the mass difference A but also to the value of M. The 
global symmetry model which neglects the mass differ- 
ence M—my predicts F,(0)=F," (0). 
In terms of F1(0)/F 2" (0), the lifetime of the 2° is! 


r= |F."(0)/F,(0)|2X4.5X10-— sec.  (IV.6) 


With gags=g’, 


r=1.1X10-" sec, (IV.7) 


which may be measurable by one of the suggested ex- 
perimental methods.‘ 


CONCLUSION 


With procedures and approximations analogous to 
those used in the study of the nucleon electromagnetic 
form factors, we have obtained an expression for the 
decay rate of the 2°. Essentially no arbitrary parameters 
occur in the final expression Eq. (IV.5) since ga, gz and 
g’ are measurable by independent experimental methods. 
The result depends heavily on the existence of a two- 
pion resonant state so that if the experimentally ob- 
served lifetime is indeed that predicted above, then 
strong evidence will accrue for both a resonating two- 
pion state and the validity of the two-pion theory of the 
nucleon isovector magnetic moment form factor. On 
the other hand, if the two-pion theory is accepted as 
true, then the lifetime provides a measure of the strength 
of the coupling constant gags. 

Finally, if the relative (A,>) parity is odd, Eq. (I.1) 
must be written as* 


\ 


(Ex/msz)*{A | j,(0) |Z) 
&)itia (Ys)owéUst+G 


(Ex/ma)*(E 
=G,(- o(— &) dia (y5)tV pts 


+G3(—#)E,ta (ys5)ux. 


In the approximation of representing I’; above by I',? 
the Born approximation, G;(¢) and G2(t) have the same 
expressions as F,(¢) and F,2(t), respectively, with the 
pseudoscalar coupling constant ga replaced by the 
scalar coupling constant, and the lifetime of the 2° is 
given by the same expression as Eq. (IV.7). 


APPENDIX 


Here we wish to examine the analytic properties of 
r',/(t), or equivalently, of (pg)-7A,z". The left-hand 
singularities arise from the vanishing of the denomina- 
tors in the integral of J;(s,¢) defined in the text: 


1 +1 1 
= i 
(pq)77_ ‘- p—g—2pqe 


1 


-——_—__], @» 
s’— p—g+2pqu 


1 i - 
——A == ds’ a(s’,t)Is(s’,t). 
(pq)? r/o 


I;(s’,t) 


(A2) 
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Fic. 3. Singulari- 
ties of (pg)-7A s* (i). 
The heavy line in the 
complex region is the 
locus of the branch 
points. 


Y | 
SI 





More precisely, the left-hand branch points are end- 
point singularities“ and are given by the roots of 
s’— pP—G+2pq=0, or 


B(t—mve—m2e—2m2—2s') 


= (t—c,)*(t—ce2)#(t—c3)*. —(I111..3)’ 


There are in general two roots to this equation. For 
s’=my those two roots correspond to ¢, of Fig. 2. For 
some values of s’, the branch points lie in the complex 
plane of t. 

If we further insist that the contour of integration in 
Eq. (A.1) is along the real axis, —1<%<1, then the 
branch cuts are given by Eq. (III.3) of the text and are 
illustrated in Fig. 2 for s’=mz;*. In general, branch cuts 
corresponding to different values of s’ do not overlap 
except in — © </<0, and ¢_</<t4,, and form a strip 
of singularities in the complex ¢ plane (Fig. 3). 

We may, of course, deform each branch line in the 
complex plane corresponding to different s’ so that each 
branch line coincides with the locus of the complex 
branch points off the real axis.'* The shape of singu- 
larities then would become simpler, but the discon- 
tinuity across the complex branch line would be un- 
tractably complicated, since deforming the contour in 


4 R. Eden, Proc. Roy. Soc. (London) A210, 388 (1952); Phys. 
Rev. 119, 1766 (1960). 

18M. Nauenberg, thesis, Cornell University, 1959 (unpub- 
lished); the authors have enjoyed an interesting discussion with 
Dr. Nauenberg on this point. 


Ww. 


(0) (b) 


S'=S. s'=S s'=S, 


Fic. 4. Left-hand singularities of f%(s’,t). The dashed lines are 
the contours of integration for the integral representation of 
f¥(s’,t) for fixed s’. sa<sp<se. 


the ¢ plane amounts to deforming the contour of inte- 
gration of Eq. (Al) from the original path along the 
real axis. We therefore prefer to define the contour of 
integration of Eq. (A1) as along the real axis. 

Let us consider a(s’,t)I 7(s’,t)= f(s’ ,t) for fixed s’. 


1 L~ 
—A,"()=- f ds’ f¥(s’,t), 
(pq)? To 


where {“(s’,t) is the contribution to f(s,t) from the left- 
hand singularities. The left-hand branch lines of /f(s’,t) 
varies for different values of s’, and a few examples are 
shown in Fig. 4. Applying Cauchy’s theorem along the 
contours exhibited in Fig. 4, we obtain 


1 Absf “(s’,t’) 
penatf ater 
c 


T "(s’) t'—t 


1 s'— P-¢ 
Absf4“(s’,t)=+- a(s’,t Pf ). 
(pq)7*? 2pq 


where the signature + is to be chosen appropriately. 
Note that the contour of integration C(s’) depends on s’. 
Combining Eq. (A4) and Eq. (A2) we obtain 


1 1 7” Absf “(s’,t’) 
—A,"*(t)= f as’ f dt’ - 
(pq)? id 0 C(s’) t'—1 


(A4) 


(AS) 
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On the Proof of Parametric Dispersion Relations* 
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Parametric dispersion relations for the connected time-ordered Green’s functions, conjectured by 
Nishijima on the basis of perturbation theory, are shown to exist for the special case of decay processes. 
Extension of the proof to the more interesting situations of scattering and production depends upon the 
possibility of continuing one or more of the energy variables to negative values. 


1, INTRODUCTION 


ISHIJIMA! has shown on the basis of perturbation 

theory that there exist parametric dispersion 
relations (PDR) for the connected time-ordered 
Green’s functions, and he has conjectured that such 
relations are valid in an exact field theory. We would 
like to point out that this conjecture is true for at 
least the special case of decay processes. An extension 
of the proof to include scattering and production 
amplitudes requires a statement concerning analytic 
continuation of the energy variables appearing in these 
functions to negative values. 

The method employed consists of first finding ‘a 
representation for the connected part of a time-ordered 
Green’s function in terms of the corresponding retarded 
Green’s function; this can be accomplished with a 
special choice of timelike momenta as the argument of 
both functions. This is a useful procedure because it is 
not difficult to derive a PDR for the special retarded 
function, and in this way obtain a PDR for the special 
time-ordered function. There then remains only the 
problem of generalizing, or continuing, the result to 
an arbitrary connected time-ordered function. 


2. THE SPECIAL FUNCTIONS 


We begin by briefly stating the notation used.? The 
operators JT and R, are the spin zero, scalar field time- 
ordered, and retarded functionals, respectively, where 
T,=65T/5j(x) and R, may be defined as —iT7tT7;. The 
vacuum expectation value of the result of calculating 
n—1 functional derivatives of Tz, and R, yields the 
general m-point time-ordered function (Tzy,---yn—1)0, 
and the corresponding retarded function (Rz,y1---vn—1)0} 
the subscript zero indicates that the source functions 
j(z) have been set equal to zero after the differentiation 
is performed. The time-ordered function is symmetric 
in all » indices; the retarded function is symmetric in 
the n—1 y, indices, each of which refers to a time earlier 

*This work supported in part by the National Science 
Foundation and the Air Force Office of Scientific Research. 

+ Now at The Institute for Advanced Study, Princeton, New 
Jersey. 

t Now at the University of Glasgow, Glasgow, Scotland. 

1K. Nishijima, Phys. Rev. 119, 485 (1960); M. Muraskin and 
K. Nishijima, ibid. 122, 331 (1961). 

2 We follow the definitions of the time-ordered and retarded 
functionals given by K. Symanzik, J. Math. Phys. 1, 249 (1960). 


than x . We introduce the Fourier transforms 


(gt pit: +++ pna)r( pr," ** Pn) 


= (2n)-* f dxdyy ° dn. 1 


Kexp(ig:x+ipi-yit +++ +ipn1°Yn-1) 


X(Rz,vi---yn-1)0, (1) 
and 


5(q+pit: " + Pn-1)7(fr,° - Pn) 


= —1(2r)+ J dxdyy: + -dyn-1 


Xexp(1q-x+tpi-yit: ++ +ipn1°Vn—1) 
X(Trv---yn—1)0. (2) 


It will be convenient later on to write the essential part 
of Eq. (1) in the form 


1(Ppi,°*° Pn = fduy---dups 


Xexpl[—t(pretit: +++ pn Un) J 
XF(ui,**+Un-1), (3) 


where #(u,*++%,—1) is a real symmetric function of the 
timelike vectors u;, each of which lies inside its forward 
light cone (each u;o>0). 

By inverting the defining equation for Rz, we can 
write 


T,=iTR;, (4) 


which serves to provide a useful connection between 
the retarded and time-ordered m-point functions; that 
is, by functional differentiation of both sides, the 
repeated application of Eq. (4), and the condition 
T|j7=0]=1, it is possible to express (Tzv1---wn—1)o in 
terms of the vacuum expectation value of products of 
R functionals. For example, 


(T2)0= i{Rzy)ot+ (R,Rz)o 


is the appropriate statement relating the 2-point 
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functions; the general structure is of the form 


(Tzy1-- ‘Yn—1)0 
=i(Rzyi-+-yn—-ot? >. p ((Rur.ve---yn—1Rz)o 
+(Ryi.v2-+-vn—2Rzun—1)o+ + ++ + Run Rz.v2---un—1)0} 
+-++-+7™Ry,1°- -RyRz)o, (5) 


where >-, stands for the sum of all permutations of the 
n—1 +; indices. 

We now compare the Fourier transform of both sides 
of Eq. (5) for the special case of timelike momenta, 
where each pjo>O and go<0; this restriction removes 
all disconnected r functions, since the latter must have 
at least two momenta with negative energies. We 
denote by 74°(p1,--*Pn-1) the connected time-ordered 
n-point function with all »—1 momenta positive time- 
like; the corresponding retarded function will be called 
r+(pi,***Pn-1). In perturbation theory, 74° has a con- 
tinuation to negative energy values (generalized 
crossing), but whether or not such continuations exist 
in general for an exact theory is as yet unknown; 
similar statements can be made for r;. The point of 
interest here is that for this special choice of positive 
energies it is not difficult to see, by inserting inter- 
mediate states in the terms on the right-hand side of 
Eq. (5), that 


74°(Piy*** Pn—1)=14(Pi,** Pa 1). (6) 


The contribution of all terms other than (Rz.y1---yn—1)0 
to the integrand of Eq. (2) vanishes; this is an implicit 
statement of conservation of energy and appears as a 
consequence of the positive energy spectrum of all 
(on-the-mass-shell) intermediate states. 


3. SCALING ANALYTICITY 


To obtain a PDR for r, we return to Eq. (3) and 
consider the scaling transformation obtained by re- 
placing each p; by® Ap;. Because the vectors u; are 
positive timelike, the special choice of all pjo>0 means 
that the invariants* p;-u; are all negative; hence the 
retarded function r,(Api,---APn_1)=rs(Ap) exists for 
all complex A with ImA>0. If we consider the mapping 


* This is equivalent, for real A, to the replacement of 


(Rz,y1-+-yn—1)0 
by 
Rvd-1z,d71y1 - + -A7“Mya_10 
=exp{— (InA)[*-0.+y1-O1+- ++ Yn-1°On-1]} 
X(Rz.y1-+-yn—10- 


Analogous formal representations of the scaling transformation 
may be derived from a time-ordered operator 7*, obtained from 
the original T by replacing every source function j(s) by j(Az); 
7* may be expressed in terms of I by the formal relation 
T*=exp(—Q-InA)T, where Q= {dzj(z)(z,0/02,)[6/5j(z) ]. This 
suggests that all the Green’s functions will have regions of 
analyticity in the scaling parameter, since all functionals formally 
satisfy Cauchy-Riemann equations in the complex variable X. 
‘ We use the relativistic notation: a-b=a-b— abo. 
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=, then the function r,(£!) is analytic in the entire 
cut — plane. We take the branch cut defining the func- 
tion £ to lie along the positive real axis and write a 
Cauchy integral 


1 
r.(&p)= a 


Wt 


where the contour C encompasses the entire upper half 
t’ plane, enclosing the complex point £. As £ approaches 
the positive real axis from above, §— |&|+7e, we 
obtain 


1 ». && 
r(leit)=—— ff mmoeni S 
mito $+ /é| 


P 
uF. 
rid) — 


os 


n 


where we have disregarded the possible need for sub- 
tractions. Noting that Imr,(i||!p)=0, we may take 
the real part of Eq. (7) and obtain the PDR® 


Pp . de’ 
ip) = a J —~— 
0 &—|é 


which, with Eq. (6), implies 


Rer,(|& Imr.( 


Rer,°(&p?) =— Imr,°(£’p’). (9) 


The expression £” represents all the bilinear momentum 
combinations which are the arguments of 7(p), scaled 
by the positive real factor é. 


4. DISCUSSION 


For the special case of timelike momenta, Eq. (9) 
is equivalent to the PDR introduced by Nishijima. 
The integral over negative values of the scaling pa- 
rameter, which appears in Nishijima’s PDR, cannot 
contribute when none of the momentum variables are 
spacelike. As has been emphasized, this relation has 
been established in general only for decay-type 
processes. For the 2-point function, however, there is 
no difficulty in removing the subscript on 7,°; here, 
74°(p)=1(p"), and by a change of variable Eq. (9) 
reduces to the familiar dispersion relation in the 


variable — p’. 
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Analytical Hartree-Fock self-consistent-field solutions have been obtained by matrix methods for the 
ten-electron systems F~, Ne, and Nat. In addition, solutions have been obtained for the F~ and Na* ions 
in the presence of a superposed potential sphere. Tables of the two goodness functions, f(r)=/"R—eR and 
g(r)=FR/eR, and expectation values of r; and r;? are given. The diamagnetic susceptibility has been cal- 


culated for all the systems reported. 


I. INTRODUCTION 


N this paper we present self-consistent solutions of 
the Hartree-Fock (HF) equations for the ten- 
electron configuration 1s?2s?2p°. Solutions have been 
obtained for the isoelectronic sequence F-, Ne, and 
Nat. In addition to the free-ion solutions, self-consistent 
field (SCF) solutions have been obtained for the ions 
F~ and Nat in the presence of a superposed potential 
due to a charged spherical shell. A number of previous 
HF-SCF calculations on the ten-electron systems, of 
varying degrees of accuracy, have been reported in the 
literature.'~* It was the aim of this series of calculations 
to obtain approximate solutions of as great an accuracy 
as feasible. 

In the second section we state our Hamiltonians, the 
assumed HF-SCF wave functions and the resulting HF 
equations. In the third section we discuss the method of 
solution employed and present some detail regarding 
the computational procedure in the following section. 
The fifth section contains a discussion of the results of 
the calculations and in the sixth section we examine the 
quality of the SCF solutions. The final section concludes 
with a short resume of the work. 


II. HARTREE-FOCK EQUATIONS 


The free-atom (or ion) Hamiltonian which we are 
concerned with may be written 


R=) 6($92+2Z7 4+ > od; 7577, (1) 


where p; is the momentum of the ith electron, Z is the 
nuclear charge, r; is the distance of electron i from the 
nucleus, and r;; is the distance between electrons i and j. 
We have chosen atomic units with the unit of energy 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

t The material of this paper forms a portion of a thesis presented 
in partial fulfilment of the requirements for the Ph.D. degree from 
the Illinois Institute of Technology. 

t Present address: Department of Physics, Wayne State Uni 
versity, Detroit 2, Michigan. 

1 F. W. Brown, Phys. Rev. 44, 214 (1933). 

2D. R. Hartree, Proc. Roy. Soc. (London) A151, 96 (1935) 

3C. Froese, Proc. Cambridge Phil. Soc. 53, 206 (1957). 

4B. H. Worsley, Can. J. Phys. 36, 289 (1958). 

5 A.M. Karo and L. C. Allen, J. Chem. Phys. 31, 968 (1959). 

§L. C. Allen, J. Chem. Phys., 34, 1156 (1961). 

7V. Fock and M. J. Petrashen, Physik. Z. Sowjetunion 6, 368 
(1934). 


2R.hc= 27.21 ev, the unit of length the first Bohr radius, 
and the mass and charge of the electron as unity. The 
superposed potential which we have utilized for the ion 
calculations is a charged spherical shell with the 
potential 

V=q/a for rga, 


=q/r forr2a, 


where g is the charge on the sphere and a is the radius 
of the sphere. 

In the Hartree-Fock approximation the wave function 
is assumed to be an antisymmetrized product of one- 
electron orbitals. These orbitals are obtained as 
solutions of the set of simultaneous integro-differential 
equations obtained from applying the variational 
principle to the expectation value of the Hamiltonian. 
For a closed-shell configuration, such as 15?2s?2p®, there 
exists no ambiguity in the form of the wave function 
as it may be represented as a single determinant which 
is invariant under the transformations of the symmetry 
group of the Hamiltonian (1). The wave function which 
we have computed may be written 


W= Q@{1s°,2s*,2p°}, (3) 


where @ is the well-known antisymmetrizing operator 
and W is a determinant of order ten. When the varia- 
tional principle is applied to the expectation value of 
the Hamiltonian, subject to an orthonormal constraint 
on the set of orbitals {¢;}, we obtain (after a suitable 
unitary transformation of the ¢,) the system of HF 
equations, 


(Ait) j(2J;—-K;j) i= Ei, 


= = $A;—Zr3+ V:, 


where 


Tpi(1)= f 1;(2) |?r1s-"dV’2 os(1), 


Kpi(t)= [ 6% Q2)6:2)ri'dVs ,(1). 


Vis any superposed one-electron potential (if present) 
and Z is the nuclear charge. To obtain the wave function 
(3), the set of equations (4) must be solved for the 
orbitals {¢;}. 
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Ill. METHOD OF SOLUTION 


It is customary to assume that a central electrostatic 
field exists about the nucleus so that each orbital may 
be expressed in the form 


Prim(r,9, ¢) = Rii(r) V im(8, ¢) _ r P(r) V im (8, ¢), (8) 


where Y ,,(@,¢) is a complex spherical harmonic. We 
further assume that all the radial functions Ra;(r) of a 
given shell are equal so that the orbitals are either equal 
in pairs or mutually orthogonal. Equations (4) then 
become a system of one-dimensional equations for the 
radial functions. 

There are two forms in which approximate SCF 
solutions may be obtained. If direct numerical inte- 
gration is employed, the orbitals are obtained as 
numerical tables.* An analytic form for the orbitals 
may be obtained directly by assuming an expansion in 
terms of a set of analytical functions. The expansion 
coefficients may be obtained either by iteration of the 
density matrix of the wave function’ or iteration of the 
matrix representation of the HF equations.“-" We have 
chosen the latter method to obtain our solutions of the 
HF equations. 

The radial functions were expanded in terms of 
Slater-type functions, that is, 


Rulr)=> > Cnt: pXtp("), (9) 
where 
Xip(r) = (2S 1p)" 44 (2p)! teter, (10) 


The matrix representation of the HF equations, (4), 





TABLE I. Parameters for the F~ SCF orbitals. 


SACHS 


then assumed the form 
Fen: sg. Seni, 


where F is the matrix HF Hamiltonian, S is the overlap 
matrix of the basic functions {xp}, Cnz is the vector of 
coefficients of the expansion (9), and €,; is the eigenvalue 
corresponding to ¢,;. Complete details on solution of 
(11) may be found in references 9, 10, and 11. 


(11) 


IV. DETAILS OF COMPUTATION 


A computer program was constructed for the 
IBM-704 to solve the HF equations (11). This program 
allows complete freedom (within the floating-point 
range of the computer) on the values of the exponents 
ftp and the (integral) powers my, thus affording con- 
siderable flexibility in the choice of basis functions. The 
computer output consists of the basis function param- 
eters, the expansion coefficients, the total energy, and 
the reduced logarithmic derivatives of the orbitals at 
the origin. The latter quantities should satisfy the 
relation 

R= (1+1)[Ry'/R1),~0= —Z, (12) 
where 


R,=r'R. (13) 


The relation (12) thus constitutes a test of the quality 
of the solution in the region near the origin. 
Considerable experimentation was carried out with 
various combinations of the (Slater-type) basis func- 
tions before the author settled on the combination 
reported herein. [See Tables I-III.) It was found least 
difficult to minimize the total energy using basis sets 








Charge on sphere (a.u.) --- 1.00 
Radius of sphere (a.u.) --- 2.40 
i n Cu Crs Cu Cu 


1.00 00 1.00 
2.57 a 3.789 


Cis Cu ; : Crs 





12.20 
8.20 


10.80 
4.10 
2.66 
1.68 


4.50 


1 
1 


2 
2 
2 
2 


3 


0.089611 

0.938018 
—0.022939 
—0.007729 
—0.005912 
0.001681 


0.014018 


—0.199570 
0.610790 


—0.138830 
—0.193139 
—0.565973 
—0.3007 36 


—0.053758 


0.089916 
0.937421 


—0.022742 
—0.007380 
—0.005722 

0.001627 


0.013687 


—0.239794 
0.683005 


—0.167362 
—0.215606 
—0.604434 
—0.292119 


—0.005869 


0.089840 
0.937570 


—0.022792 
—0.007465 
—0.005762 

0.001639 


0.013763 


—0.227944 
0.661599 


—0.158977 
—0.209390 
—0.590389 
—0.296774 


—0.020377 


0.089872 
0.937518 


—0.022764 
—0.007473 
—0.005762 

0.001640 


0.013758 


—0.221050 
0.649161 
—0.154093 
—0.205678 
—0.582818 
—0.299086 


—0.028662 


0.089711 
0.937830 

—0.022869 

—0.007649 
0.005860 
0.001668 


0.013928 


—0.201754 
0.614562 


—0.140392 
—0. 194646 
—0.565947 
—0.302182 


—0.051227 


—e1,(a.u.) 
—e2.(a.u.) 
—¢2p(a.u.) 


Cp 
0.064814 
0.551546 
0.500480 
0.086499 


—0.058375 
—0.006756 


25.82956 
1.074662 
0.1810072 
8.9947 
9.0409 

10.1932 

99.45921 


Cy 
0.050244 
0.635847 
0.557051 
0.019084 


—0.144059 
—0.011877 


26.18396 
1.450631 
0.5591383 


8.9947 
9.0672 


10.2401 
103.5879 


Cy 
0.050460 
0.634463 
0.550004 
0.029166 


—0.141918 
—0.011830 


26.16936 
1.431042 
0.5395839 


8.9947 
9.0597 


10.2368 
103.3235 


Crp 

0.051184 
0.630219 
0.544725 
0.036150 


—0.137323 
—0.011581 


26.15867 
1.417240 
0.5257729 
8.9947 
9.0553 
10.2332 
103.1422 











5D. R. Hartree, The Calculation of Atomic Structures (John Wiley & Sons, Inc., New York, 1957). 
*R. McWeeny, Proc. Roy. Soc. (London) A235, 496 (1956) ; A237, 355 (1956) ; A241, 239 (1957); Revs. Modern Phys. 32, 335 (1960). 


Cy» 
0.059712 
0.580765 
0.514525 
0.701605 


—0.087558 
-0.008525 


26.08340 
1.331305 
0.4386323 
8.9947 
9.0425 
10.2058 
102.0955 


0G. G. Hall, Proc. Roy. Soc. (London) A205, 541 (1951). 
1 C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 
2C.C. J. Roothaan, Revs. Modern Phys. 32, 179 (1960). 
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— 1.00 
1.79 


Charge on sphere (a.u.) 
Radius of sphere (a.u.) 
c n Cis 


Cos Cis 


Cos 





— 1.00 
1.7953 
Cis Cr 


— 1.00 
1.90 


Cis Cre 





0.050484 
0.171023 


15.00 1 0.118514 
10.30 0.854775 


0.118547 
0.854737 


11.00 
5.40 
3.10 
2.00 


0.031730 
0.008566 
—0.001522 
0.000665 


0.084504 
—0.115679 
—0.775681 
—0.050108 


0.031796 
0.008415 
—0.001564 
0.000686 
6.00 0.000535 


—0.144197 0.000640 


Cc "op Cop 

0.143044 
0.707453 
0.203736 
0.168879 


6.60 
3.40 
2.30 
1.80 


0.135376 
0.715241 
0.362710 
0.062804 


4.00 
9.60 


0.202196 
—0.014961 


— 0.139094 
— 0.013097 


40.75973 
3.073676 
1.797188 

11.0025 

11.0537 

13.1688 

161.6769 


40.20039 
2.501944 
1.226943 

11.0025 

11.0300 

13.0616 

155.8185 


— €),(a.u.) 
— €2;(a.u.) 


0.039100 
0.190950 


0.067772 
—0.096180 


—0.749297 
— 0.064375 


—0.173150 








0.118583 
0.854665 


0.118585 0.041607 
0.854666 0.186576 


0.043908 
0.182553 


0.031835 
0.008407 
— (0.001567 
0.000685 


0.071497 
—0.100483 
— 0.756084 
— 0.060506 


0.031828 
0.008433 
—0.001559 
0.000681 


0.074895 
—0.104426 
— 0.761746 
— 0.057363 
0.000658 —0.166421 0.000641 —0.160464 

Cis 
0.142694 
0.704154 
0.228789 
0.150446 


Cus 
0.141979 
0.702768 
0.253752 
0.132852 


—0.143792 
— 0.013064 


—0.150723 
—0.013162 


40.22343 
2.528619 
1.253062 

11.0025 

11.0350 

13.0767 

156.1229 


40.24794 
2.555828 
1.279855 

11.0025 

11.0396 

13.0923 

156.4242 





of this composition. The parameters and basis size 
were varied until a trough of minimization was reached, 
i.e., the same energy value was obtained using different 
sets of exponents for the expansion functions. Attempts 
to use larger basis sets for the F~ and Ne expansions 
yielded energies 10~° a.u. below those reported in 
Tables I and III, but the SCF runs failed to converge. 
The criterion for self-consistency of the orbitals was 
set at 
| {Cnt p} w41\ —| [Cabell < . 


i.e., we compared the eigenvectors of the Nth and 
(N+1)th iteration. Within this criterion of convergence, 
the larger basis sets (those which failed to converge) 
appeared to be linearly dependent. 


V. DISCUSSION OF RESULTS 
(a) Field-Free Systems 


The qualitative features of the field-free orbitals have 
been known for some time so that further discussion is 
unnecessary. Lack of space prevents the publication of 
the extensive tables of the orbital properties. The free- 
ion F- solution is very similar to that of Froese.* The 
minor discrepancies in the values of the orbitals may 
be attributed to the limited storage capacity of the 
computer with which she worked. This storage limitation 
applies also to the Ne calculation done by Worsley.‘ 
The Nat solution due to Hartree and Hartree agrees 
with the present one to three figures, the number of 
significant figures carried in their work. 


The parameters applicable to the field-free SCF 
orbitals are given in Tables I and II. From these values 
we have calculated (r;) and (r,2) for each of the three 
orbitals of the series and these are listed in Table IV. 


(b) Systems in the Presence of a 
Superposed Potential 


For the interpretation of many solid-state phenomena 
it would be very advantageous to have true solid-state 
SCF wave functions. These are not yet available and 
may be many years in coming, so that it seems plausible 
in the interim to obtain atomic wave functions that in 
some manner reflect the environment of the crystal 
lattice. Electron density studies of some alkali-halide 
crystals have shown that the charge distribution about 
lattice sites remains essentially spherical and about the 


TABLE III. Parameters for the Ne SCF orbitals. 
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0.000650 
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0.004109 
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32.77205 
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11.4695 


—€(a.u.) 
—R 


— E(a.u.) 128.5470 
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TaBLE IV. Expectation values of r; and r;* for the HF orbitals of ten-electron systems. 
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0.17577 
0.17577 
0.17576 
0.14286 
0.14286 
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1.03553 
0.89220 
0.77911 
1.03822 
1.03816 
1.03802 
1.03643 
0.77999 
0.77968 
0.77946 


1.31873 
0.96764 
0.73148 
1.32414 
1.32472 
1.32472 
1.32122 
0.73430 
0.73338 
0.73270 


0.96496 
0.79625 
1.21517 
1.22166 
1.22597 
1.24692 
0.80237 
0.80083 
0.79956 


0.81592 
1.99162 
2.02329 
2.04516 
2.15983 
0.83514 
0.83050 
0.82662 














negative ions it remains spherical for a considerable 
distance. Kristoffel’* has carried_out a calculation on 
the Cl- ion of KCl in which he assumes, in each of 
three regions, a different form for the orbitals of the 
outer shell. These regions were chosen so as to reflect 
the relative importance of the ion central field and the 
crystal field. The orbital parameters were determined 
from continuity and normalization conditions. The 
resulting orbitals tailed off faster than in the free ion. 
Kristoffel found that the positive ion showed an 
opposite effect, but the magnitude of the change was 
not as great. Hurst"* has shown that in the presence of 
a point-charge crystal field, the optimum effective 
nuclear charge for the H~ wave function increases, 
indicating a charge distribution of lesser extent than 
the free ion. This situation should also prevail for the 
F~ ion in a crystal environment. 

If we consider a single ion in a crystal lattice, we find 
that in addition to the atomic potential there exists the 
Madelung potential due to Coulomb interaction between 
the ions. There is also a repulsive potential of unknown 
origin. These external potentials, collectively acting as 
a potential well, modify the charge distribution about 
the nucleus. A complete calculation of the effect of 
these potentials is a major task which remains to be 
done. For immediate use, it is desirable to investigate 
the effect on the orbitals of various types of superposed 
potential fields which fall within the scope of the 
central-field SCF scheme.'® 

We have chosen as our superposed field a hollow 
sphere of radius a carrying a charge g. Such a potential 
has the value g/a for O< r<a and q/r for r2a. A posi- 
tively charged sphere should contrast the charge cloud 
of a negative ion and a negatively charged sphere 
should swell the charge cloud of a positive ion. The 
charge g has been taken with magnitude one, corre- 
sponding to the net charge exclusive of the ion. The 


4 N.N. Kristoffel, Akad. Nauk Estonian SSR (Tartu) 7, 112 
(1958) 

4R. P. Hurst, Phys. Rev. 114, 746 (1959). 

‘5 For a different approach see the work on 0 by R. E. Watson, 
Phys. Rev. 111, 1108 (1958); see also R. E. Watson, Phys. Rev. 
120, 1254 (1960). 


parameter which remained to be chosen was the sphere 
radius a. 

The proper value for the radius of the charged sphere 
is a debatable point. On intuitive grounds, one can 
choose the ionic radius; another choice is the lattice 
constant. Neither of these values can be fully justified. 
A third approach can be made by setting the value of 
the potential inside the sphere to the value of the 
cohesive energy per ion. This prescription is as ques- 
tionable as the first two proposed. Only experimentation 
can shed any light on the best choice for the radius. 

A number of spheres of varying radii were superposed 
on the F~ and Na solutions reported in this paper. The 
same exponents utilized for the field-free calculations 
were used for this series after experimentation with the 
basis sets had indicated that the size of the basis sets 
used in the field-free cases was sufficient to yield good 
results for the superposed-field calculations. This is 
demonstrated in the goodness tests, which we discuss 
in a later section. The radii of the spheres were chosen 
less than, equal to, and greater than the ionic radii as 
given by Pauling.'® For F~ an additional value was 
chosen equal to the LiF lattice constant. These spheres 
had the desired effect of changing the size of the ions. 
The Nat orbitals were only slightly affected by the 
spheres, but a good deal of change was produced in the 
2s and 29 orbitals of F-. 

The parameters applicable to the orbitals in the 
superposed field environment are given in Tables I 
and II." 


(c) Diamagnetic Susceptibility 


The diamagnetic susceptibility may be calculated 

from the Langevin-Pauli formula,'* 
x= — (Ne/6me?)> <r 2), (14) 

The susceptibilities for the field-free systems and the 
ions in a superposed potential are listed in Table V. 

16L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1960), 3rd ed., p. 514 

17 More details of these calculations are contained in Argonne 


National Laboratory Technical Report ANL-6310 (unpublished). 
18 W. Pauli, Z. Physik 2, 201 (1920). 
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The precise experimental values of the susceptibility 
for these systems is difficult to obtain. Landolt- 
Bérnstein” list a value for Ne of —7.2X10-* emu/mole, 
so that the value listed in Table V is within the experi- 
mental error. The susceptibilities for the ionic systems 
are obtained from measurements on crystals or aqueous 
solutions. The values for the ionic systems F~ and Nat 
are known only approximately, and Landolt-Bérnstein 
list the values obtained by the various methods. This 
range of data is discussed by Myers” who concludes 
that a more accurate experimental technique is needed 
and that none of the values is a standard. The values 
given in Table V fall within the accepted range as given 
by Landolt-Bérnstein and Myers. 

The experimentally determined susceptibility values 
for LiF and NaF are given as 10.1 and 15.5 (in units 
of —10-® emu/mole).” Using the free-ion values of 
Table V, we obtain for x the values xrir=13.74 and 
XNaF=17.75. These values are too large. Use of the 
x for the ions with the superposed spheres of ionic radii 
yields the values x1rjr=12.5 and ynar= 16.84, where 
the susceptibility for Lit has been assumed constant 
at 0.7. These values are in better agreement with experi- 
ment, though still high, as the potential field has not 
caused very large changes in the charge distributions. 
The radii of the spheres might be chosen such that the 
susceptibility calculated would agree with the experi- 
mental value, although this procedure does not lead to 
a unique choice for each ion. 


VI. QUALITY OF THE APPROXIMATE 
WAVE_FUNCTIONS 


(a) Reduced Logarithmic Derivatives 


It is worth knowing to what accuracy an approximate 
wave function represents an SCF solution of the HF 
equations. Any comparison of the HF method with 
other methods assumes that the HF equations are 
solved exactly. While energy minimization is the strict 
criterion for the worth of the orbitals, one cannot say 
for certain that a particular solution is the best attain- 
able without some investigation into the quality of the 
solution. 

For each of the orbitals reported, the value of —R 
was evaluated by the computer program using (12) 
and these values are listed along with the other param- 
eters in Tables I-III. The values of R for 1s and 2s 
orbitals are in satisfactory agreement with (12), but 
the R values for the 2p orbitals are not. It has been 
found that there is a close correlation between good s 
approximate orbitals, that is those which minimize the 
energy, and the ability of the R value to satisfy (12). 
This has not been the situation with the 2% orbitals. 
As the energy minimum is approached, the reduced 


'8 Landolt-Bérnstein, Tabelln (Springer-Verlag, Berlin, 1950), 
6th ed. 
2 W.R. Myers, Revs. Modern Phys. 24, 15 (1952). 
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TABLE V. Diamagnetic susceptibility for ten-electron systems. 











Superposed sphere 


System Charge Radius 10®* 

— 12.665 
— 7.4175 
— 5.0816 
— 11.633 
— 11.784 
— 11.888 
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* Units are emu/mole, 


logarithmic derivative varies widely without a pre- 
dictable pattern. Due to this behavior we have not 
been able to use (12) as a computational guide for the 
2p orbitals. 


(b) The Goodness Test 


A stringent test for self-consistency which can be 
applied to analytic orbitals is the goodness test which 
requires compuiation of the functions 


fe(r)=(F—©9, (15) 
and 
£o(r) = Fo/ «, 


where we have rewritten (4) as 
Foi= €:9i- 


To obtain f,(r) and gs(r) we must evaluate the func- 
tional F¢ at each point of space (r,6,¢). Since we are 
working within the central field approximation, which 
allowed the introduction of (8), it is not necessary to 
retain an angular dependence in our goodness functions. 
We may multiply (15) by Yin*(9,¢) and integrate 
over dQ). This integration coupled with the integration 
over dQ, reduces the equation to a one-dimensional 
equation in r. The evaluation of the terms proceeds in 
a straightforward manner.” 
The radial goodness functions, 


f(r)=F(r)R—eR (17) 
and 


g(r) =F (r)R/eR, (18) 


have been tabulated in abbreviated form in Tables 
VI-VIII for the field-free HF-SCF solutions reported. 
These indicate that the orbitals are accurate to about 
four figures. [Recall that (11) determines R(r).] In the 
region close to the origin the goodness appears poor for 
many orbitals. This is due to the limitation on the 
accuracy of the eigenvectors. The possibility exists for 
obtaining better agreement at the origin by choosing 
the basis set so that (12) is satisfied exactly. Such a 
procedure makes the energy minimization procedure 
very tedious. In addition, the quality of the orbitals 
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TABLE VI. Goodness functions for F-. 








r 


0 
0.01 
0.02 
0.03 
0.04 
0.05 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
1.00 
1.20 
1.40 
1.60 
1.80 
2.00 
2.40 
2.80 
3.20 
3.60 
4.00 
5.00 
6.00 
7.00 
8.00 
9.00 
10.00 
12.00 
14.00 
18.00 


fis(r) 


£1s(r) 


Ses(r) 


820(r) 








— 39.76698 
— 16.90096 
— 6.99129 
— 1.87902 
0.71474 
1.29619 
—0.45142 
0.06205 
0.11179 
0.00700 
— (0.03848 
—0.03141 
—0.01053 
0.00487 
0.01129 
0.00814 
0.00090 
— 0.00292 
—0.00351 
— (0.00258 
— 0.00022 
0.00087 
0.00101 
0.00079 
0.00053 
0.00014 
0.00003 
0.00000 
0.00000 
— 0.00000 
— 0.00000 


1.03258 
1.01515 
1.00685 
1.00201 
0.99916 
0.99764 
1.00195 
0.99937 
0.99739 
0.99963 
1.00464 
1.00843 
1.00616 
0.99397 
0.97163 
0.92742 
0.97655 
1.19844 
1.56691 
1.81148 
1.10992 
0.53706 
0.33778 
0.26417 
0.23646 
0.24462 
0.32670 
0.52074 
0.94624 
1.88109 
3.96362 


21.30934 
3.32377 
—0.25827 
—0.97554 
— 0.92455 
—0.01013 
0.02746 
—0.00795 
— 0.00843 
— 0.00288 
0.00284 
0.00454 
0.00281 
0.00018 
— 0.00163 
— 0.00183 
— 0.00021 
0.00079 
0.00090 
0.00055 
— 0.00018 
— 0.00038 
—0.00025 
— 0.00005 
0.00009 
0.00017 
0.00010 
0.00005 
0.00002 
0.00001 
0.00000 


— 0.86010 
0.68181 
1.02716 
1.11285 
1.11789 
1.00219 
0.97018 
0.98981 
0.99432 
0.99830 
1.00171 
1.00297 
1.00208 
1.00015 
0.99837 
0.99746 
0.99958 
1.00221 
1.00353 
1.00304 
0.99811 
0.99220 
0.99027 
0.99615 
1.01229 
1.10616 
1.29839 
1.66354 
2.39392 
3.93777 
7.32495 





— 4.54128 
— 3.99146 
— 3.42238 
— 2.86463 
— 2.34324 
—0.53984 
0.21806 
0.03394 
—0.05371 
—0.03972 
—0.00625 
0.01418 
0.01914 
0.01489 
0.00745 
— (0.00442 
— 0.00763 
—0.00541 
—0.00182 
0.00097 
0.00269 
0.00158 
0.00022 
~0.00052 
— 0.00070 
— 0.00027 
0.00005 
0.00011 
0.00009 
0.00005 
0.00003 
0.00001 
0.00000 
0.00000 








TABLE VII. Goodness functions for Ne. 








fis(r) 


gis(r) 


Sul) 


820(r) 





0 
0.01 
0.02 
0.03 
0.04 
0.05 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
1.00 
1.20 
1.40 
1.60 
1.80 
2.00 
2.40 
2.80 
3.20 
3.60 
4.00 
5.00 
6.00 
7.00 
8.00 
9.00 
10.00 





— 26.50537 
— 14.15198 
— 5.97820 
— 1.31020 
1.04999 
0.93934 
—0.34851 
0.12368 
0.05926 
— 0.02697 
— 0.03289 
—0.01184 
0.00408 
0.00965 
0.00871 
0.00204 
—0.00185 
—0.00251 
—0.00178 
— 0.00082 
0.00037 
0.00064 
0.00054 
0.00036 
0.00022 
0.00005 
0.00001 


1.01471 

1.00868 
1.00405 
1.00098 
0.99913 
0.99874 
1.00123 
0.99888 
0.99864 
1.00154 
1.00462 
1.00399 
0.99682 
0.98329 
0.95835 
0.97306 
1.07022 
1.22936 
1.33038 
1.25580 
0.79755 
0.47401 
0.31814 
0.23997 
0.19659 
0.14654 
0.12637 


—19.19259 
— 5.11143 
— 0.91657 

0.61293 
1.07706 
0.13582 
— 0.08322 
0.07988 
— 0.00649 
— 0.03169 
— 0.00759 
0.01154 
0.01360 
0.00668 
— 0.00080 
— 0.00628 
—0.00312 
0.00077 
0.00258 
0.00260 
0.00069 
— 0.00075 
—0.00114 
— 0.00098 
— 0.00069 
— 0.00019 
— 0.00004 
— 0.00001 
— 0.00000 
— 0.00000 
— 0.00000 


1.77116 
1.22755 
1.04530 
0.96629 
0.93389 
0.98473 
1.09702 
1.03271 
0.99818 
0.99146 
0.99778 
1.00385 
1.00534 
1.00315 
0.99955 
0.99467 
0.99601 
1.00148 
1.00754 
1.01143 
1.00684 
0.98358 
0.94580 
0.90116 
0.85720 
0.77754 
0.74548 
0.74122 
0.74842 
0.75928 
0.77083 


— 3.11992 
— 2.70681 
— 2.24716 
1.79252 
— (0.23544 
0.16108 
0.02552 
— (0.04176 
—0.00813 
0.01049 
0.01214 
0.00701 
0.00157 
—0.00191 
— 0.00348 
—0.00188 
— 0.00015 
0.00084 
0.00112 
0.00067 
0.00004 
— 0.00030 
— 0.00040 
—0,00036 
—().00017 
— 0.00005 
— 0.00002 
— (0.00000 
— 0.00000 
— 0.00000 








S2p(r) 


141.52194 
65.47140 
39.45916 
26.18603 
18.18659 

3.42766 
0.28074 
0.89354 
1.17607 
1.14234 
1.02508 
0.93542 
0.90036 
0.91107 
0.94888 
1.04000 
1.09037 
1.08293 
1.03574 
0.97576 
0.89477 
0.90557 
0.98036 
1.06980 
1.13718 
1.12902 
0.94611 
0.75958 
0.65158 
0.61761 
0.62840 
0.69929 
0.77618 
0.89262 


16.19761 
8.30352 
5.43231 
3.89417 
2.93592 
1.15977 
0.91625 
1.01312 
1.02329 
1.00514 
0.99233 
0.98959 
0.99292 
0.99812 
1.00271 
1.00688 
1.00516 
1.00056 
0.99567 
0.99207 
0.99128 
0.99897 
1.01281 
1.03014 
1.04891 
1.09497 
13570 
17118 
20231 
22959 





ANALYTICAL 


HF-SCF 


WAVE FUNCTIONS 


TABLE VIII. Goodness functions for Na*. 


£is(r) 











(r) 


52 





1.00979 
1.00578 
1.00225 
1.00000 
0.99878 
0.99954 
1.00058 
0.99854 
1.00012 
1.00359 
1.00379 
0.99651 
0.98189 
0.96728 
0.96673 
1.06121 
1.28322 
1.44320 
1.26849 
0.88987 
0.39256 
0.21375 
0.14293 
0.10943 
0.09123 
0.07065 


0.00177 
2.01714 
0.44722 
—0.19373 
0.17457 
—0.00527 
— 0.05657 
—0.02251 
0.00807 
0.01716 
0.01350 
0.00640 
—0.00311 
— 0.00466 
— 0.00297 
—0.00101 
0.00031 
0.00119 
0.00101 
0.00065 
0.00037 
0.00020 
0.00004 


33.30480 
2.28331 
— 2.39078 
— 2.48842 
— 1.70399 
0.30384 
— 0.04746 
—0.01821 
0.01472 
0.00650 
—0.00223 
— 0.00338 
—0.00124 
0.00045 
0.00072 
—0.00055 
— 0.00080 
0.00012 
0.00092 
0.00106 
0.00018 
— 0.00057 
— 0.00072 
— 0.00056 
— 0.00036 
— 0.00008 
—0.00001 
— 0.00000 
— 0.00000 





cannot be improved at the origin without disturbing 
the quality of the orbitals over some other region of 
space. Again, this is due to the limitation of the accuracy 
of the SCF procedure. 

The orbitals and goodness functions have also been 
tabulated for the solutions in the presence of the super- 
posed field. These tables and tables of the orbitals may 
be obtained on request. (See footnote 17.) 


VII. CONCLUSIONS 


We have reported on the results of approximate 
Hartree-Fock solutions for the ten-electron field-free 
systems of F-, Ne, and Na+. These were obtained as 
finite expansions of Slater-type functions using a 
matrix SCF procedure. The results obtained appear 
more accurate than the previous calculations including 
those obtained by numerical calculation. This was 
ascertained through computation of the goodness 
functions, f(r) =F (r)R—eR and g(r) =F (r)R/eR. It has 
been shown, therefore, that the matrix procedure is 
capable of high accuracy although the relative merits 
of the numerical method and the matrix method have 
not been discussed.) 


21 4 short discussion of this point will be contained in a future 
publication. 


— 3.19990 
— 3.02384 
— 2.61381 
— 2.11444 
— 1.61192 
— 0.02626 
0.09404 
— 0.05682 
— 0.01583 
0.01420 
0.01207 
0.00217 
—0.00351 
—0.00428 
— 0.00270 
0.00052 
0.00119 
0.00062 
0.00002 
—0.00028 
— 0.00026 
— 0.00004 
0.00007 
0.00010 
0.00008 
0.00003 
0.00001 
0.00000 
0.00000 
0.00000 


0.29460 
0.94582 
1.06372 
1.07471 
1.05782 
0.97943 
0.79625 
0.99680 
1.00208 
1.00095 
0.99963 
0.99933 
0.99970 
1.00014 
1.00028 
0.99966 
0.99920 
1.00019 
1.00244 
1.00462 
1.00208 
0.98252 
0.94345 
0.88929 
0.82845 
0.69788 
0.63053 
0.60698 
0.60239 


1.93926 
1.60337 
1.00632 
0.98189 
1.01127 
1.00353 
0.99628 
0.99620 
0.99917 
1.00163 
1.00244 
1.00188 
0.99946 
0.99814 
0.99856 
0.99994 
1.00144 
1.00283 
1.00098 
0.99614 
0.98903 
0.98033 
0.95394 
0.92422 
0.89587 
0.87291 
0.85690 





Solutions have also been obtained for the ionic systems 
F— and Na* when in the presence of superposed potential 
field created by a hollow sphere carrying a unit charge 
of polarity opposite to that of the ion. The radius of 
the sphere was varied in order to give a qualitative 
suggestion of the proper radius to use so as to best 
simulate a crystalline environment by this procedure. 
It was found that the charge density of the negative 
ion was altered much more by the presence of such a 
sphere than was the charge distribution of the positive 
ion. 
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Dispersion relations have been used to estimate the contributions to A and ¥ hyperon decays from one- and 
two-meson intermediate states for both even and odd A—* relative parity. The results indicate that these 
contributions will have a negligible effect on the electron modes and give perhaps a 10% correction to the 
rates for the muon modes; the lepton decay modes are apparently dominated by the V and A form factors at 
zero momentum transfer which appears as subtraction constants in the calculations. For even A—2 parity 
the two-meson contributions to the pion mode amplitudes are roughly 20% of the experimental values. The 
contributions to the A-decay amplitudes are essentially unchanged when one assumes odd A—* parity, but 
the contributions to the amplitudes are reduced to about 6% of the experimental values. 


1, INTRODUCTION 


WO of the many questions which might be asked 

concerning the weak decays of hyperons are: 
(1) How important are the effects “induced” by strong 
interactions in the decays Y + V+/+- ; could these 
effects possibly explain the “reduced” rate of these 
decays? (2) Is there a connection between the sym- 
metries among the s- and p-wave amplitudes for the 
decays Y—+>N+za and the symmetries of strong 
interactions? 

Goldberger and Treiman! have considered the analog 
of question (1) in neutron beta decay and yu capture. 
They found only small corrections to the direct inter- 
action for 8 decay but an appreciable “induced pseudo- 
scalar” term in yw capture. Because of the large mo- 
mentum transfer, and because the total rate is reduced, 
we might also expect important “induced” effects in the 
lepton decay modes of hyperons. 

Several authors have suggested answers to question 
(2). Treiman? and Pais* have sought to explain the decay 
amplitude symmetries by postulating approximate sym- 
metries in the strong couplings. Other authors*~* have 
suggested that the symmetries among the amplitudes 
are due to the dominance of the contributions of certain 
simple diagrams to these decays in addition to sym- 
metries in the strong couplings. 

In this paper we make what must be regarded as at 
best a crude preliminary attempt to answer these 
questions by using dispersion relations to estimate 
the contributions of one- and two-meson intermediate 
states to hyperon decays. These contributions corre- 
spond to the diagrams which Wolfenstein® has suggested 


* This paper is based partially on a thesis submitted by the 
author to Carnegie Institute of Technology in partial fulfillment 
of the requirements for the Ph.D. degree. 

Tt Now at Laboratory of Nuclear Studies, Cornell University, 
Ithaca, New York. 

1M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 354 
(1958). 

2S. B. Treiman, Nuovo cimento 15, 916 (1960). 

* A. Pais, Phys. Rev. 122, 317 (1961); Nuovo cimento 18, 1003 
(1960). 

*S. Barshay and M. Schwartz, Phys. Rev. Letters 4, 618 (1960). 

5G. Feldman, P. Matthews, and A. Salam, Phys. Rev. 121, 302 
(1961). 

*L. Wolfenstein, Phys. Rev. 121, 1245 (1961). 


might be important in the pion decay modes. Other 
authors’'* have previously calculated the single-meson 
contribution to the decay A— p+/++», while Flamm* 
has made a perturbation theory calculation of the two- 
meson contribution to this decay. These authors con- 
clude that the one- and two-meson contribution, by 
themselves, are too smali to account for the observed 
decay rate. 

The results of our calcuiations depend upon the rela- 
tive parities of the particles involved and the values of 
the renormalized strong coupling constants. At present, 
only the pion and nucleon parities and the r—-N 
coupling constant are well known. For the remaining 
parities and coupling constants we consider two cases 
which seem most probable at the present time: 


(1) The “even” case—the A—> parity is even, the 
N-A-—K parity odd, all pion-baryon coupling are 
approximately equal, and all K-meson—baryon couplings 
are approximately equal.'° 

(2) The ‘‘odd” case—the A—> parity is odd,*" the 
N—A-—K parity odd, and the coupling constants are 
approximately as suggested by Ferrari and Fonda” 
based upon hypernuclei binding energies. 


As Wolfenstein® has pointed out, if one assumes the 
one- and two-meson intermediate states are dominant 
in the pion decay modes and takes the “even” case, 
many of the relations among the Y — N+ 7 amplitudes 
are automatically explained provided the A—2 mass 
difference is ignored. In this paper we estimate the 
magnitude of these contributions for both “even” and 
“odd” cases without neglecting the mass differences. 

In Sec. 2 we define the form factors and amplitudes 
and review the experimental information which applies 
to them. The dispersion relations which we use are 
introduced in Sec. 3. This section also contains a dis- 


7E. M. Ferreira, Nuovo cimento 8, 359 (1958). 

8 N. Cabibbo and R. Gatto, Nuovo cimento 13, 1086 (1959). 

*D. Flamm, Nuovo cimento 16, 194 (1960). 

© This is an extension of the global symmetry suggested by M. 
Gell-Mann, Phys. Rev. 106, 1296 (1957). As shown by A. Pais, 
Phys. Rev. 110, 574 (1958), the symmetry among the couplings 
cannot be exact. 

4 Y, Nambu and J. J. Sakurai, Phys. Rev. Letters 6, 377 (1961). 

2 F. Ferrari and L. Fonda, Nuovo cimento 9, 843 (1959). 
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cussion of the necessity for subtractions and the anoma- 
lous thresholds which occur in the two-meson contribu- 
tion. By approximating the Kalv and Kam amplitudes 
with constants and using only the one-baryon inter- 
mediate state contributions to the Y NxK amplitudes 
we are able to obtain an estimate of the two-meson 
contributions. This calculation, along with the results 
for the one-meson contribution, is contained in Sec. 4. 
The qualitative features of our results are summarized 
and discussed in Sec. 5. 


2. FORM FACTORS AND AMPLITUDES 
A. Y — N+1-+v Form Factors 


Assuming a current-current structure of the weak 
interaction, we find for the Y ~ N+l+v decay 
amplitude: 


(G/V2)(N | J4(0)| Y) 
X[(mi/ FE) (m,/E,) }uiry*(1+y5)u». (1) 
In (1), J,(%) is the weak current constructed from the 
fields of strongly interacting particles. It increases 
strangeness by one unit and transforms as a linear 
combination of a vector and a pseudovector. For con- 
venience we have factored out the “universal” weak 
coupling constant G~my~*10-5. 
Because of the transformation properties we assume 
for J, (x), we can always write’ 


(N\J,(0)| Y) 


myn my\? - 
-( - =) ax] {Ore fl) 
E N E ‘ 


ke 


+21 (s)yuvst+g2(s)ous¥s A 


my 


—+ 3 Orne Jur 


In (2), and below, 


k= py— pn, 
and (3) 
s=P. 


The six form factors fi(s), «++, gs(s) are dimensionless 
functions of the invariant s and can all be chosen real if 
we assume time-reversal invariance. An unrenormalized 
universal V—A theory" would correspond to fi=gi=1 
and fo= fs=g2=g3=0. 

Up to the present time only a few of these decays have 
been seen; the rates are apparently reduced by a factor 
of 10 or more from the rates predicted by a universal 
V—A theory." For example, in the decay A— p+e-+», 
if we neglect the possible s dependence of the form 

BR, P. and M 
(1958). 

4W. E. Humphrey et al., 


Feynman Gell-Mann, 


Phys. Rev. 109, 193 


Phys. Rev. Letters 6, 478 (1961). 
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TABLE I. Experimental values for the s- and p-wave amplitudes 
in the decays Y — N+7. Ao~2X1077. 


Ampli- 
tude A-— 


y+ 


ptr = 
|A,| V2A0 Ao v7Ao 2s 0) 
V2Ao y VIA‘ (2Ao) 


pre —n+n* > 


> n+n- 


0 (2A0) 
2Ao (0) 


A-—-n+r° =* 


factors we find 
»= 1.4310? sec[| f,|2+2.96| g1|? 
+0.014| fe|2+0.043| go|? 
+0.023 Refi f2*—0.062 Regig2*], (4) 


WA p+ e+ 


while the experimental rate is roughly 0.510" sec". 
If, as our results below indicate, the fr and ge corrections 
are negligible, then | f;!?+-2.96) g,|*~0.3. 


B. Y — N+ Amplitudes 


The amplitude for the decays Y— N+7 can be 
written 


1 my my\? A 
(Nr|H,,(0)| Y)= (. - -) axl Autre fur (5) 
2E, En Ey R 


In (5), (x) is the weak interaction density, A, and A » 
are the s- and p-wave amplitudes, respectively, and 


(my—my)?—m,2}3 |p| 
pa | ae .|- sareng (6) 
(my +my)—m_2 E bites 


In general the constants A, and A , may be complex, but 
if we assume time-reversal invariance then their phases 
are the small r—N, J=} phase shifts. 

The experimental decay rates'® determine | A,|? 
+ |A,|? for each decay, while measurements of the 
rE of the decays!* determine the ratio of | A, | 
to hove that we cannot distinguish | A,|:| A! 
a v p|: |Az|). The resulting values for the | A, f and 
|A,| are given in Table I. This table is somewhat 
schematic since the ratios of s- to p-wave amplitudes are 
not dete perv accurately by the PET Thus 
|A, | ,| in the table really means : 1<|A,|:1|A pl S2, 
Ww hile | 1A 1,|=0 really means | A,!:|A,|<0.05. 

The amplitudes as given in Table I are consistent 
with the requirements of the | AJ| =} rule: 


1(A > pta)=VvIA (A tx"), (7) 
and 

Ato ate )+v2A (2+ — p+2°)=A(Z-— n+). 

ss This, and other expressions for observables in terms of the six 
form factors, can be obtained from the papers of C. H. Albright, 
Phys. Rev. 115, 750 (1959); V. P. Belov, B.S. Mingalev, and V. M. 
Shekhter, Zhur. Eksptl. i Teoret. Fiz. 38, 541 (1960) [translation: 
Soviet Phys.—JETP 11, 392 (1960)]; and D. R. Harrington, 
Phys. Rev. 120, 1482 (1960). 

16 Recent experimental data concerning the decays Y — N-+-r 
can be found in the Proceedings of the 1900 Annual Conference on 
High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York, 1960), especially in the report by J. W. Cronin, p. 540, 
and the table on p, 878. 
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They show additional symmetry, however, satisfying, 
for example, the relation suggested by Treiman?: 
V2A(A— p+a-)=A (Et — n+) 
+A(=-— n+). (8) 
It should also be noted that the decays >*—n+-* are 
parity conserving (or at least very nearly so). 
3. DISPERSION RELATIONS 


We assume that the form factors and amplitudes 
introduced in Sec. 2 satisfy the following dispersioa 
relations in the variable s= (py—p,)*: 


Im f1( A” 
fi(s)=) f,(0)+—- oe 
(s “os 
Emgi(s') 
gi(s)=g1(0) +— =i; 


s'(s’ ae 


Im f2(s’) 1 Img2(s’) 
LPB, ay! LR 0 
™ — - s’—s 


ec ce 


Im (s" ) 
fs(s)= - f fs ds’, 
us 


c s’-—s rv. 


fe(s)= 


Imfs (s’) 
g3(s)= ds 
s'—s 


1 p,(s’) 1 p(s’) 
A=- f —ds’ A,=- | ——<ds’ 


, 9 , 9 
«Sm, oS—m, 


’ 


The spectral functions Im/; and Img; are obtained by 
projecting out the appropriate terms from 


1/Er\! 
4,0)=-(—) tin > (2x)'5*(py— py— pn) 


my 


X(0O|J,,(0)| m)(n|Jv(0)| ¥), (10) 


while p, and p, are given by 


~ Pp 
tin! pstY¥s— Jy 
R 


1/Ey\3 
-(—) fy 5 (2)'8"(py- pape) 


My 
X {(0! O,!n)(n| Jw (0)! VY) 


+(0|J,(0)|m)(m| On| Y)}. (11) 


In (11), 


0.= =i f dee e7e-0(2)L Fale) Ho(O)] (12) 


and J, and Jy are the pion and nucleon currents, 
respectively. 

Normally we expect the contribution to the disper- 
sion integrals from a given intermediate state to begin 
at a value of s’ corresponding to the physical threshold. 


HARRINGTON 


In this problem, however, there are anomalous thresh- 
olds below the physical thresholds, and these must be 
treated as described in the papers of Mandelstam"’ and 
of Blankenbecler and Cook.'* The anomalous thresholds 
for the processes considered here are only very slightly 
below the normal thresholds; their main effect is to 
allow the spectral function to be nonzero at the normal 
threshold. 

We have made subtractions in the dispersion relations 
for f:(s) and gi(s) for several reasons. There may be 
terms of the form Jyy,Wy and Pyy,ysy in J,; these 
would give “equal-time” contributions to f(s) and 
gi(s) which would not be included in unsubtracted 
dispersion relations. Also, in our approximate calcula- 
tion, an unsubtracted dispersion relation for f(s) would 
not converge [there is no contribution to g:(s) from the 
intermediate states we consider ]. Finally, if we do use 
an unsubtracted dispersion relation for f; and make a 
reasonable cutoff, our approximate results give a A— p 
+e+y rate which is too small by several orders of 
magnitude (of course this neglects the contributions of 
the more complicated intermediate states). Because 
there is no reason to expect equal-time contributions, 
and because the integrals, with our approximate spectral 
functions, converge, we make no subtractions in the 
dispersion relations for the remaining form factors and 
amplitudes. 

The intermediate states which contribute to Im/; 
and Img; must have negative charge, negative strange- 
ness, and angular momentum either zero or one. Those 
which contribute to p, and p, must have the same charge 
as the final pion, zero angular momentum, and a 
strangeness of either zero or minus one. We have esti- 
mated the contributions from the simplest of this 
infinity of contributing states: the single K meson and 
the K meson plus pion states. Thus among the states we 
have neglected are three-pion states (because of the 
difficulty of the calculation) and states containing 
hyperon-antinucleon pairs (because the results of Gold- 
berger and Treiman! indicate that these contributions 
are unimportant). 


4. ESTIMATE OF ONE- AND TWO-MESON 
CONTRIBUTIONS 


For completeness and consistency of notation we 
review here the results which other authors’:* have ob- 
tained for the single K-meson contributions. Of the six 
Y — N+I++» form factors, only f; or g; (depending 
upon the relative Y.VK parity) receives a contribution 
from one-meson intermediate states: 


“ol” er » ] 
Synx?” 


17S. Mandelstam, Phys. Rev 
'8R. Blankenbecler 
(1960). 


amy 


Mr—S 


Letters 4, 84 (1960 


and L. F. Phys. Rev. 119, 1745 


Cook, 
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where 


(0| J#(0)| K-)= (2Ex)“tapr* (14) 


and 


tin(K~|Jy(0)| Y) 


1 my } lgynx™ 
m ( ~*) a| ur. 
2Ex Ey YsgynK'?® 
Using w(K — u+v)=48X 108/sec,” we obtain |a| = =37 


x 10*my. Then, taking” (gv xat??)?, ‘4 = (gen x‘?”)?/4r 
= 2.2 and (gswx™)?/4r=0.8, we obtain for A decay: 


1 
gs (s)= +0.85(— ——), 
1— s/mx 


and for = decay either 


1 
140 ()=se1.18(— =) 
1—s/mx? 


1 
fs (s)=+40.72( —— ), 


1—s/mx? 


(15) 


(16) 


(17) 


(18) 


for the even and odd cases, respectively. Except for 
uncertainties in the constants a and gywx these one- 
meson contributions are exact. 

The form factors f; and g; always appear along with a 
factor (m;/my)* in expressions for rates.'® Thus the 
effects of the above contributions will be completely 
negligible for the electron modes and probably small 
even in the muon modes. 

The one-meson contributions to the decays Y — V 
+m have a similar form’: 


(19) 


A ps a a c 


where 


(0|0,|K)= (2Ex) °C (mx’—m,’). (20) 


In this case, however, we cannot use experimental data 
to evaluate the constant C. The value required is not 
completely unreasonable, however; taking 
(0! 0,|K)= (2E,) Xx! J,'(0)|0)0| J,(0)| K), 

where J,(0) and J,’(0) are the strangeness-changing 
and conserving weak currents, respectively, gives a 
value of C roughly an order of magnitude less than that 
needed to fit the amplitudes of Table I. 


We turn now to the two-meson contributions to the 
spectral functions: 


=. d'p, , : d‘px . 7 

(A*)@ --f (me Pt —m, TO — mx’) 
X (24)'5*(py— py— ps— pr) 
X(ai(s)px*+a2(s)(pxt+pr)*] 
XtinLA (s,tx,te) +B(s,tx,te)Ovy" Puy, 


19 M. Gell-Mann and A. H. Rosenfeld, 
7, 407 (1957). 


(21) 
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Fic. 1. Diagram corre- 
sponding to the calculation 
of the two-meson contribu- 
tion. I, and Ty are either 1 
or ys. The particle assign- 
ments are given in Table IT. 





and 


Pp 
in| Pe+—%s |Ua 
R 
d‘ 


d‘p, PK 
= (1/2) | ——s(6,°—m,’)—_(px*— mx’ 
(1/2) (nyt px'—m = px’— mx’) 


2x 
X (2)*6*(py— py— px— px) b(s) 


XtinlA (s,tx,te) + B(s,tx,tr)y,0" Tuy, (22) 


where 
(0| J#(0) |wK)= (2Ex2E,)~—*[ai((pet+px)*) px" 
+a2((p.+px)?)(pxt+px)*], 
(0| O,|4K)= (2Ex2E,)~'b((p2+px)’), 
and 
(wK|Jy(0)|¥)= 


(23) 
(24) 


1 my 


' i 
it “) iiy[A (s,tx,te) 
2Ex 2E, Ey 


+B(s,tx,te)ysQ" Tuy. (25) 
In the above equations = }(px—p,) and T is 1 or ys, 
depending upon the relative parities. The three vari- 
ables s= (pxt+ ),)’=(pyr— pw)’, te=(pyr—pr)’, and tx 
=(py—px)* correspond to the usual invariants for 
mKNY scattering and satisfy sttx+ti,.=m/+mk 
+my?+my’. 
It is clearly impossible to evaluate the functions a), @2, 
b, A, and B exactly; here we use the simplest approxi- 
mations. We replace the functions @;(s), @2(s) and b(s) 
by constants determined from the K —2+/+» and 
K — 2+7 decay rates and approximate the functions A 
and B by the baryon pole contributions to the rKNY 
matrix elements. Our calculation then includes only the 
contributions corresponding to diagrams of the kind 
shown in Fig. 1. The ', and I, are either 1 or ys, de- 
pending upon the parity we choose for the =. If we 
neglect mass differences within charge multiplets and 
factor out coupling constants, we can express our results 
in terms of the five diagrams, D;, described in Table II. 
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TaBLe II. Particle assignments for the five diagrams D,; 
represented by Fig. 1. 





Line in 
Fig. 1 Dd, 
y 
I 


| 








pa Me 


A 
N 
K 
© 





| 





Each diagram will, in general, contribute to each of 
fi, fo, and fs (or gi, ge, and gs). A detailed calculation for 
the A— p+/+-y form factors with even A—Z parity 
shows, however, that the contributions to f; and fe are 
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completely negligible. It is unlikely that this will change 
when we go to the other cases (i.e., 2 decays, and 
odd A—Z parity). In any case, when we write the 
(0| J,,(0)|#K) amplitude as a,0,+ (4a;+42)k,, the con- 
tributions from the a,Q, term are rather complicated to 
calculate and, at least in the A— p+/+-» case, quite 
small. We consider, therefore, only the (}a;+a2)k, term 
which contributes only to fs (or gs). Since we are ap- 
proximating @,, d2, and b by constants, these contribu- 
tions are determined by exactly the same integrals 
which determine the contributions to Y — V+. If we 
make use of charge symmetry and assume the | AT| =} 
rule, we find 


ms" fs 2»(A— pt+l+yr) = (3a: +a2)[3ganxgwneDi(s) +3gazegnzeD2(s) |, 


} (2- — n+1+v)= (3a: +42)[ —VigswxgnnzD3(s)+V2gsnegnaxDa(s)—2V2 e222 zKD5(s) |, 


A,(A— p+2-)=Vv2A,(A > n+2") =d[VganxgnneDi(m,2)+V2gasegnzKD2(m,’) |, 


A, 
R“A, 


+ 


| (S+ — p+n")=b[V2gsnxgnnsDs(m,?)+V2gsnegnaxD,(m,’) |, 


(2+ — n+n*) =) 2gswxgnneD3(m,")+grncgnaxDs(m,2)+gssegnzKD3(m,”) |, 


hs 
RA, 


The D,(s) are given by 


D(s)= 


K=}(py+ pw), 
k= py—pn, 
P= k,—2(my*?— my’) “PK,. 


The functions J‘ (s) are given by 


[= — rp" In[ (d+ pq)/(d— pq) ], 
I®=[(m2—m7)/2s I, 
and 
I? = —[(my?—my*)/2spP [4aq+dl ], 
with 
g=[s—(mot+my»)* |[s—(mo—my,)*], 
P=([s— (my+my)* ][s— (my—my)*], 
and 
d= s*—(my?+my*+m2+m?—2m/P)s 


+(m2—m,2)(my?— my’). 


Normally, the principal branch of the logarithm is used 
in evaluating J. For D, and D3, however, there is an 


| (2- > n+n-)= bl gsargvaxDs(m,’)—gsz.gnzKD5(m,*) |. 


—1 f ds’ tiyT  (K*y,+mz)I (s')— ky, I (s’)— Py, I (s’) Patty 
(27)? s’—s5 


inl gl gu Y 


anomalous threshold which must be treated as described 
in the papers of Mandelstam"’ and Blankenbecler and 
Cook."* 

The integrations indicated in (27) are all convergent. 
Because of the complicated form of the integrands, how- 
ever, and because it is extremely doubtful that our 
approximations are valid for large s, we evaluate these 
integrals graphically, cutting off at s’=(my+my)*. 
Furthermore, since we need the D;(s) only where s=m,* 
for the pion modes and only where m?<s< (my—my)? 


TABLE III. Numerical values of the quantities D;(0). 
moc? =1 Bev. 


A-z 
parity 
Even 
Odd 


moD;(0) moD:(0) moD,(0) moD4(0) moDs(0) 


1.35 X107# 
4.55 X10-% 


1.35 X10-* 
10.9 X10°% 


0.98 X10-% 
0.98 X10°4 


0.98 X10-3 
8.10 X10°% 


1.25 X10"% 
12.5 1073 


2” P. Federbush, M. L. Goldberger, and S. B. Treiman, Phys 
Rev. 112, 642 (1958), have found that the one-nucleon exchange 
contribution exceeds the limits imposed by unitarity in the 
physical region for the process N-+-N — 27. 
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TABLE IV. Summary of estimated one- and two-meson contributions to hyperon decays. 





Even A—2 parity 
One-meson 
contribution 


Odd A 


One-meson 
contribution 


> parity 
Two-meson 
contribution 


Two-meson 


Decay contribution 








A— p+l-+7 
=~ > n+l-+p 
A— p+x- 


£:=0.83 


fs:=—0.39 ; & ‘ 
A,=0.61X1077 


— 
es 


oo 


9.70 
— 1.30 


A p,=V2 (0.28)C 


A y=Vv3(0.28)C 


).56X 10-7 


A—n+7° 
+ > p+? 
St > n+nt 


a > a+ 


A p= (0.28)C 
A,=Vv2(0.52)C 
A,=0 

A »=2(0.52)C 


for the lepton modes, it seems sufficient to calculate only 
D,(0). This could at most produce errors of the order of 


(mie+ms) Snax (me+m,) *(ms— my)? = 16%. 


The results of the integrations are given in Table III. 

To obtain numerical values for the two-meson con- 
tributions to the form factors and amplitudes we must 
have numerical values for the constants a;, 6, and g. 
Since we are ignoring the s dependence of a; and a2 we 
can obtain the magnitude of these two constants from 
the K—+x+/+- decay rates. The constant a; is de- 
termined by the K— 2+e+~» rate; the experimental 
rate” of 3.4X10® sec! gives |a,|=0.30. The experi- 


mental value of roughly unity” for the ratio of the muon 
and electron modes requires that a2/a, be either —5 or 
0.5.2" As suggested by Fujii and Kawaguchi,” we choose 


the negative value, finally obtaining |}a:+a2| =1.35. 
Similarly, the experimental K,°— a++ 2 decay rate” 
of 0.6610" sec gives |b] =2.57K10~7mo, with moc* 
= 1 Bev. It should be noted here that, by ignoring the s 
dependence of the Kam amplitude, we have neglected a 
possible contribution from a term odd in the isotopic 
spin indices of the two pions. This term would, for 
example, permit contributions from intermediate states 
containing charged K mesons. Of course it gives no 
contribution to the actual decays since it must vanish 
when both pions are on the mass shell. The strong- 
coupling constants, with the exception of gywz, have not 
been accurately determined. In order to obtain nu- 
merical estimates we have chosen the following, hope- 
fully ‘‘reasonable,” values”: 


(ge'?®)*/4er=14, (gx‘?”)?/4e=2.2, 


(gvae)?/4r=0.5, and (gswx"”)?/4r=0.8. 


(31) 


From these values for @;, d2, and 6, and the strong- 
coupling constants, and the values for the D;(0) given 
in Table III, we obtain the two-meson contribution 
listed in Table IV. 


5. DISCUSSION 


The results of Sec. 4 indicate that the one- and two- 
meson contributions to the Y — N+/+-» form factors 
will have little effect upon the observables connected 


21 A, Fujii and M. Kawaguchi, Phys. Rev. 113, 1156 (1959). 


A,=0.43X 1077 A» 
A,=0.57X 1077 

A,=0.82X 1077 

A,=—0.02X 1077 


o @ 


iuadaund 


(0.28)C 


— 


).40X 1077 
0.18 10-7 
).27X 1077 
-0.01X 1077 


ae ce oe a 


with these decays; these observables should be largely 
determined by the V and A subtraction constants, f,(0) 
and g,(0). This should be especially true for the electron 
modes, where the contributions of f; and g; are reduced 
by a factor of (m./my)*. The relative effect of the 
“induced” f; and gs in the muon modes will depend 
upon the values of /,(0) and g,(0), but probably will be 
fairly small. For example, choosing f1(0)=g.(0) to fit 
the present experimental estimate for the A— p+e+yv 
decay rate, the values for f; and g; given in Table III 
give a correction to the muon energy spectrum for the 
decay A— pt+yu+yvr of about 10%, due mainly to the 
fi— fs interference term. 

Our estimates for the two-meson contributions to the 
A,(Y — N+72), for the case in which the 2—A relative 
parity is even, are all smaller than the experimental 
values listed in Table I by factors of 4 or 5, but the 
relative magnitudes are almost exactly in the ratio sug- 
gested by experiment. The correct ratios, of course, 
follow directly from our use of common strong-coupling 
constants gx and g, if we ignore the A—> mass differ- 
ence.® Our results for the quantities D; show that the 
effects of the mass difference tend to cancel, although 
because of the approximations we have made it is not 
clear how meaningful this conclusion is. The A—2 mass 
difference does have a large effect, however, in the one- 
meson contributions to the A ». The relative magnitudes 
of these amplitudes would be exactly as described in 
Table I were it not for the factor R, which is a measure 
of the final state momentum. For 2 — N+7, R~0.10, 
while R~0.054 for A — N+ 7, so that the A ,(A— N+7) 
are reduced by almost a factor of 2 relative to the 
A,(2— N+2). 

Our estimates for the one- and two-meson contribu- 
tions to the Y — N+ amplitudes thus do not come 
particularly close to the values required to fit the experi- 
mental data, indicating that the intermediate states 
which we have neglected may be important. One can 
think of several ways in which the agreement might be 
improved, however. For the decays with large asym- 
metries we could make use of the range of the s- to p- 
wave ratio permitted by experiment, choosing the con- 
stant C to give large values for A, and thus requiring 
smaller values for A,. It might also be true that the 
value we lave chosen for gx is too small. Finally there is 
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the possibility that the K — 2x amplitude b(s) is some- 
what larger in the region of integration that at s=m,* 
because, say, of an s-wave r—K resonance. 

If the S—A parity is odd it is even less likely that the 
experimental amplitudes are due predominantly to one- 
and two-meson intermediate states. In this case the 
two-meson contributions to the 2— N+ p-wave 
amplitudes are too small by roughly a factor of 15. 
Furthermore, with the values for the strong coupling con- 
stants we use, we find that 4 ,(A > p+2~)=v2(0.28)C 
and A,(=*+ — p+72")=v2(3.2)C, while experiments indi- 
cate that these amplitudes should be almost equal. 
Even in this “odd” case, however, it is not absolutely 
impossible to obtain agreement, provided we are willing 
to make adjustments of the kind mentioned in the 
previous paragraph. 

All the above results and conclusions depend, of 
course, upon many assumptions and approximations. 
An accurate calculation of the two-meson contributions 
should include rescattering corrections to the rANY 
amplitudes and an estimate of the s dependence of the 
amplitudes a;, d2, and 6. At the present time, however, 
with so little known about the strong interactions of K 
mesons and hyperons, it appears that only extremely 
crude estimates of these corrections could be made. 
Even the results obtained in this paper depend upon 
coupling constants and parities which are not well 
known. 

It would be of great interest to have experimental 
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confirmation of the qualitative conclusions drawn from 
our results. For example, it should be possible to fit 
Y — N+/+ » data quite well, especially when /=e, with 
a baryon current of the form t#y(firy.t+gryuys)"y, where 
fi and g; are constants (the corresponding expressions 
for observables can be obtained from references 15). 
Also, our results indicate (although certainly not 
conclusively) that if the S—A parity is even then 
A,(=+ > n+2*)>A,(2t+— n+n*) and A,(2-—- Hn 
+2-)>A,(2~- — n+7-), while the reverse inequalities 
should hold if the S—A parity is odd. When the =—: 
parity is known, these conclusions could be verified by 
measuring the transverse polarization of the emitted 
neutron.”3 Unfortunately, both of these experimental 
programs seem quite difficult. 


ACKNOWLEDGMENTS 


The author wishes to thank Professor L. Wolfenstein 
for his guidance and helpful advice throughout the 
course of this work. Helpful discussions with Professor 
R. E. Cutkosky concerning the anomalous thresholds 
are also appreciated. Finally, the author would like to 
thank the National Science Foundation for financial 
support, in the form of a predoctoral fellowship, while 
this work was in progress. 


= T. D. Lee and C. N. Yang, Phys. Rev. 108, 1645 (1957). 
% Chou Kuang-Chao, Zhur. Eksptl. i Teoret. Fiz. 38, 1342 
(1960) [translation : Soviet Phys-JETP 11, 966 (1960) ]. 








“. . » R. B. Perkins and j. E. Simmons 

_ R. H. Lemmer, A. de Shalit, and N.S, Wall 
Applied to the 1p Shell. . . Danie! S. Koltun 
.. .., . Samuel M. Heeris 

CG. T, ic: and G. Scharfl-Goldhuber 

WwW, P. Johnson and D, W. Miller 
kite; Mev Gamma Transition . . . 
eee R. —o and R. M. Spector 
t of Cosmic Radiation . A. Cicchini and J. Chagalj 


ue Form Factors, ... 
: eae — and M, Shimada 


Alcihiko Fuji 

+ «hee ee Se ei 

+ sige. . « Bipin Re Desai 

M.'t. Veugan, R. Aaron, and R. D. Amado 

A eae" : ; Dawe ‘Grecnberger and B. Margolis 
‘ ps Dreitlein and B. W. Lee 
a Mae 4 WAM. Fried and D. 1. Pursey 


‘co. . . Lester M. Sacha 


. David R. Harrington 











ak 





. \Novesmsrr 15, 1961 


fand Alan C. Kolb 
G. W. McCicre 
Robert Zwanziyz 
sued L: HL Fades 
ilite Orbits 


Sjur Refsdal 


<A Sa 
fights + «de Langer 
thar and J. A. Rayne 
the Magnetization in 


a of Indium : 


fp ace A Mi Pomen - 


, and J. Ni. Hammersiey 
: °R. B. .Griliths. 
Ap , i PLA. Wolff 


Betoni, and M. Pintar 


Klein and Lewis B. “pee 
Christy and D. HK. Phelps 
; int nc Paul E. Shearin 
Magaeticaliy Diiute 
‘Shaltiel and W. Low 


KK, Wilson and G. Feher 
bary and G. W. Ludwig 
ive» Fumio Okamoto 
Lanthanum 2 gnesium 
Cowes and D. E. Kaplan 
;. 4. H. S. Sommers, Jr. 
Me i+ », E, Seiden 


Pee oe 


en, and Sergio DeBenedetti 


Watson and A. |. Freenian 


. 


and Ruth K. Sjoblom 

“f... . Mihai Gavrila 
Gamma-Ray Spectra 

won and L. M. Bollinger 





Brion, and C. M. Moser 


sto 














> 
‘ ‘ 4 
se “ a 
a € f 
v4" . . 
- 1? 
. . y 
a “ - 
: ft 7 
seo* : ‘ 
; un? ; he ‘ 
Paani | « 
3 . 
F : fa% yoy 
Bt « 
n 
. é 
7 Lia 
- 
> 
: ’ 
’ 7 ’ 
wt aes rs - 
. * 7 
. L 
2 -- * 
: , ° 




















. 





